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THE DUAL OF COMPACT ORDERED SPACES IS A VARIETY

MARCO ABBADINI

ABSTRACT. In a recent paper (2018), D. Hofmann, R. Neves and P. Nora proved that
the dual of the category of compact ordered spaces and monotone continuous maps is
a quasi-variety—not finitary, but bounded by R;. An open question was: is it also a
variety? We show that the answer is affirmative. We describe the variety by means of
a set of finitary operations, together with an operation of countably infinite arity, and
equational axioms. The dual equivalence is induced by the dualizing object [0, 1].

1. Introduction

Compact ordered spaces were introduced by L. Nachbin, and they are to topology and
partial order what compact Hausdorff spaces are to topology. A compact ordered space
(X, <,7) consists of a compact space (X, 7) equipped with a partial order < so that the
set

{(z,y) e X x X [z <y}

is closed in X x X with respect to the product topology (see [Nachbin, 1965] for a standard
reference); we are interested in the category PosComp of compact ordered spaces with
monotone continuous maps.

The goal of this paper is to establish for PosComp a result which is known to hold for
the category CompHaus of compact Hausdorff spaces with continuous maps—mnamely,
that the dual category is a variety (not finitary, but bounded by ®;). As far as compact
Hausdorff spaces are concerned, we recall some historical details: in 1969, Duskin proved
that the functor hom(—, [0, 1]): CompHaus®® — Set is monadic [Duskin, 1969]; Isbell
presented a set of primitive operations of CompHaus®’, using finitely many finitary
operations, along with an operation of countably infinite arity [Isbell, 1982]; finally, Marra
and Reggio provided finitely many axioms to axiomatize the variety CompHaus®” [Marra
and Reggio, 2017].

These results were a source of motivation for the algebraic study of the dual of
PosComp in [Hofmann et al., 2018]: the authors proved that PosComp® is a quasi-
variety—not finitary, but bounded by N;—leaving as open the following question.

Is PosComp®" also a variety?

Our main result is that the answer is affirmative, as stated in the following theorem.
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1.1. THEOREM. [Main result] The dual of PosComp is equivalent to a variety of algebras.

The proof of our main result is at times inspired by [Hofmann et al., 2018], but does not
depend on their results. In this paper, under the term wvariety of algebras, we admit the
so called varieties of infinitary algebras, whose operations may have infinite arity (see
[Stominski, 1959] for varieties of infinitary algebras). The variety in Theorem 1.1 will be
denoted by MC,,, where M stands for “monotone” and C stands for “continuous”. We
will give a set of primitive operations (of countable arity) and a set of equational axioms
for MC,.

The set [0,1] is both a compact ordered space, with the canonical order and the
euclidean topology, and an MC-algebra, in a natural way. In fact, we present the
duality between PosComp and MC,, as induced by the dualizing object [0,1]. This
dual equivalence coincides, essentially, with the duality available in [Hofmann et al., 2018|:
the main difference is that, on the algebraic side, we consider a slightly different set of
primitive operations, that facilitates us to state the axioms in an equational form.

We will show MC,, = ISP([0,1]), where P denotes the closure under products, S
denotes the closure under subalgebras, and I denotes the closure under isomorphisms.
Moreover, we will see that the operations of M C,,, interpreted in [0, 1], are precisely the
monotone continuous maps from a power of [0,1] to [0, 1]. In other words, MC is the
category of algebras of the varietal theory (in the sense of [Linton, 1966]) whose objects
are powers of [0, 1] and whose morphisms are the monotone continuous maps.

1.2. THE STRATEGY. Our strategy to prove the duality follows the lines of [Marra and
Reggio, 2017], which, to the best of our knowledge, used this strategy for the first time
in a similar context—mnamely, to obtain a finite equational axiomatization of the dual of
CompHaus. We prove that the dual of PosComp is a variety via the following steps.

1. We obtain a dual adjunction between the category of preordered topological spaces
and a finitary variety MC, to be defined. This dual adjunction is induced by the
dualizing object [0, 1].

2. We characterize the objects which are fixed by the adjunction. On the topological
side, the fixed objects are precisely the compact ordered spaces. On the algebraic
side, the fixed objects are the archimedean Cauchy complete MC-algebras. Hence,
a duality is established between the full subcategories of compact ordered spaces
and archimedean Cauchy complete MC-algebras.

3. We show that the full subcategory of archimedean Cauchy complete MC-algebras is
isomorphic to an infinitary variety M C,,, obtained by adding a term ¢§ of countably
infinite arity to the language of MC, together with some new appropriate equa-
tional axioms. The term ¢ is intended to map enough Cauchy sequences to their
limit. The forgetful functor MC,, — MC, restricted at codomain, gives the desired
isomorphism.
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To show that every compact ordered space is fixed by the adjunction, we use an analogue
of Urysohn’s Lemma. To show that every archimedean Cauchy complete MC-algebra is
fixed, we use the Subdirect Representation Theorem, which applies since MC is finitary,
and an analogue of Stone-Weierstrass Theorem. The Subdirect Representation Theorem
is used to show that every archimedean MC-algebra is mapped injectively by the unit of
the adjunction. The analogue of Stone-Weierstrass Theorem is used to show that if the
algebra is Cauchy complete, then it is mapped surjectively by the unit of the adjunction.

Acknowledgements. The author would like to thank his Ph.D. advisor Vincenzo Marra
for his suggestions. Moreover, the author is deeply grateful to Luca Reggio, who notably
improved the proof of Theorem 5.9, and helped with many useful comments. Finally, the
author expresses his gratitude to the anonymous referee for his or her careful reading and
several comments that helped to achieve a better presentation of the results.

2. The category PreTop of preordered topological spaces

2.1. DEFINITION. A preordered topological space (X, <, 7) consists of a set X, a preorder
< on X and a topology T on X.

When no confusion arises, we write X instead of (X, <, 7). We denote with PreTop
the category whose objects are preordered topological spaces and whose morphisms from
A to B are the monotone (i.e. z <y = f(z) < f(y)) continuous functions f: A — B.

It is well known that the forgetful functors from the category of topological spaces and
from the category of preordered sets to the category of sets are both topological, in the
sense of [Adamek et al., 2006, Definition 21.1]. The forgetful functor Upyerop: PreTop —
Set is topological, too; indeed, every UpyeTop-structured source

fi
(X = UpreTop(Xi; <i, Tz)) ‘
i€l
admits a unique UpreTop-initial lift

((ngaT) £> (Xza§1772)> 9
il

where < is defined by
r<yeViel fi(x) < fi(y),

and 7 is the topology generated by
{710 i€ 1,05 €7}

It is well known that topological functors lift limits (in particular, products) uniquely
[Adamek et al., 2006, Proposition 21.15]. For a family (X;, <;) of preordered spaces, the
product preorder on ], , X; is the preorder < defined by

r<y<=Vielrn(z) < mny),
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where 7; is the projection onto the i-th coordinate. For a family (X;, 7;);e; of topological
spaces, the product topology on [],.; X; is the topology generated by

{71';1(01) | 1€ [,Ol c Ti}-

Finally, for a family (X;, 7, <;);e; of preordered topological spaces, the unique UpreTop-

initial lift of the Upyerop-structured source <HZ€ 1 Xi LN UpreTop (Xi, <i, 7'1)> is

el
((HX7§77-> ﬂ) (XUSHTl)) ;
iEI Z’e[

where < is the product preorder, and 7 is the product topology. Moreover, this is a cat-
egorical product in PreTop. Unless otherwise stated, when referring to the set-theoretic
product of preordered topological spaces as a preordered topological space, we implicitly
assume that the preorder is the product preorder and the topology is the product topol-
ogy. Then, if I is a set, and f: [0,1]F — [0, 1] is a monotone and continuous function, we
have the following: for every preordered topological space X, f is an internal operation on
hompretop (X, [0, 1]), meaning that, for every I-indexed family (g;);c; of monotone con-
tinuous functions from X to [0, 1], the function X — [0, 1], z — f((gi(x)):er) is monotone
and continuous, as well.

3. The variety MC

We define some operations on [0, 1]. For a,b € [0, 1], aVVb and aAb denote, respectively, the
supremum and the infimum of {a, b}, a®b = min{a+b, 1}, and a®b = max{a+b—1,0}.
Moreover, for each A € [0, 1], the constant symbol A denotes \ itself.

3.1. REMARK. Each of these operations (V, A, &, ®, and, for every A € [0,1], the
constant function \) is monotone and continuous with respect to the product order and
product topology.

Note that we do not consider the function —: [0,1] — [0,1] @ — 1 — a, since it is not
monotone.

We define a finitary variety MC of algebras of type £ = {®,®,V,A, 0,1} U{X | X €
[0,1]}. Specifically, an algebra A belongs to MC (and we say that A is an MC-algebra)
if it satisfies the following identities, which, as one may verify, are all satisfied by [0, 1].

1. (A,V,A,0,1) is a distributive bounded lattice.
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(e) aV(aNb)=a.

(f) an(aVd)=a

(g) avO=a

(h) a N1l =a.

(i) av(bAc)=(aVD)A(aVc)
(j) an(bVe)=(aNb)V(aAc).

(a) (a@b)©c=a0 (bOCc)
(b) (a®b)=(b®a)
(c)ad®l=a

(d) a®0=

(a) (avVb)dc=(adc)V (bedc).
(b) (anb)@c=(a®c)N (b c).
(c) (avb)@c=(a®c)V(bOec).
(d) (anb)©ec=(a®@c)A(bEc).
(a®b)Oc<ad (bOc)

For each A € [0,1], we have the axiom a < (a ® (1 — X)) @ .
For each A € [0, 1], we have the axiom a > (a ® \) ® (1 — A).

For every n,m € {0,1,2,...}, we have the axiom

aNbD(cOND--- B (cON)) S (@O (c®AN)O--O(cDN))V

N J/ (& /
TV TV

n times m times

For a, 8,7 € [0, 1] such that o vV § =~ in [0, 1], we have the axiom aV = 7.

For a, 8,7 € [0, 1] such that o A B =y in [0, 1], we have the axiom a A § = 7.

1405
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11. For «, 8,7 € [0, 1] such that « & § = v in [0, 1], we have the axiom a & § = 7.
12. For «, 8,7 € [0,1] such that « ® = v in [0, 1], we have the axiom a ® § = 7.

For A € [0, 1], we write t & A for  ® (1 —A). In [0,1], z & X = max{z — A,0}. We remark
that we allow the notation  © A only when A is a constant symbol in [0, 1].

4. The dual adjunction between PreTop and MC
Let X be a preordered topological space. We set
C(X) = homPreTop<X7 [O, 1]) =
={f: X —[0,1] | f is monotone and continuous}.

Since, by Remark 3.1, the interpretation in [0, 1] of every MC-operation is monotone and
continuous, C(X) is an MC-algebra with pointwise defined operations. For each z € X,
we set

ev,: C(X) —1[0,1]
a— a(z).

Let A € MC. Set Max(A) := hompmc(4, [0, 1]). The motivation for this name stems
from the fact that the set of morphisms from an MC-algebra A to [0,1] is in bijection
with the set of maximal congruences on A; this follows from the fact that [0, 1] is the only
simple algebra, as it will be proved in Corollary 7.18. For each a € A, we set

evy: Max(A) — [0, 1]
x +— z(a).

For all z,y € Max(A), set o < y if, and only if, for all a € A, ev,(z) < ev,(y), ie.,
z(a) < y(a). Let 7 be the smallest topology on Max(A) that contains ev,!(0) (i.e.,
{z € Max(A) | z(a) € O}) for every a € A and O open subset of [0, 1].

