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FREE GLOBULARLY GENERATED DOUBLE CATEGORIES I

JUAN ORENDAIN

ABSTRACT. This is the first part of a two paper series studying free globularly gen-
erated double categories. In this first installment we introduce the free globularly gen-
erated double category construction. The free globularly generated double category
construction canonically associates to every bicategory together with a possible cate-
gory of vertical morphisms, a double category fixing this set of initial data in a free and
minimal way. We use the free globularly generated double category to study length,
free products, and problems of internalization. We use the free globularly generated
double category construction to provide formal functorial extensions of the Haagerup
standard form construction and the Connes fusion operation to inclusions of factors of
not-necessarily finite Jones index.

1. Introduction

Double categories were introduced by Ehresmann in [11]. Bicategories were later intro-
duced by Bénabou in [3]. Both double categories and bicategories express the notion of a
higher categorical structure of second order, each with its advantages and disadvantages.
Double categories and bicategories relate in different ways.

Every double category admits an underlying bicategory, its horizontal bicategory. The
horizontal bicategory HC' of a double category C' "flattens’ C' by discarding vertical mor-
phisms and only considering globular squares. There are several structures transferring
vertical information on a double category to its horizontal bicategory, e.g. connection
pairs [5], thin structures [6], and foldings and cofoldings [7] among others. A great deal of
information about a double category can be reduced to information about its horizontal
bicategory under the assumption of the existence of such structures, see [13] for example.

Bicategories on the other hand ’lift’ to double categories through several different con-
structions, examples of which are the Ehresmann double category of quintets construction
[12] for 2-categories, the double category of adjoints construction [17], the double cate-
gory of spans construction [9], the construction of framed bicategories through monoidal
fibrations of [18] and the construction of the double category of semisimple von Neumann
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algebras and finite morphisms of [1,2]. These construction follows different methods and
the resulting double categories express different aspects of the bicategories they lift. In
all cases one starts with a bicategory as initial set of data together with a choice of ver-
tical morphisms, which serve as a ’direction’ towards which one lifts. In all cases one
ends up with a double category having relevant information about the initial bicategory
and the collection of vertical morphisms, and relating to this initial set of data through
horizontalization.

We are interested general constructions of the type described above. This is the
first part of a two paper series studying the free globularly generated double category
construction. The free globularly generated double category construction canonically
associates to every bicategory, together with a direction towards which to lift, i.e. together
with a category of vertical morphisms, a double category. This double category fixes
the initial set of data and is minimal with respect to this property. In this paper we
provide a detailed construction of the free globularly generated double category associated
to a decorated bicategory and we apply this construction to problems of existence of
internalizations and to the concept of length of a double category. We now present a
more detailed account of the contents of this paper.

1.1. THE PROBLEM OF EXISTENCE OF INTERNALIZATIONS. Given a bicategory B we
will say that a category B* is a decoration of B if the collection of O-cells of B is equal
to the collection of objects of B*. In this case we say that the pair (B*, B) is a decorated
bicategory. We think of decorated bicategories as bicategories together with an orthogonal
direction, provided by the corresponding decoration, towards which to lift B to a double
category. Given a double category C' the pair (Cy, HC') where Cj is the category of objects
of C, is a decorated bicategory. We write H*C' for this decorated bicategory. We call
H*C the decorated horizontalization of C. We consider the following problem.

1.2. PROBLEM. Let (B*,B) be a decorated bicategory. Find double categories C such that
H*C = B.

Given a decorated bicategory (B*, B) we say that a solution C' to Problem 1.2 for (B*, B)
is an internalization of (B*,B). We are thus interested in finding internalizations to
decorated bicategories. Pictorially, we are interested in the following situation: Given a
set of 2-dimensional cells of the form

forming a bicategory, and given a collection of vertical arrows of the form:
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f, g etc.

forming a category, such that the endpoints of these arrows are the same as the vertices
of the above globular diagrams, we consider boundaries of hollow squares of the form:

(0%
e ———— @

e ———— @

formed by horizontal edges of globular diagrams and decoration arrows. Identifying glob-
ular diagrams as above with squares of the form:

id P id

and formally associating to every vertical arrow as above a unique identity square as:

id

e — @

e — @

id

Problem 1.2 asks about coherent ways to fill boundaries of hollow squares as above in such
a way that globular and identity squares defined by the set of initial data above are fixed
and such that the resulting structure forms a double category. We regard such problems
as formal versions of arguments of ’filling squares’ classically considered in nonabelian
algebraic topology, see [4]. One of the author’s motivations for studying such problems
is the problem of existence of a compatible pair of tensor functors L? and X, associating
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to every von Neumann algebra A its Haagerup standard form L?*(A), and associating
to every horizontally compatible pair of Hilbert bimodules s Hg,p K¢ the corresponding
fusion Hilbert bimodule 4 H Kpg Ko respectively. Such compatible pair of functors should
provide the pair formed by the category of von Neumann algebras and their morphisms
and the category of Hilbert bimodules and equivariant intertwining operators with the
structure of a category internal to tensor categories. The methods developed in the present
series of papers provide partial solutions to this problem.

1.3. A CASE FOR GLOBULARLY GENERATED DOUBLE CATEGORIES. The situation de-
scribed above motivated the author to introduce the concept of globularly generated
double category in [16]. We say that a double category is globularly generated if it is gen-
erated by its collection of globular squares. Pictorially, a double category C' is globularly
generated if every square in C' can be written as horizontal and vertical compositions of
squares of the form:

« id
e —7m 0 e —— @
id ® id f if f
e —77m @ e — 0

Given a double category C we write vC' for the sub-double category of C' generated by
squares as above. (' is globularly generated, it satisfies the equation H*C' = H*~(C
and it is the minimal sub-double category of C' satisfying this equation. We call vC' the
globularly generated piece of C. A double category C' is globularly generated if and only
if there are no proper sub-double categories D of C' such that H*C' = H*D. Globularly
generated double categories are thus precisely the minimal solutions to Problem 1.2.
This can be expressed categorically as follows: Write dCat, gCat and bCat* for the
category of double categories and double functors, for the subcategory of dCat generated
by globularly generated double categories, and for the category of decorated bicategories
and decorated pseudofunctors respectively. The globularly generated piece construction
extends to a reflector (2-reflector in fact) v of dCat on gCat. It is not difficult to see
that this implies that v is in fact a Grothendieck fibration. Moreover, the decorated
horizontal bicategory construction extends to a functor H* from dCat to bCat*, which
by the comments above is easily seen to be constant on the fibers of v. We obtain a
commutative triangle:

dCat bCat*
v * {gCat

gCat
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We thus think of double categories as being parametrized, or bundled, by globularly
generated double categories. The relevant information about Problem 1.2 is contained in
the bases of this fibration. We summarize this by saying that finding solutions to Problem
1.2 is equivalent to finding globularly generated solutions. We believe this justifies the
study of globularly generated double categories.

Globularly generated double categories admit intrinsic structure that makes them, to
some extent, easy to describe. The category of squares C} of a globularly generated double
category C admits an expression as a limit lim V% of a chain of categories V2 C V2 C
... defined inductively by setting V} as the subcategory of C generated by squares as
above, and by setting V% as the subcategory of C generated by horizontal compositions of
morphisms in Véf‘l for every k£ > 1. We call this chain of categories the vertical filtration
of C. The vertical filtration allows us to define numerical invariants for double categories.
We say that a square ¢ in a globularly generated double category C'is of length k, ¢ in
symbols, if ¢ is a morphism in V£ but not a morphism in VC’“’l. We define the length of a
double category C', which we write /C, as the supremum of lengths of squares in vC'. The
only examples of globularly generated double categories studied so far, i.e. trivial double
categories and globularly generated pieces of double categories of bordisms, algebras, and
von Neumann algebras, are all of length 1.

1.4. FREE GLOBULARLY GENERATED DOUBLE CATEGORIES. We will, from now on, de-
note a decorated bicategory (B*,B) simply by B. The free globularly generated double
category construction associates to every decorated bicategory B a globularly generated
double category Qi in such a way that )z fixes the data of B and such that the only
relations satisfied by the squares of Qg are those relations coming from relations satisfied
by the 2-cells of B and the morphisms of B*.