In [Porst and Tholen, 1991, Section 1-C], some properties are discussed that are
sufficient to establish a dual adjunction induced by a dualizing object. These prop-
erties are expressed in terms of the existence of certain initial lifts, and in our case
these properties hold. Indeed, let Uprerop: PreTop — Set and Upmc: MC — Set
denote the forgetful functors; by the results discussed in section 2, for every A € MC,

((Max(A), <,7) 2% 0, 1]) is the unique Upyerop-initial lift of its image under Upy etop.
acA
Moreover, since for every preordered topological space X the operations in C(X) are

pointwise defined, we have that

(C(X) <o 1), 1])

zeX
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(where C(X) denotes the MC-algebra whose underlying set is hompyrerop (X, [0,1]) and
with pointwise defined operations) is the unique Uppc-initial lift of its image under Upc.

Therefore, we have a dual adjunction between PreTop and MC induced by the du-
alizing object [0, 1], that we now make explicit. In accordance with [Porst and Tholen,
1991], we find a more natural choice to use contravariant functors between PosComp and
MC rather than covariant ones between PosComp°® and MC, or between PosComp
and MC°P. This choice seems to us more natural in the context of dual adjunctions in-
duced by a dualizing object, because it respects the symmetry between the two involved
categories (PosComp and MC, in our case). Since we are considering contravariant
functors, we end up using two units, rather than a unit and a counit.

The assignment C on the objects may be extended on arrows so that C becomes a
contravariant functor: for a morphism ¢g: X — Y in PreTop, we set

C(g): C(Y) — C(X)
a+— ao.g.
Analogously, the assignment Max on the objects may be extended on arrows so that Max
becomes a contravariant functor: for a morphism f: A — B in MC, we set
Max(f): Max(B) — Max(A)
xr+—>xof.
The adjunction is given as follows. Let X € PreTop and A € MC. To each morphism
g: X — Max(A) in PreTop we associate the following morphism in MC:
g: A— C(X)
ar—evg,ogq; v (g(x))(a).

To each morphism f: A — C(X) in MC we associate the following morphism in PreTop:

f: X — Max(A)
r+——evyof; a— (f(a))(x).

For X € PreTop, the unit at X is

nx: X — MaxC(X)
z+— (evy: C(X) = [0,1];a — a(x)).

For A € MC, the unit at A is

ea: A — CMax(A)
a+— (evy: Max(A) — [0,1]; 2 — z(a)).

5. Fixed objects on the geometrical side

Let us recall the definition of compact ordered space.
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5.1. DEFINITION. A compact ordered space (X, <, 7) consists of a compact space (X, T)
equipped with a partial order < so that the set

{(z,y) e X x X |z <y}

15 closed in X x X with respect to the product topology.

A standard reference is [Nachbin, 1965]. We recall that every compact ordered space
is Hausdorff [Nachbin, 1965, Proposition 2, Chapter 1, p. 27]. We denote with PosComp
the category of compact ordered spaces with monotone continuous maps.

The goal of this section is to prove the following.

5.2. THEOREM. Let X be a preordered topological space. The following conditions are
equivalent.

1. The unit nx: X — MaxC(X) is an isomorphism.

2. There exists an MC-algebra A such that X and Max(A) are isomorphic preordered
topological spaces.

3. X is a compact ordered space.

5.3. REMARK. The implication [(1)=-(2)] in Theorem 5.2 is immediate: take A = C(X).

5.4. Max(A) IS A COMPACT ORDERED SPACE. In this subsection, we prove the impli-
cation [(2)=-(3)] of Theorem 5.2, i.e., for every A € MC, Max(A) is a compact ordered
space. We need the following lemmas and remarks.

5.5. LEMMA. Let X be a compact ordered space, and let Y be a closed subset of X. Then
Y, equipped with the topology and the order induced by X, is a compact ordered space.

PROOF. Since Y is a closed subspace of a compact space, Y is compact. Clearly, the partial
order on X induces a partial order on Y. The product topology on Y X Y coincides with
the subspace topology on Y X Y as subspace of X x X. Since {(x,y) € X x X | x <y} is
a closed subset of X x X, {(z,y) e Y xY |z <y} ={(z,y) e X x X |z <y}NY xY
isclosed in Y x Y. n

5.6. LEMMA. Let (X;)ier be a family of compact ordered spaces. Then, [],.; Xi, equipped
with the product topology and product order, is a compact ordered space.

PROOF. By Tychonoft’s theorem, [],.; X; is compact. Let us consider the bijection
¢I (Hie[ XZ) X (HiEI Xz) — HiGI(Xi X Xl), ((ai)iej, (bz)zef) — (ai,bi)ig. The function ¢
is a homeomorphism, and the image under ¢ of the set

{((mi>z’el ) (yi)z‘el) € (H XZ) X (H Xl) | (‘xi)z‘el < (yi)iel}

is [[e; {(@is ) € Xi x X | 2y <; i}, which is closed. n
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5.7. REMARK. For every set A, [0,1]* (with the product order and product topology) is
a compact ordered space.

If X a Hausdorff space, then the diagonal of X x X is closed; as a consequence, we
have the following.

5.8. REMARK. Let Y be a Hausdorff space, let X be a topological space, and let f,g: X —
Y be continuous functions. Then, {x € X | f(x) = g(z)} is closed.

We can now prove the implication [(2)=-(3)] of Theorem 5.2.
5.9. THEOREM. For A € MC, Max(A) is a compact ordered space.

PROOF. Max(A) = hompmc(4,[0,1]) is a subset of [0,1]4. By Remark 5.7, [0,1]* (with
the product order and product topology) is a compact ordered space. The topology on
Max(A) coincides with the induced topology on Max(A) as a subspace of [0, 1]4; moreover,
the order on Max(A) coincides with the order induced by [0,1]4. By Lemma 5.5, it is
enough to show that Max(A) is closed. The idea is that Max(A) is closed because it is
defined by equations, which express the preservations of primitive operation symbols of
MC. To make this precise, let £ denote the set of primitive operation symbols of MC.
For each h € L, we denote with ar(h) the arity of h; moreover, we denote with h, the
interpretation of h in A, and by hyg 1) the interpretation of & in [0, 1]. For a € A, we denote
with 7,: [0,1]* — [0,1] the projection onto the a-th coordinate (which is continuous).
We have

Max(A) = hommc(A4,[0,1]) =
={2: A= [0,1] |Vh € LVay,...,0un €A

w(halas, - aan)) = hpyy(z(ar), ... 2(aum))} =

= () {=A-=01]]

hel ay,..., Qar(h) €A
x(ha(ar, ... aam)) = hpo(x(ar), ..., o(aum))} =
= m m {x € [07 1]A | Tha(ay,..., aar(h))(x> = h[O,l} (ﬂ-al <x>? “o o Tagny ('T))}

hel ay,..., aar(h)EA

By Remark 3.1, hy ) is continuous; therefore, the function from [0, 1] to [0, 1] which maps
z t0 hjo1(7ay (), ..., Ta,,,, () is continuous. Since [0,1] is Hausdorff, by Remark 5.8,

{2 €0, 1" | Thaarauin) () = hjoa) (Tay (), - Tay,, (2))} s closed. "

5.10. THE UNIT nx: X — MaxC(X) 18 INJECTIVE. We now turn to the proof of the
implication [(3)=-(1)] in Theorem 5.2, which states that, if X is a compact ordered space,
nx: X — MaxC(X) is an isomorphism. Our source of inspiration is [Hofmann and Nora,
2018]. The results we will obtain in the present section may be seen, essentially, as specific
cases of the results available in [Hofmann and Nora, 2018]; nevertheless, for reasons of
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presentation, we provide independent proofs here. In this subsection, we prove that, if X
is a compact ordered space, then nyx: X — MaxC(X) is injective; this result is essentially
due to L. Nachbin.

5.11. DEFINITION. For X a partially ordered set, we call upper an upward closed subset
of X, and lower a downward closed one.

For X a partial ordered set, and x € X, we set | * = {z € X | 2z < 2} and
tx:={z€ X |z < z}. The following is well known.

5.12. LEMMA. Let X be a compact ordered space, and let x € X. Then | x is the smallest
closed lower subset of X that contains x and T x is the smallest closed upper subset of X
that contains x.

PROOF. Let us prove that | x is closed. Set D = {(u,v) € X x X | u <w}. D is closed
by definition of compact ordered space. Moreover, since any compact ordered space is
Hausdorff, every point of X is closed. Hence DN (X x {z}) ={(z,z) | 2z € X : z <z}
is closed. Since the projection m: X x X — X onto the first coordinate is closed,
m{{(z,z) | z€ X :2<uz})={z€ X |z <z} =] xis closed. Analogously for 1 z. The
rest of the statement is straightforward to prove. ]

5.13. PROPOSITION. [Ordered version of Urysohn’s Lemma] Let X be a compact ordered
space, let A be a closed lower subset, and let B be a closed upper subset, with AN B = ().
Then there exists a monotone and continuous function ¥: X — [0,1] such that, for every
x € A, Y(x) =0, and, for every x € B, ¥(x) = 1.

PROOF. See [Nachbin, 1965, Chapter I, Theorem 1, p. 30]. n

5.14. COROLLARY. Let X be a compact ordered space, and let x,y € X such that x ? y.
Then there ezists a monotone and continuous function 1 : X — [0,1] such that ¥(x) =0

and ¥(y) = 1.

PROOF. Set | zN 1y = (). By Lemma 5.12, | z is a closed lower subset and 1 ¥ is a closed
upper subset. Therefore we may apply Proposition 5.13 with A =] x and B =7 y. [

5.15. COROLLARY. Let X be a compact ordered space, and let x,y € X. Suppose that,
for every v: X — [0, 1] monotone and continuous, ¥(z) < ¥(y). Then x < y.

A consequence of Corollary 5.15 is the fact that every compact ordered space embeds
into a power of [0, 1].

5.16. PROPOSITION. For every X compact ordered space, nx 1is injective.

PROOF. Let x,y € X. Suppose x # y. Then, either x 2* y or y ? x. Suppose, without
loss of generality,  ? y. Then, by Corollary 5.14, there exists ¢ € C(X) such that
¥(z) = 0 and ¢(y) = 1. Therefore, (nx(z))(y) = eva(¢) = ¢(x) = 0 # 1 = P(y) =
evy (1) = (nx (y)) (). Thus, nx(z) # nx(y). =
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5.17. THE UNIT nx: X — MaxC(X) IS SURJECTIVE. We continue the path that allows
us to prove the implication [(3)=-(1)] in Theorem 5.2: if X is a compact ordered space,
nx: X — MaxC(X) is an isomorphism. In this subsection, we prove that, if X is a
compact ordered space, then ny: X — MaxC(X) is surjective.

Let X be a compact ordered space, and let ®: C(X) — [0, 1] be an MC-morphism,
i.e. @ € MaxC(X). The goal is to find # € X such that & = ev,. For every ¢ € C(X),
set Z(¢) == {z € X | ¢(z) = 0}. Moreover, set Z(®) := (Vycc(x)a(p)=0 2 (V). We shall
prove that Z(®) has a maximum element z, and that ® = ev,. Set A(®) := Nyecx)ly €
X [Y(y) < @)}

5.18. LEMMA. A(®) = Z(®).

PROOF. Let us prove (C). Let y € A(®). Then for every ¢ € C(X), we have ¢(y) < ().
Therefore, if ®(¢)) = 0, then ¢(y) =0, i.e., » € Z(P). Hence, y € Z(P).

Let us prove (D). Let z € Z(®). Let ¢ € C(X). We shall prove ¢(z) < ®(¢)). Set
¢ =S ®(1). Then ®(¢) = ®(1) © ®(¥)) = 0. Since z € Z(P), we have ¢/'(z) = 0, i.e.
U(z) © ()., e Ph(x) < B(¥). .
5.19. LEMMA.

1. Z(®) is a closed lower subset of X.

2. For every ¢ € C(X), sup,e ) ¥(y) < @().

PROOF.

1. For every ¢ € C(X), Z(v) is closed, hence Z~((I>) is closed.

Suppose y € Z~(<I>) and z < y. Then, for every ¢ € C(X) such that ®(yp) = 0,
we have y € Z(¢), i.e. 9(y) = 0. Since ¢ is monotone, we have ¥(x) = 0, i.e.

x € Z(1). Therefore, x € Z(P).

2. It follows from the fact that, for every ¢» € C(X) and y € A(P), ¥ (y) < ().

The following is inspired by [Hofmann and Nora, 2018, Proposition 6.12].

5.20. PROPOSITION. Let X be a compact ordered space and let ®: C(X) — [0,1] be an
MC-morphism. Then, for all ¢ € C(X), we have

() = sup P(y).

yeZ(®)
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PROOF. Let ¢ € C(X). We already know

Lem. 5.19

sup 1) sup ¥(y) < P(v).

yeZ(®) yeA(D)

Lem. 5.18
(y) =

Let us set A == sup .z ¥(y). We shall prove ®(¢)) < A. Let € > 0. We shall prove
O(y) < A+e. Set
U={ye X |Yy) <A+e}.

Clearly, U is open and, by definition of A, Z(®)CU. Letz e X\ ZN(@);There is some

¥ € C(X) with (1)) = 0 and ¢(z) # 0. Let n € N be such that n(y(x)) > 1. Set

V=9 @ - D1, Then &(¢') =0 and ¥'(x) = 1. For every ¢/’ € C(X) we set
————

n times
s(W) ={re X [J(x) >1—¢}
By the considerations above,
X=vu {J @)
P'eC(X):2(y’)=0
since X is compact, we find 91, ..., 1, € C(X) with ®(¢);) = 0 and
X=UUs(t)U---Us(ty).

Therefore, for all z € X, either x € U, i.e., ¥(x) < XA+ ¢, or there exists j € {1,...,n}
such that = € s(v;), i.e., ¥;(x) > 1 —e. Hence,

YO(l—e)<(Ade)Oo(1—=e)) ViV - Vb, <AV V-V,
Therefore,
PY)O(1—¢e) <AVO(YY)V---VP(h,) =AVOV--- V0=

Hence ®(¢) < (P(¢) © (1 —¢)) e < ADe. "

5.21. DEFINITION. A nonempty subset A of a topological space X is irreducible if A C
BUC for closed subsets B and C' implies AC B or A C C.

5.22. NOTATION. Let X be a compact ordered space, and let 7 be the topology on X.
We denote with 7¢ the topology of all upper open subsets of X.

A subset B C X is upper if, and only if, its complement X \ B is lower; hence the
closed subsets of (X, 7%) are precisely the closed lower subsets of (X, 7).

5.23. DEFINITION. Let X be a compact ordered space and let T be the topology on X.
We say that A C X is f-irreducible if it is irreducible in (X, 7%), i.e., for all closed lower
subsets Ay, Ay of (X, 7) with A C Ay U Ay, one has A C Ay or A C As.
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5.24. PROPOSITION. Let X be a compact ordered space and ®: C(X) — [0,1] an MC-
morphism. Then

1. Z(®) #0.
2. Z(®) is t-irreducible.
PROOF.

L 1=a(1) =sup,c 5 1.

2. Let Ay, A C X be closed upper subsets with 2(@) C A1 U Ay. We shall prove that
either Z(®) C Ay or Z(P) C Ay. Suppose, by way of contradiction, x € Z(P) \ Ay

and y € Z(®)\ As. Then (T 2) N A; =0 and (1 y) N Ay = (. By Proposition 5.13,
there exist 11,1, € C(X) such that,

(a) Y1(x) =1 and, for all z € Ay, 1(z) = 0.
(b) ¥2(y) =1 and, for all z € Ay, ¥y(z) = 0.

Then, for all z € Z(®), (11 © 1hs)(2) = 11(2) © thy(z) = 0, since either 1y (z) = 0 or
¢2(Z) = 0.
Hence, ®(¢; © ¢2) = SUD, ¢ Z(a) P1(2) © Pa(z) = 0.

But, also,

(11 © a) = P(¢h1) © (ty)

= ( sup %(2)) © ( sup ¢2(3)> 2
2€Z(®) z€Z(P)

> Pi(z) © ha(y) =
=101=

= 1.
This is a contradiction.
| |

5.25. DEFINITION. We say that a topological space (X, T) is sober if, for every irreducible
closed set C, there exists a unique x € X such that the closure of {x} is C.

5.26. PROPOSITION. Let (X, <,7) be a compact ordered space. Then (X, 7%) is sober.
PROOF. See Proposition VI.6.11 in [Gierz et al., 2003]. "
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5.27. REMARK. Let (X, <,7) be a compact ordered space, and let = € X. The closure
of {x} in (X,7%)is | z.

5.28. PROPOSITION. Let X be a compact ordered space, and let A C X be an irreducible
closed lower subset of X. Then there exists a unique x € X such that A =| x.

Proor. By Proposition 5.26 and Remark 5.27. n

5.29. THEOREM. Let X be a compact ordered space, and let ®: C(X) — [0,1] be a map
that preserves the operations V,\,®,® and every constant A € [0,1]. Then, there exists
a unique © € X such that, for every ¢ € C(X), ®(¢) = ¢(x), i.e. & =ev,.

PROOF. For every z € X, nx(x) = ev,. Hence, uniqueness follows from injectivity of 7y,
which was established in Proposition 5.16 and which—we recall-—was a consequence of
Corollary 5.14. Concerning existence, by Proposition 5.28, there exists z € X such that
Z(®) =] x. Then
() = sup ¥(z) = Y(x).
z€Z(P)
u

5.30. COROLLARY. If X is a compact ordered space, the map nx: X — MaxC(X) is
surjective.

We may now conclude the proof of Theorem 5.2, which asserted, for X a preordered
topological space, the equivalence of the following conditions.

1. The unit ny: X — MaxC(A) is an isomorphism.

2. There exists an MC-algebra A such that X and Max(A) are isomorphic preordered
topological spaces.

3. X is a compact ordered space.

PROOF OF THEOREM 5.2. [(1)=-(2)] By Remark 5.3.

[(2)=(3)] By Theorem 5.9.

[(3)=(1)] By Proposition 5.16, nx is injective. By Corollary 5.30, ny is surjective. Every
continuous map between compact Hausdorff spaces is closed, and every closed bijective
continuous map between topological spaces is a homeomorphism. We are left to show
that nx reflects the order, i.e., for every z,y € X, if nx(z) < nx(y), then z < y. If

nx(z) < nx(y), then, for every ¢ € C(X), (nx(2))(¥) < (nx(y))(¥), Le., P(z) < ¢(y).
By Corollary 5.15, = < y. [
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6. Fixed objects on the algebraic side: the goal
6.1. DEFINITION. Let A € MC and x,y € A. We set

T={re0 1]y <zoAl

d'(x,y) = inf 1%;

and
d(z,y) == max{d"(z,y),d"(y,2)}.

On [0,1], d"(z,y) = (y — x)* (where 2+ = max{z,0}), and d(z,y) = |y — z|. If X is
a set, and L is an MC-subalgebra of [0, 1]%, then, on L, d'(f, g) = sup,cx(g(z) — f(z))T,
and d coincides with the sup metric. We mention that, in [0,1], (y — 2)" coincides with
YO x.

6.2. DEFINITION. Let A € MC. We say that A is archimedean if, for all x,y € A,
d(z,y) =0=z=y.

The idea—as we will see—is that A € MC is archimedean if, and only if, A is an
MC-subalgebra of [0, 1]¥, for some set X. For now, we have the following.

6.3. REMARK. If X is a set, and L is an MC-subalgebra of [0, 1]%, then L is archimedean.
Indeed, d coincides with the sup metric, that satisfies the implication d(z,y) =0 = = = y.

In Definition 6.4 below, we define Cauchy sequences, convergence, and Cauchy com-
pleteness. These definitions are standard; anyway, one should pay attention to the fact
that d is not required to be a metric, because d(x,y) = 0 = x = y might fail.

6.4. DEFINITION. Let A € MC, let (an)nen be a sequence in A, and let a € A. We say
that (an)nen s a Cauchy sequence if, for all € > 0, there exists k € N such that, for all
n,m >k, d(an,an) < . We say that (a,)nen converges to a, or that a is a limit of
(@n)nen, if, for every € > 0, there exists n € N such that, for all m > n, d(a,,a) < e.
We say that (an)nen converges if there exists b € A such that (an)nen converges to b. We
say that A is Cauchy complete if every Cauchy sequence in A converges.

We remark that a sequence may have more than one limit, since d is not a metric.

6.5. REMARK. On [0, 1] the concepts of Cauchy sequence and convergence to an element
in Definition 6.4 coincide with the usual ones with respect to the euclidean distance. In
particular, [0, 1] is Cauchy complete. If X is a set, and L is an MC-subalgebra of [0, 1],
the concepts of Cauchy sequence and convergence to an element in Definition 6.4 coincide
with the usual ones with respect to the sup metric.

Our next goal is to prove the following.
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6.6. THEOREM. Let A € MC. The following conditions are equivalent.

1. The unit e4: A — CMax(A) is an isomorphism.

2. There exists a preordered topological space X such that A and C(X) are isomorphic
MC-algebras.

3. A is archimedean and Cauchy complete.
The current section and the following two are intended to prove Theorem 6.6 above.

6.7. REMARK. We give here the proofs of the implications [(1)=-(2)] and [(2)=-(3)] of
Theorem 6.6.

[(1)=(2)] Take X = Max(A).

[(2)=(3)] A is archimedean because C(X) is archimedean, by Remark 6.3. Let us prove
that C(X) (and hence A) is Cauchy complete. Let (f,)nen be a sequence in C(X') which
is Cauchy with respect to the metric d. Then, there exists a function f: X — [0, 1] such
that f,, converges to f uniformly. It is well known that the uniform limit of a sequence of
continuous functions is continuous. Since, for all n € N, f,, is continuous, f is continuous.
Let us prove that f is monotone. Let x,y € X with z <y. For all n € N, f, is monotone.

Therefore, f(x) = lim, oo fr(z) < lim, o0 fu(y) = f(y).

We are left to prove the implication [(3)=-(2)] of Theorem 6.6, i.e., that, for every
archimedean Cauchy complete MC-algebra A, the unit £4: A — CMax(A) is an isomor-
phism. This implication is a consequence of the following two theorems, whose proofs we
conclude, respectively, at the ends of the following two sections.

6.8. THEOREM. Let A € MC. The following conditions are equivalent.

1. A s archimedean.

2. For every x,y € A with x # y, there exists an MC-morphism ¢: A — [0,1] such
that o(x) # ¢(y).

3. There exists a set X such that A is an MC-subalgebra of [0, 1]X.
4. The unit e4: A — CMax(A) is injective.
6.9. THEOREM. Let A € MC. The following conditions are equivalent.

1. A is Cauchy complete.

2. The unit e4: A — CMax(A) is surjective.

7. A is archimedean if, and only if, the unit €4 is injective

The aim of this section is to prove Theorem 6.8 above. Some of the implications between
the four conditions in Theorem 6.8 are relatively easy to prove, and we collect their proofs
in the following remark.
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7.1. REMARK. [Part of the proof of Theorem 6.8] We prove some of the implications in
Theorem 6.8.

[(4)=(3)] Immediate.