The intuitive idea behind the free globularly generated double category construction is
as follows: Suppose we are provided with a decorated bicategory B. We wish to construct,
from the data of B alone, a double category C satisfying the equation H*C' = B, and
we wish to do this in a minimal way. As outlined above we thus wish to construct a
globularly generated double category C' satisfying the equation H*C' = B. Such double
category has B* as category of objects, has the collection of 1-cells B; of B as collection of
horizontal morphisms, and all its squares can be expressed as a finite sequence of vertical
and horizontal compositions of squares of the form:

a id
o —— @ e — 0
id ® id ! if f
e —————— 0 [ ] [ J

id

with ¢ being a 2-cell in B and f being a morphism in B*. Moreover, the vertical filtration
of C' provides a way to organize these expressions into strata indicating some measure of
complexity.
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The free globularly generated double category construction formally reproduces the
above situation. We begin by formally associating to every vertical morphism f:a—b
in the decoration B* of the decorated bicategory we are provided with, a square of the
form:

id

id

and we formally associate to every 2-cell in B of the form:

a square of the form:

Having done this, we consider the path category generated by these squares. These are
squares of length 1. We will write F; for this category. Inductively we define a category
F}. as the path category of the collection of formal horizontal compositions of squares
in Fj_1, assuming Fj_; has been defined. This provides a collection of squares with free
horizontal and vertical composition rules. Dividing by a suitable relation we would obtain
a free double category in the sense of [8]. Since we wish to fix the data provided by B we
divide the structure we obtain by a finer equivalence relation R, and thus obtain a double
category () such that Q)5 is globularly generated. If we choose R, carefully enough, the
category of objects of () will be B* and the collection of horizontal morphisms of Q)5 will
be the collection of 1-cells of B.

We prove that thus defined the globularly generated double category (5 associated
to a decorated bicategory B does not necessarily provide a solution to Problem 1.2 for
B. The only obstruction for this is that through composition operations in ()5 we may
inadvertently construct new globular squares not already in B. We provide conditions on
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decorated bicategories B that guarantee that (s provides solutions to problem 1.2 for B.
Moreover, in the case in which )z does not provide solutions to Problem 1.2 for B we
prove that if we modify B enough, we can construct a decorated bicategory for which the
free globularly generated double category does provide solutions to Problem 1.2.

The free globularly generated double category construction provides a method for
explicitly constructing double categories satisfying certain conditions. We use the free
globularly generated double category construction to provide examples of double cate-
gories with non-trivial length and examples of double categories with infinite length. We
relate the free globularly generated double category construction with the free product
of groups and monoids, and with the free double category construction of [8|. Further,
we apply free globularly generated double categories to provide formal solutions to the
problem of existence of functorial extensions of both the Haagerup standard form and the
Connes fusion operation.

Finally, in the second part of the present series of papers we provide an interpretation
of the globularly generated double category construction as the object function of a functor
@ from bCat* to gCat satisfying the equation:

QAH" [gCat

thus completing the diagram expressing the fact that H* factors through fibers of dCat
modulo the globularly generated piece fibration v presented above. Now, the restriction
H* rgCat is faithful and thus the above result provides in particular the globularly
generated double category construction with the structure of a free object in gCat. We
will thus interpret free globularly generated double categories as sets of generators for
bases mod ~ of solutions to Problem 1.2.

1.5. CONVENTIONS. We follow the usual conventions for the theory of bicategories and
double categories, with a few exceptions. The word double category will always mean
pseudo double category. We will write By, By, and Bs for the collections of 0-, 1-, and 2-cells
of a bicategory B and we will write Cy, C; for the category of objects and vertical arrows
and the category of horizontal arrows and squares of a double category C' respectively.
We will write horizontal identities and compositions as ¢ and *. We will write vertical
compositions as word concatenation. We will write A\, p and A for left and right identity
transformations and associators of both bicategories and double categories. As above,
we will denote a decorated bicategory (B*,B) simply by B. Thus when we say that
B is a decorated bicategory the letter B will denote both a decorated bicategory and its
underlying bicategory. We will write B* for the decoration of a decorated bicategory B. For
most of the paper we will interpret decorated bicategories as decorated horizontalizations
of double categories, we will thus sometimes call the 0-. 1-, and 2-cells of the underlying
bicategory of a decorated bicategory B the objects, the horizontal morphisms and the
globular squares of B and we will call the morphisms of the decoration B* of B the
vertical morphisms of B. Pictorially we will represent vertical identity endomorphisms
by blue arrows and horizontal identity endomorphisms by red arrows as was done above.
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Squares of the form:

will represent horizontal identities and squares of the form:

a———a b—b C—¢C
id © id ¥ n
a—™a b—b C—¢C

will represent a globular square from the horizontal identity ¢, of the object a to the
horizontal morphism [, a globular square from the horizontal morphism « to i, and a
globular endomorphism of i, respectively.