[(3)=(2)] Let f,g € A C[0,1]* be such that f # g. Then, there exist z € X such that

f(z) # g(2). Set

p: A—10,1]
h — h(z).

The function ¢: A — [0,1] is clearly an MC-morphism. ¢(f) = f(z) # g(2) = ©(g).
[(2)=(4)] Let =,y € A be such that = # y. We shall prove e4(z) # €4(y). By hypothesis,
there exists an MC-morphism ¢: A — [0,1] such that ¢(x) # ¢(y). Note that ¢ €
Max(A). We have (e4(z))() = eva(p) = p(z) # @(y) = evy(¢) = (a(y))(¢). This
proves e4(z) # ea(y).

[(3)=(1)] By Remark 6.3.

In Remark 7.1 we have proved that (2), (3) and (4) in Theorem 6.8 are equivalent,
and that any of these conditions implies (1). What is missing to prove Theorem 6.8 is
the implication [(1)=(2)] (for example), i.e., that if A is archimedean, then, for every
x # y € A, there exists an MC-morphism ¢: A — [0,1] such that ¢(x) # ¢(y). The
proof of this last implication will take us some effort. The idea is that, since MC is a
finitary variety, we may apply the Subdirect Representation Theorem. The Subdirect
Representation Theorem ensures, for every A € MC, the existence of an injective MC-
morphism ¢: A < [[..; As, where, for all i € I, A; is subdirectly irreducible. We will
show that every subdirectly irreducible algebra B consists essentially of the set [0, 1]
together with some additional elements, each of which lies “just above” or “just below”
one particular A € [0, 1]. This allows us to define the morphism ess: B — [0, 1] that “kills
the infinitesimals”. We will show that the morphism ess preserves d. Composing the map
v: A = [[,c; Ai with the morphisms ess;: A; — [0, 1], we obtain a map h: A — [[,,[0,1]
that correctly translates the function d on A to the sup metric on ], ,[0,1]. Then, if,
x #y € A, and A is archimedean, we have d(z,y) # 0, and therefore the sup distance
between h(x) and h(y) is not zero. From this we conclude that there is a morphism
p: A — [0,1] such that o(x) # ¢(y).

7.2. SUBDIRECTLY IRREDUCIBLE MC-ALGEBRAS. We start the path that will take us to
the proof that every archimedean MC-algebra admits enough morphisms towards [0, 1],
i.e., the implication [(1)=-(2)] in Theorem 6.8. The main goal of this subsection is to
prove the following.

7.3. THEOREM. Let A € MC be subdirectly irreducible. Then, for all x € A, and \ €
0,1], z < X or A < z.

To a reader that has familiarity with abelian lattice-ordered groups or MV-algebras,
Theorem 7.3 might sound analogous to the well-known result that every subdirectly irre-
ducible abelian lattice-ordered group (or MV-algebra) is totally ordered. Note, however,
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that Theorem 7.3 does not say “every subdirectly irreducible A € MC is totally or-
dered”; in fact, it says something something weaker. The author does not know whether
every subdirectly irreducible A € MC is totally ordered; nevertheless, for our purposes,
Theorem 7.3 is enough.

The idea for the proof of Theorem 7.3 is the following: if, by contraposition, z £ A
and A £ z, then we could construct two nonminimal congruences whose intersection is
minimal, which shows that A is not subdirectly irreducible. The idea is that these two
congruences are the congruences generated, respectively, by x ~xz V XA and x ~ x A \.

Our convention is that we do not consider the trivial algebra (i.e, with exactly an
element) as subdirectly irreducible.

7.4. NOTATION. Let A € MC, and let £ denote the language of MC. For A € MC,
let A2 denote the L-algebra that shares the same underlying set with A, and which is
such that V4o = Aa, Ago = Va, Bao = Oa, G0 = D4, and, for every X\ € [0, 1],
Ao = (1 = X) 4. We call A? the order-dual algebra of A.

Roughly speaking, the dual operation 77 of an operation v of arity I is given by
YO ((z)ier) =1 —v((1 — 24);c;) (this makes sense in [0, 1]).

We will use the concept of order-dual algebra only to shorten some proofs. This is
made possible by the following lemma.

7.5. LEMMA. Let A € MC. Then, A? € MC.

PRrROOF. The only nontrivial part is showing that Axioms (9), (10), (11), (12) “dualize”.
But this holds because, for every a, b, ¢ € [0, 1], we have the following properties.

l.anb=ce(1—-a)V(I-b=1-c
a)

(1—a)A
3.adb=ce(l-a)0(l1-0)=1-c
(1-a)®

2.aVb=c& (1-b)=1-c

4. a0b=ce(1l-a)a(l-b)=1-c

7.6. REMARK. (Af’)6 = A
7.7. LEMMA. Let A € MC. The following properties hold for all a,b,c,a’, b € A.
1.a<b=a®c<bpec.

a<b=aG®c<bOec.
a<adb.
a>a®b.

Ifa<d andb<V, thena®b<d dl.

S oA e e

Ifa<d andb<V, thena®b<d V.
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PROOF. (1) Suppose a < b. Thena®c= (aAb)Bc=(a®c)N(bPBc).

(3) From 0 < b we obtain a 0 < a@®b. Since a 80 =a, a < a@b.

(5) This follows from (1), taking into account that & is commutative.

Items (2), (4) and (6) in A coincide respectively with items (1), (3) and (5) in the order-
dual algebra of A. m

7.8. LEMMA. Let A € MC and x € A. For a,a’ € A, set a ~, a’ if, and only if, there
exist n,m € N such that
a®(x®---dx)>d
o
dB@Ed---Pz)>a.
T
m ttmes

Then ~g, is a congruence.

PRroor. We first prove that ~Z is an equivalence relation. The relation ~§ is trivially

reflexive and symmetric. To prove transitivity, suppose a ~§ b ~& c. Then

(a®(zd---drx)d(rxd---®x)>bB(xd---Bx) >c.

n times n/ times n’/ times

Analogously for the other inequality.
Suppose a ~% a’ and b ~F b'.

1. We shall prove a Vb ~% a' V.
(avb)®(zd®---®dz)>d V.
—————
max{n,n’} times
Analogously for the other inequality.
2. We shall prove a Ab ~Z a’' AV

(aANb)® (2@ Dz)=(aD(z®-- Dz )AL (zd---Dz))>d Ab.
max{n,n’} times max{n,n'} times max{n,n’} times
Analogously for the other inequality.
3. We shall prove a © b ~% o' © V.
(apb)d(xzd®---Pr)=(ad(xzd - @) bd(xd ---dx)>dal.
(n+n’) ti n times n' times
Analogously for the other inequality.
4. We shall prove a © b ~§ a' O V.
(a0 ®E®-- @) > (ad(@E® - ®2)Ob®@® - ®z) >dO0.
( ) ti ti ti
n+n') times n times n’/ times

Analogously for the other inequality.
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7.9. LEMMA. Let A € MC, z € A.
For b,V € A, set b ~% V' if, and only if there exists n,m € N such that

bO(x®---ox) <V,
—_——

n times

VOro---0z) <b.
m times

Then ~¢ is a congruence.

PROOF. The relation ~f is a congruence in A? by Lemma 7.8. This implies that ~g 18
a congruence in A. n

We call minimal congruence (or trivial congruence) on an algebra A the smallest
congruence, which is Ay = {(a,a) | a € A}.
We are now ready for the proof of Theorem 7.3.

PROOF OF THEOREM 7.3. Suppose, by way of contradiction, x £ XA and A £ x. Then,
zoA#0and z® (1 — ) # 1. Indeed, z < (zoN) @A, and z > (zd (1 —N))© (1 —A).
For a,b € A, set a ~g b if, and only if, there exists n,m € N such that
a®((zoN@ - (oN)>D,

/

TV
n times

b (xON) DD (xON) > a.

-—
m times

By Lemma 7.8, ~4 is a congruence.
For a,b € A, set a ~¢ b if, and only if, there exists n, m € N such that

a0 (z®(1-N))o--0@a(l-N)) <b,

J/

Vv
n times

bo(z@(1-A)o-- 0o (l-2N)) <La

By Lemma 7.9, ~¢ is a congruence.
Since t&A # 0 and &\ ~g 0, ~g is not the minimal congruence. Since z@®(1—\) # 1
and £ @ (1 — \) ~g 1, ~g is not the minimal congruence.
We claim that the congruence ~g M ~g is the minimal one. Indeed, let us take
a,b € A such that a ~g b and a ~¢ b.
Then
a<b@((zoN)@---®(xON).

(. J/
~~

m times

and
a®((z@(1-X)0-0(@a(l-2)) <b

J/

vV
n times
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Then
a=aN(be((zeN)e @@e))) <
<@o(E®(l-AN)o--0@@®(l-))Vb=>

Analogously, b < a, and therefore a = b. Therefore ~g N ~ is the minimal congru-
ence. This is a contradiction; indeed, the minimal congruence on a subdirectly irreducible
algebra is A-irreducible in the lattice of congruences, and therefore the intersection of
nonminimal congruence is not minimal in a subdirectly irreducible algebra. n

7.10. THE MORPHISM ess FROM A SUBDIRECTLY IRREDUCIBLE MC-ALGEBRA TO [0, 1]
THAT KILLS INFINITESIMALS. In Theorem 7.3 we proved that, if A € MC is subdirectly
irreducible, then, for all x € A, and A € [0,1], z < X or A < z. The intuition is that A
consists essentially of the set [0, 1], together with some infinitesimals, each of which lies
“just above” or “just below” one particular A\ € [0,1]. In this subsection we show that
one can define the function ess: A — [0,1] that “kills the infinitesimals” and that this
map is an MC-morphism (see Theorem 7.17).

7.11. LEMMA. Let A € MC. Let a,3 € [0,1] be such that « # [. The following

conditions are equivalent.

1. A s trivial.

2. ap = 514.

PRrROOF. If A is trivial, then, clearly, ay = S4. Suppose ay = 4 and suppose, without
loss of generality, « < 8. Then, in A, 56a = &5 =0. Then, for every n € N, in A4, 0 =
(Beoa)® @ (S a). Let n be big enough so that, in [0,1], (Foa)®--- B (Lo a)=

N J/

-~ -
n times n times

1. Then,in A, 04 = (o a)®--- @ (86 a) = 14. Since 04 is the bottom and 1, is the

. J
~~

n times

top of A, for every x,y € A, x = y. [

7.12. DEFINITION. Let A € MC and x € A. We set
I, ={ e 0,1] | A<z}
Sy ={A€[0,1] |z < A};

essinf x := sup I,;

esssup x = inf S,.

7.13. REMARK. Let A € MC and = € A. Then, essinf x, calculated in A, is esssup z,
calculated in A%.
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7.14. REMARK. [, is an initial segment of [0,1], 0 € I, S, is a final segment of [0, 1],
and 1 € S,. In addition, we note the following facts.

1. If A is trivial, then I, = [0,1] = S,, and thus essinf z = 1 and esssupx = 0.

2. If A is not trivial, then I, NS, has at most one element, because otherwise there
would exists @ #  in [0,1] such that, in A, @« < & < < z < «, and hence
ays = [a; but, since A is non-trivial, this is not possible by Lemma 7.11. Hence, if
A is not trivial,

essinf x < esssup .

7.15. LEMMA. Let A € MC be nontrivial. If x € A is such that, for all X € [0,1], x < A
or A < x, then
essinf x = esssup .

In particular, if A is subdirectly irreducible, then, for all v € X, essinf z = esssup .

PROOF. By Remark 7.14, essinf x < esssupx. Since, by hypothesis, I, U S, = [0, 1], we
conclude essinf x = esssup z. If A is subdirectly irreducible, then, by Theorem 7.3, for all
reAand A€ [0,1], 2 < Aor A <z n

7.16. NOTATION. For A € MC and z € A, if essinf z = esssup x, we set
ess T = essinf r = esssup x.

7.17. THEOREM. Let A € MC be such that, for allz € A, essinf x = esssup = (this holds,
in particular, if A is subdirectly irreducible). Then, the function

ess: MC — [0, 1]

T —— €esSsx

1s a surjective MC-morphism.

PROOF. For all © € A, recall: I, .= {\ € [0,1] | A <z}, S, ={A € [0,1] | z < A},
and essz = sup I, = inf S,. For every constant symbol A € [0, 1], ess clearly preserves
A. Let z,y € A and let ® denote any operation amongst {V, A, @, ®}. We shall show
ess(z®@y) = essx ®essy. For every U W C[0,1],set UQW ={a®p|acUSe W}
Since ®: [0,1]*> — [0, 1] is continuous, for every nonempty U,V C [0, 1], sup(U @ W) =
(supU) ® (sup W) and sup(U @ W) = (supU) ® (sup W). We shall show ess(z ®@ y) =
essr ® essy. Now,
ess( 9 y) = sup Ly

ess(z ®@ y) = inf Syey,
essz ®essy = (sup l,) ® (sup 1) = sup(l, ® 1),
essz ® essy = (inf S;) ® (inf Sy) = inf(S, ® S,).
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Let us take A € I,5,. Then A <z ® y. Therefore, for every a € 5;,6€ S, A<z ®y <
a ® B. This shows ess(z ® y) = sup Lz, < inf(S, ® S,) = essx ® essy. Let us now take
A € Spgy. Then, x ® y < A. Then, for every a € I, € I,, wehave a @ f <z ®@y < A
This shows essz ® essy = sup(l, ® I,) < inf S,g, = ess(z @ y).
The function ess is surjective, because it must preserve every constant symbol A €
[0, 1].
By Lemma 7.15, if A is subdirectly irreducible, then, for all x € A, essinf z = esssup x.
]

We call an algebra A simple if it is not trivial and any proper quotient of A is trivial.
From Theorem 7.17, we obtain that [0, 1] is the unique simple MC-algebra, as stated in
Corollary 7.18 below. This is similar to Holder’s Theorem for lattice-ordered groups.

7.18. COROLLARY. Let A € MC. A is simple if, and only if, it is isomorphic to [0, 1].

PROOF. [0,1] is simple. Indeed, if B € MC, and ¢: [0,1] — B is a surjective not-
injective MC-morphism, then there exist «, 8 € [0, 1] such that o # 5 and p(a) = p(f),
i.e., ap = fp. By Lemma 7.11, B is trivial. Hence, [0, 1] is simple, as well as any of its
isomorphic copies. Suppose that A is simple. By the subdirect representation theorem,
it is isomorphic to a subdirect product [[,.; B; of subdirectly irreducible algebras. Since
A is simple, it is not trivial. Hence, I # (), and thus there exists a surjective morphism
p: A — B, with B subdirectly irreducible. By Theorem 7.17, we have a surjective MC-
morphism ess: B — [0,1]. Hence, we have a surjective MC-morphism ¢: A — [0, 1],
which must be injective since A is simple. Hence 1 is an isomorphism. [

Corollary 7.18 implies that the set of morphisms from an MC-algebra A to [0, 1] is in
bijection with the set of maximal congruences on A. This explains why we gave the name
Max(A) for the set hompc (A4, [0, 1]).

7.19. THE MAP ess PRESERVES DISTANCE. The main goal of this subsection is to prove
that, for A a nontrivial subdirectly irreducible algebra, the map ess: A — [0, 1] preserves
d, i.e., da(a,b) = dpqj(essa,essb). We will actually prove, in Lemma 7.26, a slightly
stronger statement, i.e., that d' is preserved.

7.20. LEMMA. Let A€ MC and x,y € A. Theny < x ® X if, and only if, yo A < z.
PROOF. If y < 2@\, then yoA < (z@N)OA < z. If yo A <z, theny < (ySN)DA < zdA.

7.21. REMARK. Let A € MC and z,y € A. Then, by Remark 7.20, we have
={Nel0l]ly<zar={ e[0,1]|yo <z}
Hence

d'(z,y) =inf tY=inf{A € [0,1] |y <z A} =inf{A € [0,1] |y ) <z}
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7.22. REMARK. Let A € MC. Then the set 1% calculated in A equals 1j calculated in
A2, Thus d"4(x,y) = dT 40 (y, ).

7.23. REMARK.

1. Let I be a set, and, for each i € I, let A; € MC. Let a,b € [[,.; Ai. Then,
d"(a,b) = sup;c; dT(aq, b;).

2. Let A € MC, let B be an MC-subalgebra of A, and let 2,y € B. Then d'(x,y) is
the same calculated in A and B.

7.24. LEMMA. Let A € MC and x,y,z € A. The following properties hold.
1. d¥(z,y) € [0,1].
2.z <y=di(y,z) = 0.
3. d'(z,2) < d'(z,y) © d'(y, 2) < d'(z,y) +d'(y, 2).

PROOF. (1) and (2) are clear, by definition. To prove (3), let A9 €1% and A; €1;. Then
Yy<x®A, 2<y@®A. Then 2 <yd A < (x® X)) DA = 2B (Ao ® A1). Therefore,
Ao @ A1 €%, Therefore, d'(z, z) = inf(1Z) < inf(1% & 17). By continuity of &, inf(1Y
&) T;) = inf(1¥) ® inf(TZ) = dM(z,y) ® d'(y, 2). n

7.25. LEMMA. Let A € MC. Then

1. For every x € A, d"(x,essinf z) = d'(esssupz,x) = 0.

2. If A is nontrivial, for every o, 8 € [0,1], d™(aa, B4) = (8 — a)*.
PROOF.

1. Let € > 0. Then z < esssupx @ e. Therefore, € €15+ Since it holds for every ¢,
then d'(esssup z, #) = inf 1%, ,= 0. Via the order-dual algebra, d'(z, essinf z) = 0
is automatically proven.

2. If A is nontrivial, then 2= {A € [0,1] | Ba S aa® A} ={A € [0,1] | X > (B—a)}.
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7.26. LEMMA. Let A € MC, and let x,y € A be such that essinfx = esssupz and

essinfy = esssupy. Then, d'(x,y) = (essy —essx)*.

PROOF. A is nontrivial, because essinf z = esssup x. Thus, (essy—essx)™ = df(essz, essy).
We are left to prove d'(x,y) = d'(essx, essy). We have

Az, y) < d'(z,essz) @ dT(essz, essy) @ dT(essy, y) =
= 0@ dl(essx,essy) B0 =
= d'(ess z, essy).

Moreover,
dM(essz,essy) < dM(essz,2) ® d'(z,y) @ dT(y,essy) =

=0ad(z,y) @0 =
:dT(:c,y).

| |
7.27. EVERY ARCHIMEDEAN MOC-ALGEBRA IS AN ALGEBRA OF FUNCTIONS. In this

subsection, we prove that every archimedean MC-algebra has enough morphisms towards
[0, 1] to separate its elements; this completes the proof of Theorem 6.8.

7.28. LEMMA. Let A, B € MC and let ¢: A — B be an MC-morphism. Then, for every
x,y € A,

d'(o(x), 8y)) < d'(z,y).
PROOF. Let A €t¥: y < 2 @ A. Then ¢(y) < ¢(x) & A; thus A €T¢ . Therefore,
d 1 (¢(x), (y)) = inf T¢(x)§ inf %= dT(xa Y)- u
7.29. THEOREM. Let A € MC, and let x,y € A. Then,
d'(z,y) = sup (p(y) — pla))*.

p: A—[0,1] MC-morphism

PRrOOF. By the subdirect representation theorem, A is an MC-subalgebra of a product
of subdirectly irreducible MC-algebras. Say ¢: A — [],.; A;. For each i € I, consider
the projection m;: [[,.; A; = A; and the morphism ess;: A; — [0, 1] as in Theorem 7.17.

Then
d(z,y) = supd'(me(x), mie(y)) = sup(ess; me(y) — ess; mie(x)) ™.
i€l il

Since ess; om; o v: A — [0, 1] is an MC-morphism, we obtain

d'(z,y) < sup (p(y) — plx)*.

¢: A—[0,1] MC-morphism

From Lemma 7.28, we obtain the converse inequality. [
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7.30. LEMMA. Let A € MC and x,y,z € A. The following properties hold.
1. d(z,y) € [0,1].
2. d(xz,z) = 0.
3. d(x,2) < d(z,y) & d(y, 2) < d(z,y) +d(y, 2).
PROOF. (1) and (2) are clear. Let us prove (3).
d(z, z) = max{d"(z, 2),d"(z,2)} <

< max{d"(z,y) ® d'(y, 2),d"(z,y) ®d'(y, 2)} <
< max{d"(z,y),d"(y,2)} ® max{d'(y, 2),d"(z,y)} =

=d(z,y) ®d(y, 2).

7.31. REMARK. Let A € MC. Then A is archimedean if, and only if, (A4, d) is a metric
space.

7.32. THEOREM. Let A € MC, and let x,y € A. Then

d(z,y) = sup o(z) =)l
p: A—[0,1] MC-morphism

PROOF.
d(z,y) = max{dT(x, Y), dT(y, )} Thm. 7.29

= max { sup (p(y) — o(x))", sup (p(x) — s@(y))+} =

p: A—[0,1] MC-morph. p: A—[0,1] MC-morph.

= sup max {(¢(y) — ¢(2))", ((x) — (y) "} =
¢: A—[0,1] MC-morph.

= sup o(x) = ¢(y)l-
p: A—[0,1] MC-morph.

We are ready to prove the implication [(1)=-(2)] in Theorem 6.8.

7.33. THEOREM. Let A € MC be archimedean, and let x,y € A with x # y. Then, there
exists an MC-morphism ¢: A — [0,1] such that p(z) # ¢(y).

PRrOOF. By Theorem 7.32, for every x,y € A, we have

d(z,y) = sup |o(2) = @(y)l
¢: A—[0,1] MC-morphism

Since A is archimedean, d(x,y) # 0. Therefore, sup,,. 4_(0.1] MC-morphism (%) — ¥(y)| # 0,
and hence there exists p: A — [0,1] MC-morphism such that |o(x) — ¢(y)| # 0, i.e.,

o(x) # o(y). m
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7.34. COROLLARY. For every A € MC, and every xz,y € A, we have du(z,y) =
dCMax(A) (evx, evy) .

The results obtained so far enable us to prove one of the main results of this section—
namely, Theorem 6.8.

Proor or THEOREM 6.8. By Remark 7.1 and Theorem 7.33. [

We add one additional characterization of archimedean MC-algebras.
7.35. THEOREM. Let A € MC. Then the following conditions are equivalent.

1. A is archimedean.

2. For every x,y € A, d"(z,y) = 0 implies y < .

PROOF. [(2)=>(1)] Let z,y € A, and suppose d(z,y) = 0. Then d'(z,y) = 0 and d'(y, z) =
0. Hence y < x and = < y. Therefore x = y.

[(1)=-(2)] Let us suppose A is archimedean, and let 2,y € A be such that d'(x,y) = 0.
Then, for every MC-morphism ¢: A — [0,1], p(y) < ¢(z); hence o(y) V o(z) = ¢(z),
which implies ¢(y V x) = ¢(x). Hence, for all MC-morphisms ¢: A — [0, 1], |¢(y V x) —
o(z)] = 0. By Theorem 7.32, d(y V x,z) = 0. Since A is archimedean, y V x = z, that is,
y < x. [

8. A is Cauchy complete if, and only if, the unit ¢4 is surjective

The aim of this section is to prove Theorem 6.9 above, which states, for any A € MC,
the equivalence of the following conditions.