1.6. CONTENTS OF THE PAPER. We now sketch the contents of the paper. In section 2
we present a detailed construction of the free globularly generated double category asso-
ciated to a decorated bicategory. We do this in several steps and our construction not
only yields a free globularly generated double category but a free vertical filtration which
will allow us to associate numerical invariants to decorated bicategories. In section 3 we
study relations between the free globularly generated double category construction and
Problem 1.2. We provide conditions on decorated bicategories that ensure that the corre-
sponding free globularly generated double category is an internalization and in situations
in which this is not the case we introduce a method under which one can always extend
a decorated bicategory to a decorated bicategory for which the free globularly generated
double category is an internalizations. In section 4 we apply the free globularly generated
double category construction to provide examples of double categories with non-trivial
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length. In section 5 we study the free globularly generated double category in the case
of deloopings of monoidal categories decorated by deloopings of groups. We prove that
the free globularly generated double category associated to decorated bicategories of this
type are always of length 1. Finally, in section 6 we apply a modification of the free
globularly generated double category to provide compatible formal functorial extensions
of the Haagerup standard form construction and the Connes fusion operation to certain
linear categories of Hilbert spaces.

2. The free globularly generated double category

In this section we introduce the free globularly generated double category construction.
The free globularly generated double category construction canonically associates a glob-
ularly generated double category to every decorated bicategory. The strategy behind the
construction is to emulate the internal structure defined by the vertical and horizontal
filtrations in abstract globularly generated double categories in order to obtain, from the
data of a decorated bicategory alone, a globularly generated double category. The con-
struction of the free globularly generated double category is rather involved and we divide
it into several steps. We begin with a few preliminary definitions and results.

2.1. PRELIMINARIES: EVALUATIONS. Let X and Y be sets. Let s,7: X —Y be func-
tions. Let z1,...,x, be a sequence in X. We will say that x, ..., x; is compatible with
respect to s and t if the equation tx; 1 = sx; holds for every 1 <1 < k — 1. Equivalently,
x1, ..., T} is compatible with respect to s and t if xq,...,x, is a composable sequence of
morphisms in the free category generated by X with s and ¢ as domain and codomain
functions respectively. Given a compatible sequence z1,...,x; in X, we call any way of
writing the word xj...x; following an admissible parenthesis pattern, an evaluation of
x1,..., . Equivalently, the evaluations of a compatible sequence z1, ..., z) are different
ways of writing the word xy...z; composing elements of x1, ..., z; two by two in the free
category generated by X, with s,¢ as domain and codomain functions. For example, (yx)
is the only evaluation of the two term compatible sequence z,y and (z(yz)), ((zy)z) are
the two evaluations of the compatible three term sequence x,y, z. We will write X, for
the set of evaluations of finite sequences of elements of X, compatible with respect to s
and t.

Given functions s,t : X — Y, we write § and ¢ for the functions 3, : X,; —Y
defined as follows: Given an evaluation ® of a compatible sequence x1,...,z; in X we
make 3¢ and {® to be equal to sz; and tx; respectively. Observe that the values 5P
and t® do not depend on the particular evaluation ® of z1,...,zz. Given a pair of com-
patible sequences 1, ..., xx and xgyq,...,x, in X, such that the 2 term sequence zy, Ty
is compatible, and given evaluations ® and ¥ of x4,...,z; and xg,1, ..., z,, the equation
t® = 3V is satisfied and the concatenation of ¥ and ® defines an evaluation of the se-
quence xi,...,Tg,Tgil,...,Tn. We denote the concatenation of & and W satisfying the
conditions above by ¥ x,, ®. This operation defines a function from X,; xy X;; to X,
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where the fibration in X, xy X, is taken with respect to the pair s, t. We write g, for
this function.

Now, given sets X, X', Y, and Y, and functions s, : X —Y and §',t' : X'—Y"’, we
say that a pair of functions ¢ : X — X’ and ¢ : Y —Y" is compatible if the following
two squares commute

X . x X . x
S t S t
y % Ly y % Ly

Given sets X, X' Y, and Y’, functions s,t : X —Y and ¢,t' : X' —Y’, and a com-
patible pair of functions ¢ : X — X" and ¢ : Y —=Y’, if 21, ..., x; is a sequence in X,
compatible with respect to s, ¢ then the sequence px1, ..., o) is compatible with respect
to §',t". Moreover, given an evaluation ® of a compatible sequence x1, ..., ), the same
parenthesis pattern defining the evaluation ® defines an evaluation of the compatible se-
quence @1, ..., pxy. We write g, 4@ for this evaluation. We write p, 4 for the function
from X, to X[, ., associating the evaluation p,4® to every evaluation ® in X,;. The
proof of the following lemma is straightforward.

2.2. LEMMA. Let X, X'Y, and Y’ be sets. Let s,t : X —Y and s, t' : X' —=Y’ be
functions. Let ¢ : X — X" and ¢ : Y —=Y"' be functions such that the pair ¢, ¢ is
compatible. In that case the function p, 4 associated to the pair o, ¢ satisfies the following
conditions

1. The following two squares commute

Heo,¢ , Heo,¢

2. The following square commutes

Heo,d Xé Ko,
Xs,t Xy Xs,t

/ /
X$l7t/ XY Xsl7t/

*s,t *sﬂ,t’

o,

!/
Xst Xs’,t’
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2.3. PRELIMINARIES: NOTATIONAL CONVENTIONS. Let B be a decorated bicategory.
Let a be a vertical morphism in B. We will write i, for the singleton {a}. We call i,
the formal horizontal identity of a. We write G for the union of the collection of globular
squares in B and the collection of formal horizontal identities of vertical morphisms of B.
We will adopt the following notational conventions for the elements of G.

1. Let ® be a globular square in B. We write dq®, cy® for the domain and codomain
of ® in B. Let a be a vertical morphism in B. Let a and b be the domain and the
codomain, in B* of a. We write dyi,, and cyi, for the horizontal identities id, and
1dp of @ and b in B. We write dy and ¢y for the functions from G to B; associating
do® and cy® to every element ® of G.

2. Let ® be a globular square in B. We write sq® and ¢,® for the source and target
of ® in B. Let o be a vertical morphism in B. In that case we write sgi, and tgyi,
for the morphism «. We write sy and t, for the functions from G to the collection
of vertical morphisms of B associating so® and #,® to every element ¢ of G.

The functions dy, ¢y, sg, and ty defined above are easily seen to be related by the following
conditions

1. The following two triangles commute

G —2— B c—2— B
50 d to t
By By
2. The following two triangles commute
G—2— B ¢c—2"— B
50 d to t
By By

Given a decorated bicategory B, we denote by p the function from the collection of eval-
uations By, of By, with respect to the pair formed by the domain and the codomain
functions d, ¢ in the bicategory underlying B, to the set of horizontal morphisms B; of
B defined as follows: for every composable sequence fi,..., fr of horizontal morphisms
in B and for every evaluation ® of fi,..., fx, the image p® of ® under p is equal to the
horizontal composition of the sequence fi, ..., fr in B following the parenthesis pattern
defining ®. We call p the projection associated to Bj.
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2.4. THE MAIN CONSTRUCTION: INDUCTIVE STEP. Given a decorated bicategory B we
will write E; for the collection of evaluations Gy, of G with respect to the pair of
functions sg,t,. We denote by s; and ¢; the functions 3, and ¢,. Thus defined s; and t;
are functions from E; to Hompg-. We write %; for the operation *,, ;, on E;. Finally, we
write d; for the composition ppg, ia, and we write ¢; for the composition pp, 4. Thus
defined d; and ¢; are functions from £, to the set of horizontal morphisms B; of B. The
following theorem is the first step towards the free globularly generated double category
construction.

2.5. THEOREM. Let B be a decorated bicategory. There exists a pair of sequences of triples
(B, dy, cx) and (Fy, Ski1,tkr1), such that for each k, Ey is a set containing E1, dy., ¢y are
functions from E} to By extending the functions di and ¢, defined above, Fy is a category
having By as collection of objects, and spi1,try1 are functors from Fy to B*. The pair of
sequences (Ey, dg, c) and (Fy, Sgt1,ter1) satisfies the following conditions:

1. For every k, Homp, is contained in Eyy,. Moreover, Eyi1 1s equal to the set of
evaluations Homg, s, ., .., of Homg, with respect to the pair formed by the morphism
functions of sp11 and tyy.