1. A is Cauchy complete.
2. The unit e4: A — CMax(A) is surjective.

8.1. REMARK. The implication [(2)=(1)] of Theorem 6.9—i.e., if the unit e4: A —
CMax(A) is surjective, then A is Cauchy complete—follows from the fact, observed in
Corollary 7.34, that €4 preserves d. In detail, let (a,),en be a Cauchy sequence in A.
Then (¢4(an))nen is a Cauchy sequence in CMax(A). Since CMax(A) is Cauchy complete
(see [(2)=-(3)] in Theorem 6.6), there exists f € CMax(A) such that (€4(ay,))nen converges
to f. Since e4 is surjective, there exists a € A such that e4(a) = f. The sequence (a,,)nen
converges to a.

We are left to prove that if A is Cauchy complete, then 4 is surjective. To do so,
we make use of an analogue of Stone-Weierstrass Theorem. Our source of inspiration is
[Hofmann and Nora, 2018, Section 7].

8.2. LEMMA. Let X be a preordered topological space, let x,y € X, let L be an MC-
subalgebra of C(X), and let ¢ € L be such that ¢(x) < ¢(y). Then, there exists ¢ € L
and an open neighbourhood U, of y such that y(x) = 0 and, for all z € Uy, ¥(z) = 1.
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PROOF. There exists ¢ € [0,1] such that p(z) < ¢ < ¢(y). Let n € N be such that
n(c—e(x)) >1. Set p = (¢S p(z)) ®---® (¢S ¢(x)). Set U, as the pre-image of (c, 1]

-~

under ¢. Note that y € U,. We haVenQZh(nxeS) _ \(Mx) )@ - @ (px)e gp(x)), =0,
and, for every z € Uy, 1(2) = (p(2) © ¢(x)) & -~ @ ((2) © w(gﬁif: 1. .

v
n times

8.3. THEOREM. [Ordered version of Stone-Weierstrass Theorem| Let X be a preordered
topological space, let L be an MC-subalgebra of C(X), and suppose that, for every x,y € X,
if © 2 y then there exists ¢ € L such that ¢(x) < ¢(y). If X is compact, then, for every
W € C(X), there exists a sequence (¢n)nen i L converging to 1 in the sup metric.

PROOF. Fix € € (0, 1]; we shall find ¢ € L such that sup,. x|¢(z) —¢(z)] <e. Fixz € X.
Set U = {z € X | ¢¥(2) < ¢(x)+¢€}. The set U is open. Moreover, for every y € X such
that y < x, we have y € U (by monotonicity of 1); contrapositively, for every y € X \ U
we have x ? y. Hence, by Lemma 8.2, for every y € X \ U there exists o, € L and an
open neighbourhood U, of y such that a,(z) = 0 and, for all z € Uy, o, (2) = 1.

By compactness of X, there exist finitely many elements , ..., y, € X \ U such that
X =UuU,U---UU,,. Set A := ¥(z), and set \: X — [0, 1] to be the function constantly
equal to A. Let us define ¢, =, ®--- Dy, O X. We claim that ¢, has the following
properties.

al. ¢x(r) = ().

a2. For every z € X, ¢.(2) > ¢(2) —e.
Indeed, (al) holds because, for 1 < i < n, we have o, (z) = 0, and so ¢,(z) = ay, (z) &
B ay, () PA=08---D0B A= X=1(x). We prove (a2) by cases. If z € U, then
() = 0y (2) B By, (2)BA> N =1Y((2) > Y(z) —e. If 2z € X\ U, there exists
i€ {l,...,n}suchthat z € Uy,. Thus, ¢,(2) = ay, (2)® - By, (2)BA =1>Y(z) > 1—c.
This settles the claim that (al) and (a2) hold.

Now =z is not fixed anymore. For x € X, set

Ve ={z€ X | d.(2) <(2) + ¢}

The set V. is open because the functions ¢, and ¢ are continuous. Moreover x € V,, be-
cause of (al). Therefore the family (V).cx is an open cover of X. Again, by compactness
of X, there exists a finite subcover V,,,...,V,, of X. Define ¢ := ¢, A--- A ¢, ; note
that ¢ € L. For all z € X we have the following.

bl. There exists i € {1,...,n} such that z € V,,. Hence, ¢(2) = ¢z, (2) A+ Ay, (2) <

¢z, (2) <Y(2) +e.

b2. By (a2), ¢(2) = 6z, (2) A+ A ¢, (2) > (0(2) =) A= A (U(2) =) = ¥(2) —&.

Hence, for all z € X, ¢(2) —e < ¢(2) < ¢(2) + ¢, which implies sup,4|¢(z) — ¢(z)| < e.
]
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8.4. THEOREM. Let A € MC. If A is Cauchy complete, then

ea: A — CMax(A)
a+— ev,: Max(A) — [0,1], = — z(a)

18 surjective.

PROOF. Set L C CMax(A) as the image of A under 4. L is an MC-subalgebra of
CMax(A). By the definition of the topology and the order on Max(A), the hypothesis
in Theorem 8.3 are fulfilled, with X := Max(A). Hence Theorem 8.3 applies: for every
1 € CMax(A), there exists a sequence (G, )nen in the image of €4 converging to ¢ with
respect to the sup metric. Let (a,)nen be a sequence in A such that, for every n € N,
ev,, = a,. Therefore, (a,) is a Cauchy sequence with respect to the sup metric. Therefore,
for every € > 0, there exists k € N such that, for every n, m > k, we have d(ev,, ,ev,, ) < .
Since, by Corollary 7.34, €4 preserves d, d(a,,a,,) = d(ev,,,ev,, ) < &, and therefore
(@n)nen is a Cauchy sequence. Since A is Cauchy complete, there exists a € A such that
a, converges to a. Therefore, for every ¢ > 0, there exists n € N such that, for all m > n,
d(an,a) < e. Since, by Corollary 7.34, €4 preserves d, for every € > 0, there exists n € N
such that, for all m > n, d(ev,,,ev,) = d(a,,a) < €. Hence, ev,, converges both to ev,
and . Therefore, 1) = ev,. [

We can now prove Theorem 6.9.

PROOF OF THEOREM 6.9. By Remark 8.1 and Theorem 8.4. n
Finally, we can prove Theorem 6.6.

PrROOF OF THEOREM 6.6. By Remark 6.7 and Theorems 6.8 and 6.9. [

Combining Theorems 5.2 and 6.6, we have that the adjoint contravariant functors
C: PreTop — MC and Max: MC — PreTop restrict to a dual equivalence be-
tween PosComp and the full subcategory of archimedean Cauchy complete MC-algebras.
Hence, we have the following.

8.5. THEOREM. The dual of PosComp is equivalent to the full subcategory of MC given
by the archimedean Cauchy complete MC-algebras.

9. The variety MC

Up to now, we have proved that the category PosComp of compact ordered spaces is
dually equivalent to the full subcategory of archimedean Cauchy complete MC-algebras.
Our final goal is to show that the full subcategory of archimedean Cauchy complete MC-
algebras is isomorphic to a variety. Our strategy to achieve this purpose is analogous to
the strategy that, in [Hofmann et al., 2018], Section 3, after Theorem 3.8, was pursued
to show that a given category was a quasi-variety. The crucial difference is that we make
the axioms equational; in achieving the equational axiomatization, having the operation
A amongst the primitive operations has facilitated us.
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9.1. ADDING THE INFINITARY “CAUCHY” OPERATION §. In order to ensure Cauchy
completeness, we would like to add an operation ¢ of countably infinite arity to the class
of operations of MC that computes the limit of “enough” Cauchy sequences, meaning that
convergence of such sequences in an MC-algebra is enough to imply Cauchy completeness
(and, at the same time, it is possible to interpret ¢ in [0, 1] so that it becomes a monotone
continuous function from [0, 1] to [0,1] that calculates the limit of such sequences, see
[Hofmann et al., 2018, p. 283]).

9.2. DEFINITION. Let A € MC. A sequence (ap)nen in A is called HNN-Cauchy if, for
every n € N,

an, San+1 San@2_n

This definition is inspired by Lemma 3.9 in [Hofmann et al., 2018]; in fact, “HNN” stands
for “Hofmann, Neves, Nora”, the authors of the paper.

9.3. LEMMA. Let A € MC, and let (ap)nen be an HNN-Cauchy sequence in A. Then,
for every n,m € N, with n < m, we have

angamgan@ﬁ>

and therefore (a,)nen s a Cauchy sequence.

Proor. The inequality a,, < a,, is obtained by induction on m. Moreover,

1 1 =1 1
am§(~'(an@2_n>@-~)@2m4 San@;izan@in.
Hence,

1
d(an, @) = max{d"(an, am),d"(am, a,)} = max{d(a,, an),0} = d'(an, an) < T

9.4. LEMMA. For A € MC, the following conditions are equivalent.
1. A is Cauchy complete.
2. Fvery HNN-Cauchy sequence in A converges.

PRrROOF. [(1)=(2)] By Lemma 9.3.

[(2)=(1)] Let (ay)nen be a Cauchy sequence. For every i € N, let k; € N be such that,
for every n,m > k;, d(an, a,) < 2,% For each i € N, set b; := ay,. Then, for every : € N,
and every n,m > i, d(b,,b,) < 2% In particular, for each i € N, d(b;,b;11) < 2%

Therefore,

b; © BYE) < biy;
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< b;.

biy1 © itl =

For all 2 € N, we set ¢; == b; © 2i
Then, for every i € N,

b ! b 1 1 <} 1 :
Ci:i@yz i@ﬁ @ﬁ_i+1@%zcz‘+l,

= b1 6 L <b < b@l EBl— 691
Ci+1 = Uj41 2i+1 >~ U > 7 2z 2z = C; 2z
So, ¢; < i1 < ¢ D 2i Hence, (¢)nen is an HNN-Cauchy sequence, and thus there exists
¢ € A such that (¢,)nen converges to c.
We have

d(bl, C) < d(bl, Ci) + d(Ci, C) =d (bl, bz © 5) + d(Ci, C) < 5 + d(Ci, C) _—>> 0.
Therefore, the sequence (b;),en converges to ¢. The sequence (a, ) ey is a Cauchy sequence

that admits a convergent subsequence (b;);cn; by a standard argument, it follows that
(an)nen converges. n

9.5. NOTATION. Inductively on n € N, we define the term p,, of arity n+1 in the language
of MC as follows.
po(zo) = To;
1
forn e N pu1(zo, ... xp1) = (g V- Vaug) A (pn(xo, ) 2—n) .
9.6. LEMMA. Let A € MC. For every n € N, and every xq,...,xni1 € A, the following
properties hold.

1
pn(an s 7xn) S pn+1(x0a s ,$n+1) S pn(wOa s 7$n) ¥ Q_n
PROOF. By definition of p,, we have p,(zo, ..., z,) < zoV---Vr, and p,o1(xo, ..., Tpi1) <
(T, ..y Ty) & 2% As a consequence, p,(To,...,xn) < TV -V, <oV -V Tpi
and p,(zo, ..., 2n) < pu(zo,...,2,) D 2% Thus, pn(zo,...,2n) < (xg V -+ V xpp1) A
(pn(xﬁaaxn)@%) :pn—i-l(IOa---vxn—i-l)- u

9.7. LEMMA. Let A € MC, and let (x,)nen be a sequence in A. The following properties
hold.

1. The sequence (py(xo,...,2n))nen is an HNN-Cauchy sequence.
2. If (xn)nen s an HNN-Cauchy sequence, then, for alln € N,
pn(an s >$n) = Tn-

PrOOF. (1) follows from Lemma 9.6. (2) is proved inductively. The case n = 0 is
trivial. Inductive step: let n € N. Then p,i1(zo,...,Tpe1) = (xg V -+ V Tpiq) A

(pn(x(]a cee 7xn) D QL’H) ind':hyp. (1:0 VeV $n+1) A (xn D 2%) = Tpi1 N (xn S 2%) = Tpy1.- W
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Let A € MC, and let (a,)nen be a sequence in A. If A is Cauchy complete, the
sequence (pn(ag,...,a,))neny admits a limit in A. If, additionally, A is archimedean,
(A,d) is a metric space and thus the limit is unique.