2. For every k, Ey is contained in Homp, . Moreover, Fy, is equal to the free category
generated by E, with functions dy, and ¢, as domain and codomain functions respec-
tively. The restriction of the morphism functions of spi1 and txyq to Ey are equal
to the functions s1 and t; defined above.

3. For every positive integer k the following triangles commute:

di, ck di, ck

Ek Bl Ek Bl
Sk+1 dom trt1 codom
By By

The conditions 1-3 above determine the pair of sequences of triples (Ey,dy, cx) and
(Fks Skr1, thtn)

PROOF. Let B be a decorated bicategory. We wish to construct a pair of sequences of
triples (Ey, dg, cx) and (Fy, Sk41, trr1) with k& running through the collection of all positive
integers, such that for each positive integer k, E}, is a set extending to the set £ associated
to B, such that d;, and ¢, are functions from FE, to the collection B; of horizontal morphisms
of B extending the functions d; and c;, such that Fj is a category having B; as set of
objects and sii1,tr11 are functors from Fj to B*. Moreover, we wish to define the pair
of sequences (Fy,d, c,) and (Fy, Sky1,tr41) in such a way that conditions 1-3 above are
satisfied.
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We proceed by induction on k. We begin by defining the triple (F}, s9, ). We make
F to be the free category generated by F; with respect to dy, c¢;. The functions s; and ¢,
are compatible with d; and ¢; and thus admit a unique extension to functors from Fj to
the decoration B* of B. We make sy and £, be the corresponding functorial extensions of
s1 and t;. We write e; for the composition operation in F;.

Let now k be a positive integer strictly greater than 1. Assume that we have extended
the definition of the triple (E;,d;,c;) and the definition of the triple (F1, ss,ts) of the
previous paragraph, to a sequence of pairs of triples (E,,, dy,, ¢n) and (Fi, Spm1, tmt1) for
every m < k, where FE,, is assumed to be a set containing Fi, d,, and ¢, are assumed
to be functions from FE,, to B; extending d; and ¢y, F,, is assumed to be a category
containing F) as subcategory, and s,,.1 and t,,,1 are assumed to be functors from F}, to
B* extending s, and ty respectively. Moreover, we assume that the pair of sequences of
triples (En, dm, ¢m) and (Fi,, Spma1, tme1) satisfies conditions 1-3 above.

We now wish to extend the definition of the pair of sequences of triples (E,,, dpm, ¢n)
and (Fy,, Smi1,tme1) to the definition of a pair (Ej, dy, cx) and (Fj, Sgr1,ter1) satisfying
the conditions of the theorem. We begin with the definition of the triple (Ej, dg,ck).
We make Ej, to be the collection of evaluations Hompg, s, ;, of Homp, , with respect to
the pair formed by the morphism functions of s; and ;. We write sy and ¢, for
the extensions §; and t;, to Ej, of the morphism functions of s, and t,. We denote by
%), the concatenation operation *,,  ;  in Ep, with respect to spy1 and fr1. We now
make the function dj to be the composition pjig, , 4 of the function associated to the pair
formed by the domain function dy_; in Fy_; and the identity function in the collection
of horizontal morphisms B; of B and the projection p associated to the collection of
horizontal morphisms B; of B. We make ¢, to be the composition py., , iq of the function
associated to the pair formed by the codomain function in Fj_; and the identity function
in the collection of horizontal morphisms B; of B, and the projection p associated to the
collection of horizontal morphisms B; of B. The functions d; and ¢, are well defined.
Thus defined d;. and ¢, are functions from E) to B; satisfying condition 3 of the theorem
by lemma 3.1. We now define the triple (Fj, Sg11,tr+1). We make the category Fj to be
the free category generated by Ej, with d; and ¢, as domain and codomain functions.
The collection of objects of F}, is thus B;. We write e, for the composition operation in
F}.. By the fact that the functions dg, cx, si. and t; satisfy the condition 3 of the theorem
it follows that the pairs formed by s; and t; together with the domain and codomain
functions defined on B; admit unique extensions to functors from Fj to B*. We make
sk+1 and tg1 to be these functors. Thus defined the triple (Fj, Sgi1,trs1) satisfies the
conditions of the theorem.

It is obvious that conditions 1-3 of the theorem determine the pair of sequences
(Ey, dy, cx) and (F, Ska1,trs1). This concludes the proof. n

2.6. OBSERVATION. Let B be a decorated bicategory. Let m,k be positive integers such
that m is less than or equal to k. In that case, as defined above, E,, is contained in Ey, d,,
and ¢, are equal to the restrictions to Ey of di. and c respectively, and the concatenation
operation *,, s equal to the restriction to E,, of .. Moreover, F,, is a subcategory of Fy
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and the functors sy, 11, tmy1 are equal to the restrictions to F,, of sy11 and ty1 respectively.

2.7. OBSERVATION. Let B be a decorated bicategory. Let k be a positive integer. The
following two squares commute where qF and q5 denote the left and the right projections
of Ey, X Homm. E}. onto E} respectively.

*L *L
L X Homy- L L L X Hompg: L L
af Sk a5 i
Ek P HOmB* Ek h Homg*

2.8. THE MAIN CONSTRUCTION: TAKING LIMITS. As the next step in the free globularily
generated double category construction we apply a limiting procedure to the pieces of
structure obtained in Theorem 2.5. We define an equivalence relation R, such that after
taking quotients modulo R, we will obtain the necessary relations defining a double
category. We keep the notation from Theorem 2.5.

2.9. NOTATION. Let B be a decorated bicategory. We write E., for |J;—, Ey. We write
dso and c4 for lim d;, and lim ¢, respectively. Thus defined d., and ¢, are functions from
E to By. We write %, for lim *;. Thus defined *., is a function from E, X g Ey to E.
We write F, for the category lim Fy. The collection of objects of F, is the collection
of horizontal morphisms B; of B, and the collection of morphisms of F, is E,. The
domain and codomain functions of F, are d., and c,. We write s, for lim s, and
lim;, respectively. Thus defined s, and t., are functors from F,, to B*. Finally, we write
o, for the composition operation of F,,. Thus defined e, is equal to lim e; where for
every k e, is the composition operation of Fj.

2.10. DEFINITION. Let B be a decorated bicategory. We write Ry, for the equivalence
relation generated by the following relations defined on E.:

1. Let ®;,,V,;, 1 = 1,2 be morphisms in F,, such that the pairs ®1, Py and ¥, Vs are
compatible with respect to the pair s, too and such that the pairs ®;,V;, i = 1,2 are
both compatible with respect to the pair do, cso. We identify the compositions:

(\112 * oo \111) [ 7SS (@2 *50 (I)l) and (\1/2 [ 7SS @2) *o00 (‘;[11 [ 7SS (I)l)

2. Let ® and U be globular squares of B such that the pair ®, W is compatible with
respect 10 Soo, ton. We identify U e ® with the vertical composition VO of & and ¥
win B. Moreover, if a and [ are vertical morphisms in B such that the pair o, B is
composable in B*, then we identify ig 8 1o with ig,.
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3. Let ® and U be globular squares of B such that the pair ®, ¥ s compatible with
respect 10 Soo,too. We identify W xo, ® with the horizontal composition ¥ x ® in B.

4. Let ® be a morphism in F. We identify ® with the compositions

>\coo<1> ® ((I) *00 Z.tooq)) LIS /\;oicp and Peoc® ®co (isooq) *oo q)) ® p;oi:i)

where X\ and p denote the left and right identity transformations of the bicategory
underlying B.

5. Let &, U, 0 be elements of E such that the triple ®, W, © is compatible with respect
to the pair seo,teo. In that case we identify the compositions:

Ao @00 W,c00 O00 [0 Foo (V%o P)] and [(O xo V) xo O] 0o Ag 0.4 w400
where A denotes the associator of the bicategory underlying B.

2.11. LEMMA. Let B be a decorated bicategory. R, is compatible with the domain,
codomain, and composition operation functions ds, Cso, and ey of Fi.

PROOF. Let B be a decorated bicategory. We wish to prove that the equivalence relation
R is compatible with domain, codomain, and composition operation functions d, Coo,
and e, defining the category structure on Fi..