9.8. NOTATION. Let A € MC be archimedean and Cauchy complete. For every sequence
(@p)nen in A, we set
d(ag, ar,az,...) = lim py,(ag,...,a,).
n—oo

The definition of § takes inspiration from [Hofmann et al., 2018, Section 3|; in fact,
the function d: [0,1]Y — [0,1] in [Hofmann et al., 2018, Section 3] coincides with the
interpretation in [0, 1] of what we call ¢ here.

9.9. REMARK. ¢ calculates the limit of HNN-Cauchy sequences.

9.10. PROPOSITION. Let A € MC be archimedean and Cauchy complete. The following
properties hold.

1. 0(x,z,z,...) =1.

2. §(xo, 1,29, ...) < I(xo VYo, 1 VY1, T2V Yay...).
3. (5(1‘@2%,%'@2%,1’@2%,...)21‘.

4. Foralln e N

1
Pn(Toy ooy Ty) < 0(x0, 1,22, ... ) < pul(To, ..., x,) B STy
PROOF. Since A € MC is archimedean, A is (isomorphic to) a subalgebra of [0, 1]X, for
some set X. The function d: Ax A — [0, 1] coincides with the sup metric. We recall that,
for every sequence (f,)nen in A, 0((fn)nen) = limy o0 pn(fo, - - - fn). The convergence is
uniform, and therefore pointwise. Hence, it is enough to prove (1), (2), (3) and (4) for
A =10,1].

1. The sequence (z,x,z,...) is HNN-Cauchy; thus §(z,z,x,...) = lim, .z = .

2. For each n € N, set z, = x, V y,. By induction, we show p,(zg,...,x,) <

Pn(z0, -+, 2zn). Indeed, for n = 0, we have po(z¢) = 2o < 20 = po(20). Inductive step:
ind. hyp.
let n € N> then, Pn+1<$07 s 7$n+1) = (on\/ : 'vxn+1)/\ (pn('x[)a s 7xn) S QLn) S
(zoV - -V zpg1) A (pn(zo, ey Zn) D 2%) = pn+1(20, - -+, 2ns1). Hence, we have proved
inductively p,(zo, ..., 2n) < pn(zo0, .- ., 2,). Since, in [0, 1], lim is monotone, we have
3o, x1, 2, ...) = lim py(zo,...,2,) <
n—oo
< lim pn(20,- .., 20) =
n—oo

=0(xo VYo, x1 VY1, 22V Y2,...).
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3. Let us prove that (ZL‘ o 2%, T o 2%, r e 2%, e ) is an HNN-Cauchy sequence. Indeed,
16057 <2057 <1< (205)® 5.
4. By Lemma 9.7, the sequence (p,(zo,...,Zs))nen is an HNN-Cauchy sequence. By
Lemma 9.3, for every n,m € N, with n < m, we have
1
2n—1'

(o, 0) < pml(@oy oy Tm) < pulTo, .. 2n) D

Fix n and let m tend to oo.

9.11. THE VARIETY MC,,. Recall the inductive definition of the term p, of arity n + 1
in the language of MC:

Po(ﬂﬂo) = Zo,

on
9.12. DEFINITION. We define the variety MC, as the variety obtained from the vari-

ety MC by adding an operation § of countably infinite arity, together with the following
additional azioms.

1
forn € N ppy1(zo,...,Tng1) = (@0 V-V Tpy1) A (Pn(%,---,fb‘n) ® ) :

1. §(z,x,z,...) = .
2. §(xo, 1,22, ...) < I(xo VYo, 1 VY1, T2V Yay...).
3. 5(:692%,3392%,:6@2%,...):1:.

4. For alln € N
1
on—1°
The idea behind this definition is the following. Axioms (1), (2), (3) imply being

archimedean (see Proposition 9.14 below); Axiom (4) forces 6(xg, z1, xa, . .. ) to be the limit

of (pn(zo, ..., Zn))nen, and therefore it implies Cauchy completeness (see Proposition 9.16
below).

(o, ..oy 20) < 00, 21,22, ... ) < pu(To, ..., 2n) B

9.13. GENERAL PROPERTIES OF THE FORGETFUL FUNCTOR MC_,  — MC.
9.14. PROPOSITION. Let A € MC,,. Then A is archimedean.

PROOF. Let z,y € A be such that d(x,y) = 0. We shall show z = y. Since d(z,y) =
max{d'(z,y),d"(y,z)}, d'(y,z) = 0. We recall d'(y,z) = inf{\ € [0,1] |z X <y} =0.
Hence, for all A € (0,1], we have x © A < y. Note that (2) in Definition 9.12 implies that
0 is monotone. We have

(3) 1 1 1 (2) (1)
xzé(x@ﬁ,x@ﬁ,x@ﬁ,..) <oy, y,y,...) = v.

Analogously, one shows that y < x. Hence, x = . [
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9.15. THEOREM. Let A, B € MC, and let p: A — B be an MC-morphism. Then,
preserves 9.

PRrROOF. We should prove ¢(d4(zo, x1,x2,...)) = dp(e(xo), p(x1), p(z2),...). Since B is
archimedean, it is enough to prove

d(p(da(zo, 71,72, ...)),dB(w(20), P(71), P(2),...)) = 0.
For all n € N, we have

Pn(0(T0), -y p(T0)) < @(8a(m0, 71,29, .. .)) < pulp(0), -+, () © %

because @ is an MC-morphism. Moreover, since B is an MC_.-algebra, we have

Pu(@(20); -+ p(x0)) < IB(P(20), P(71), P(22), - .. ) < pulp(20); - p(T0)) © 2n11~
Hence, for all n € N, we have
P00, 21,22 -)) < Bn(p(an), plan)s o)y ) © 5
and )
d5(p(20), p(21), p(22), - -)) < (da(0, 21, T2, .. ) @
Thus,

d((0a(@o, 21,22, .. .)), 08(p(x0), p(21), p(22), - .)) = 0.

9.16. PROPOSITION. Let A € MC,,. Then A is Cauchy complete.

PRrROOF. It is enough to prove that every HNN-Cauchy sequence in A converges. Let
(Zn)nen be an HNN-Cauchy sequence in A. Then, p,(zo,...,x,) = x,. Hence, for all
neN, z, <o(xg,z1,22,...) < 2, D 2n—1,1, which implies d(d(xo, 21, %2, ... ), T,) < %%1,
which implies that 0(zg,x1, z2,...) is a limit for (z,)nen. n

We denote with Ume, mc: MCo — MC the forgetful functor.
9.17. THEOREM.
1. Umco mc 18 full and faithful.

2. Umc.. mc is injective on objects: Umc,, mc(A) = Umc, mc(B) implies A = B.
This means that every MC-algebra admits at most one MCy, -structure that extends
its MC-structure.

3. For A € MC, there exists A € MC., such that Umc., Mc (Z) = A if, and only if,
A is archimedean and Cauchy complete.

4. The image of Umc, mc on objects is closed under isomorphisms.

5. The MC-algebra [0, 1] admits a (unique) MCy-structure.
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PRroor.

1. The fact that Umc, mc is faithful is trivial. The fact that Umc,, mc is full is
Theorem 9.15.

2. Suppose Umc, mc(A4) = Umc,, mc(B). Then, A and B share the same underlying
set. Let Id: Ume, mc(4) = Umc,, mc(B) be the identity function (which is an
MC—IIIOI"phiSIIl since UMCOC,MC (A) = UMCOO,MC<B))' Since UMCOO,MC is full, there
exists an MCy-morphism ¢: A — B such that Umc, mc(¢) = Id. Then, ¢ is the
identity function, and thus A = B.

3. Suppose there exists A € MCq, such that Upc mc(A) = A. By Propositions 9.14
and 9.16, A is archimedean and Cauchy complete. For the converse implication,
suppose that A is archimedean and Cauchy complete. Then, by Proposition 9.10,
A admits an MC-structure.

4. It is a consequence of (3).
5. [0, 1] is archimedean and Cauchy complete.

9.18. COROLLARY. The variety MC, is isomorphic to the full subcategory of MC given
by the archimedean Cauchy complete MC-algebras.

We can now prove Theorem 1.1, which is our main result: the dual of PosComp is
equivalent to a variety of algebras.

PROOF OF THEOREM 1.1. The dual of PosComp is equivalent, by Theorem 8.5, to the
full subcategory of MC given by the archimedean Cauchy complete MC-algebras, which
is equivalent, by Corollary 9.18, to the variety MC,,. Hence, the dual of PosComp is
equivalent to the variety M C. [

10. The variety MC,, and Linton’s varietal theories

10.1. LEMMA. The function §: [0,1]N — [0,1] is monotone and continuous with respect
to the product order and product topology.

PROOF. For every n € N, we set

pn: (0,1 — [0,1]

(xn)nEN — pn('x(% s 7:Cn)-

Then, the sequence (p,, )nen tends to d with respect to the supremum norm, i.e., uniformly.
For every i € N, the projection 7;: [0, 1]Y — [0, 1] onto the i-th coordinate is continuous,
and for every n € N, p,: [0,1]" — [0,1] is continuous. Therefore, for every n € N,
Pn: [0, 1N — [0,1] is continuous. Since (pp)nen converges to § uniformly, § is continuous.
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For every n € N, one proves, by induction, that p,: [0,1]" — [0, 1] is monotone, and
thus py,: [0, 1]N — [0,1] is monotone, as well. Since § is the pointwise limit of p,, § is
monotone, as well. [

The primitive operation symbols of MC,, (J, A, V,®,®, and, for every A € [0, 1], the
constant symbol \) have a natural interpretation in [0, 1]; indeed, each of them can be
viewed as a function from a power of [0, 1] to [0, 1] itself. As we noticed in Remark 3.1
and in Lemma 10.1, they are monotone and continuous. In fact, the operations of MC
are all monotone continuous functions from some power of [0,1] to [0,1]. The following
theorems make this statement precise.

10.2. THEOREM. For each cardinal K, the set of monotone continuous functions from
[0,1]% to [0,1] coincides with the set of interpretations in [0,1] of MCy-terms of arity k.

PROOF. Let A be the set of functions f: [0,1]* — [0, 1] for which there exist an MC -
term (depending on f) of arity x whose interpretation in [0,1] is f. Since the inter-
pretation in [0,1] of an MC.-term is monotone and continuous by Remark 3.1 and
Lemma 10.1, we have A C C([0,1]*). Moreover, A contains, for each ¢ € k, the pro-
jection m;: [0,1]® — [0,1]. Then, Theorem 8.3 applies, and we obtain that A is dense in

C (]0,1]%). Furthermore, A is an MC.-algebra, and therefore it is Cauchy complete; thus
A=C([0,1]7). ]

Roughly speaking, Theorem 10.2 says that the interpretation in [0, 1] is a surjective
operator from the class of equivalence classes of MC,.-terms (where the equivalence rela-
tion is defined in the standard manner by identifying two terms if their interpretation in
each algebra of the variety coincides) to the class of monotone continuous functions from
some power of [0, 1] to [0, 1] itself. One consequence of the Theorem 10.3 below is that
this operator is injective, too, and so the equivalence classes of MC,.-terms are in bijec-
tive correspondence with the monotone continuous functions from some power of [0, 1]
to [0, 1] itself. To state the theorem, we recall the standard operators I (closure under
isomorphisms), S (closure under subalgebras) and P (closure under products). Moreover,
we denote simply with [0, 1] the canonical MC-algebra whose underlying set is the unit
interval [0, 1].

10.3. THEOREM.
MC, = ISP([O, 1]).

PROOF. The right-to-left inclusion D is clear because MC,, is a variety containing [0, 1].
For the converse inclusion, let A € MC,,. Then A is archimedean, and thus the MC-
morphisms towards [0, 1] separate the points of A. Since Umc,, mc is full, every MC-
morphism from A to [0, 1] is also an MC.-morphism. Hence, there are enough MC -
morphisms from A to [0, 1] to separate the points of A, and so A is isomorphic to a
subalgebra of a power of [0, 1]. =
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10.4. THEOREM. Let I be a set. The MCu-algebra C ([0,1)") is freely generated by the

projections (7@-: C ([O, 1]1) — [0, 1])iel.

PRroOF. By Theorem 10.3, the free algebra generated by the set I is the set of functions
[0,1]F — [0, 1] that are the evaluation of a term of arity |I|. By Theorem 10.2, this set is
precisely C([0, 1]7). u

Let us recall, from [Linton, 1966, Section 1], Linton’s definition of equational theory,
varietal theory, equational category and varietal category. An equational theory is a
product preserving covariant functor 7': Set®® — T from the dual of the category of
sets to a category T whose class of objects is put by T in one-one correspondence with
the objects of Set®”. One may then identify each object m of T with the set n € Set
such that T'(n) = n. The idea behind this definition is that the morphisms in T from
T(n) to T(m) are the |m|-tuples of equivalence classes of terms of arity |n| of a certain
variety of algebras—where the equivalence relation is defined in the standard manner by
identifying two terms if their interpretation in each algebra of the variety coincides—and
the composition of morphisms is just the composition of terms (modulo the equivalence
relation). From the category Set” of set valued functors on T, we single out the full
subcategory Set” whose objects are the functors X: T — Set such that the composite
XT: Set® — Set preserves products. One such functor X is called a T-algebra. Any
category equivalent to the category Set” is called an equational category. Evaluation at
the object T(1) € T provides a faithful functor Ur: Set” — Set, the underlying set
functor for T-algebras. The equational theory T' is called wvarietal if the category T is
locally small, and in this case any category equivalent to Set” is said to be a wvarietal
category.

Linton’s setting generalizes Lawvere’s perspective for finitary algebras [Lawvere, 1963]
to the infinitary ones (see [Stominski, 1959]). In fact, every variety of algebras V is a
varietal category: V is equivalent to the category of T-algebras, where T is the opposite
of the category of free algebras with homomorphisms, and 7': Set®® — T maps a set [
to the free algebra Free(I) over I. Note that the set of homomorphisms from Free(n) to
Free(m) is in bijection with the set of |n|-tuples of equivalence classes of terms of arity
|m|, where the equivalence relation is defined in the standard manner by identifying two
terms if their interpretation in each algebra of the variety coincides.

10.5. REMARK. The results in this section show that MC., is the category of alge-
bras of the varietal theory T': Set — T, where, for each set I, T'(I) = [0,1], and the
morphisms from T'(I) to T'(J) are the monotone continuous maps from [0, 1}7 to [0, 1]”.
The fact that the concrete varietal category Set’, i.e. MCy, has a class of primitive
operations of countable arity is equivalent to the fact that every continuous map from
a power of [0,1] to [0,1] depends on at most countably many coordinates [Mibu, 1944,
Theorem 1]. However, in this paper we do not settle the question whether PosComp®?
is equivalent or not to a variety of finitary algebras; what we can say is that the functor
hom(—, [0, 1]): PosComp — Set cannot be naturally isomorphic to the forgetful functor
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of a variety of finitary algebras, because the function 0 fails to be dependent on at most
finitely many coordinates.

11. Conclusions

C and Max establish a dual adjunction between PreTop and MC, induced by the du-
alizing object [0,1]. The fixed objects of this adjunction are precisely the objects in the
images of the two functors: the fixed objects in PreTop are the compact ordered spaces,
while the fixed objects in M C are the archimedean Cauchy complete algebras. The forget-
ful functor from the variety M C, to the full subcategory of MC of archimedean Cauchy
complete algebras is an isomorphism of categories. Therefore, C and Max restrict to a
dual equivalence between PosComp and MC,,, induced by the dualizing object [0, 1].
The main result is Theorem 1.1, i.e., the following.

The category PosComp®” is equivalent to a variety of algebras.

The additional results are the description of the variety by means of operations and
equational axioms, the description of the dual equivalence via the dualizing object [0, 1],
and the extension of the duality to a wider dual adjunction between the category PreTop
and the finitary variety MC.

References

J. Adamek, H. Herrlich, and G. E. Strecker. Abstract and concrete categories: the joy
of cats. Repr. Theory Appl. Categ., (17):1-507, 2006. URL http://www.tac.mta.
ca/tac/reprints/articles/17/tr17.pdf. Reprint of the 1990 original [Wiley, New
York].

J. Duskin. Variations on Beck’s tripleability criterion. In Reports of the Midwest Category
Seminar, 111, pages 74-129. Springer, Berlin, 1969.

G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, and D. S. Scott. Con-
tinuous lattices and domains, volume 93 of Encyclopedia of Mathematics and its Ap-
plications. Cambridge University Press, Cambridge, 2003. ISBN 0-521-80338-1. doi:
10.1017/CB09780511542725. URL https://doi.org/10.1017/CB09780511542725.

D. Hofmann and P. Nora. Enriched Stone-type dualities. Advances in Mathematics, 330,
2018. doi: 10.1016/j.aim.2018.03.010.

D. Hofmann, R. Neves, and P. Nora. Generating the algebraic theory of C'(X): the case
of partially ordered compact spaces. Theory and Applications of Categories, 33(12),
2018.


http://www.tac.mta.ca/tac/reprints/articles/17/tr17.pdf
http://www.tac.mta.ca/tac/reprints/articles/17/tr17.pdf
https://doi.org/10.1017/CBO9780511542725

THE DUAL OF COMPACT ORDERED SPACES IS A VARIETY 1439

J. Isbell. Generating the algebraic theory of C(X). Algebra Universalis, 15(2):153-155,
1982. ISSN 0002-5240. doi: 10.1007/BF02483718. URL https://doi.org/10.1007/
BF02483718.

F. W. Lawvere. Functorial semantics of algebraic theories. Proc. Nat. Acad. Sci.
U.S.A., 50:869-872, 1963. ISSN 0027-8424. doi: 10.1073/pnas.50.5.869. URL
https://doi-org.pros.lib.unimi.it:2050/10.1073/pnas.50.5.869.

F. E. J. Linton. Some aspects of equational categories. In Proc. Conf. Categorical Algebra
(La Jolla, Calif., 1965), pages 84-94. Springer, New York, 1966.

V. Marra and L. Reggio. Stone duality above dimension zero: axiomatising the algebraic
theory of C(X). Adv. Math., 307:253-287, 2017. ISSN 0001-8708. doi: 10.1016/j.aim.
2016.11.012. URL https://doi.org/10.1016/j.aim.2016.11.012.

Y. Mibu. On Baire functions on infinite product spaces. Proc. Imp. Acad. Tokyo, 20:
661-663, 1944. ISSN 0369-9846. URL http://projecteuclid.org.pros.lib.unimi.
it/euclid.pja/1195572745.

L. Nachbin. Topology and order. Translated from the Portuguese by Lulu Bechtolsheim.
Van Nostrand Mathematical Studies, No. 4. D. Van Nostrand Co., Inc., Princeton,
N.J.-Toronto, Ont.-London, 1965.

H.E. Porst and W. Tholen. Concrete dualities. In Category theory at work (Bremen,
1990), volume 18 of Res. Exp. Math., pages 111-136. Heldermann, Berlin, 1991.

J. Stominski. The theory of abstract algebras with infinitary operations. Rozprawy Mat.,
18:67 pp. (1959), 1959. ISSN 0860-2581.

Department of Mathematics Federigo Enriques, Universita degli Studi di Milano
via Cesare Saldini 50, 20133 Milano, Italy.
Email: marco.abbadini@unimi.it

This article may be accessed at http://www.tac.mta.ca/tac/


https://doi.org/10.1007/BF02483718
https://doi.org/10.1007/BF02483718
https://doi-org.pros.lib.unimi.it:2050/10.1073/pnas.50.5.869
https://doi.org/10.1016/j.aim.2016.11.012
http://projecteuclid.org.pros.lib.unimi.it/euclid.pja/1195572745
http://projecteuclid.org.pros.lib.unimi.it/euclid.pja/1195572745

THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles that significantly advance
the study of categorical algebra or methods, or that make significant new contributions to mathematical
science using categorical methods. The scope of the journal includes: all areas of pure category theory,
including higher dimensional categories; applications of category theory to algebra, geometry and topology
and other areas of mathematics; applications of category theory to computer science, physics and other
mathematical sciences; contributions to scientific knowledge that make use of categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. Full
text of the journal is freely available at http://www.tac.mta.ca/tac/.

INFORMATION FOR AUTHORS I¥TEX2e is required. Articles may be submitted in PDF by email
directly to a Transmitting Editor following the author instructions at
http://www.tac.mta.ca/tac/authinfo.html.

MANAGING EDITOR. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: michael.barr@mcgill.ca

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TRANSMITTING EDITORS.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr

Julie Bergner, University of Virginia: jeb2md (at) virginia.edu

Richard Blute, Université d’ Ottawa: rblute@uottawa.ca

Gabriella Bohm, Wigner Research Centre for Physics: bohm.gabriella (at) wigner.mta.hu
Valeria de Paiva: Nuance Communications Inc: valeria.depaiva@gmail.com

Richard Garner, Macquarie University: richard.garner@mq.edu.au

Ezra Getzler, Northwestern University: getzler (at) northwestern(dot)edu

Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne: kathryn.hess@epfl.ch

Dirk Hofmann, Universidade de Aveiro: dirk@ua.pt

Pieter Hofstra, Université d’ Ottawa: phofstra (at) uottawa.ca

Anders Kock, University of Aarhus: kock@math.au.dk

Joachim Kock, Universitat Autonoma de Barcelona: kock (at) mat.uab.cat

Stephen Lack, Macquarie University: steve.lack@mq.edu.au

F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu
Tom Leinster, University of Edinburgh: Tom.Leinster@ed.ac.uk

Matias Menni, Conicet and Universidad Nacional de La Plata, Argentina: matias.menni@gmail.com
Teke Moerdijk, Utrecht University: i.moerdijk@uu.nl

Susan Niefield, Union College: niefiels@union.edu

Robert Paré, Dalhousie University: pare@mathstat.dal.ca

Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@disi.unige.it

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Ross Street, Macquarie University: ross.street@mq.edu.au

Tim Van der Linden, Université catholique de Louvain: tim.vanderlinden@uclouvain.be



	Introduction
	The category PreTop of preordered topological spaces
	The variety MC
	The dual adjunction between PreTop and MC
	Fixed objects on the geometrical side
	Fixed objects on the algebraic side: the goal
	A is archimedean if, and only if, the unit A is injective
	A is Cauchy complete if, and only if, the unit A is surjective
	The variety MC
	The variety MC and Linton's varietal theories
	Conclusions