Let ®;,¥;, ¢« = 1,2 be morphisms in F,, such that the pairs ®;, P, and Wy, W5 are
compatible with respect to source and target functors s, to of F., and such that the pairs
®;, V;, 7 = 1,2 are compatible with respect to domain and codomain functions d., ¢s. In
that case the domain

doo<\111 *00 \Ijl) ® <(I)2 *o (I)l)

of (U] %0 V1) @ (Pg *o P1) is equal to the domain doo(Py %o P1) of (Py *o P1) which
in turn is equal to the composition d,, Pod.P; of the domains d, P, and d, P, of ¢; and
V;. Now, the domain

doo(\IJQ 0 (1)2) *oo (\Ill 0 (I)l)

of the composition (V; e, @) ., (V5 e, D) is equal to the composition

doo<\1j2 ®- (I)2>doo(\1j1 0 (I)l)

of the domain d,(V; ., ®;) of the composition V; e, ®; and the domain d..(V; e, P2)
of the composition ¥y e, 5. The domain d..(V; e, P1) of the composition ¥; e, &,
is equal to the domain d,®; of ®; and the domain d.,(V, e, ®5) of the composition
U, o, s is equal to the domain d, Py of 5. Thus the domain

doo<\I]2 ®- (I)2) *00 (\Ill ® (I)l)
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of the composition (U, e, ®g) ., (V1 e, P;) is equal to the composition dudo, Podo. Py
of the domain d, ®; of ; and the domain d, P, of 5. We conclude that equivalence
relation 1 in the definition of R, is compatible with respect to the domain function d.,
of F. A similar computation proves that relation 1 in the definition of R, is compatible
with respect to the codomain function c,, of Fi..

Let now &, ¥ be elements of G. suppose pair ®, ¥ is compatible with respect to the
domain and codomain functions d., and ¢, of Fi,. In that case the domain and codomain
AoV o, @ and U e, ¢ of the composition ¥ e ¢ are equal to the domain d,® of ® and
the codomain ¢,V of ¥ respectively. The domain and codomain d VP and c, WP of the
vertical composition Y® of & and V is equal to the domain d,,® of & and the codomain
oV of W. We conclude that relation 2 in the definition of R, is compatible with the
domain and codomain functions d., and ¢ of F..

Let ® and ¥ be globular squares in B. Suppose that the pair &, ¥ is compatible
with respect to the morphism functions of functors s,, and #... In that case the domain
AoV *oo @ and the codomain co ¥ *,, @ of the horizontal composition ¥ *x,, ¢ of & and
U are equal to the compositions, in B, dooVd,P and c,Vd,P respectively. Now, the
domain d, V¥ * & and the codomain ¢, ¥ % ® of the horizontal composition, in B, of ¢
and V¥ is equal to the compositions do,Pd.V and c,Pc V¥ respectively. This proves that
relation 3 in the definition of R, is compatible with the domain and codomain functions
doo and co of Fiy.

Let now ® be a general morphism in F.,. In that case the domain

Qoo hond O0o (P *oo i13) 000 A7 g

of the composition A\, ¢ @ (P *c0 it 0) o )\;;(I, is equal to the domain doo)\;;(b of )\;:Cq),
which is equal to the domain d,,® of ®. Similarly the domain

AooPese® ®co (Tspd *oo P) 00 PJ;@

of the composition p._o 0 (75 o *co P) 050 p;;q, is equal to the domain doopg;q, of pgoloq,,
which is equal to the domain d,® of ®. We conclude, from this that relation 4 in
the definition of R, is compatible with the domain function d., of F,. An analogous
computation proves that relation 4 in the definition of R, is compatible with the codomain
function co, of F.

Let ®, ¥, © be general morphisms in F,. Suppose that the triple ®, ¥, © is compatible
with respect to the morphism functions of s, and t,.. In that case the domain

dooAcmq),coo\Il,coo@ ® [@ *o0 (‘I[ *oo (I))]

is equal to the composition A, o w.c..0 000 [O %00 (¥ ko P)] is equal to domain do© %
(U %, @) of the composition O ., (V *, ®) which in turn is equal to the composition
Ao ©OdVd® in B. Now, the domain

doo[(@ *o0o ‘I’) *o00 (I)] 5 Admcb,doo\p,doo(a
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is equal to the domain do A4 o 4. w40 Of the associator Ay_¢ 4. w 4.0 associated to the
triple ®, ¥, ©, which is, by definition, equal to the composition d..OdVd.P in B. We
conclude that relation 5 in the definition of R., is compatible with the domain function
do of F. An analogous computation proves that relation 5 in the definition of R, is
compatible with the codomain function ¢, of Fi..

Finally, the fact that the equivalence relation R, is compatible with respect to the
composition function e, on F, follows from the fact that F, is the limit of a sequence
of free categories. ]

2.12. THE MAIN CONSTRUCTION: DIVIDING BY R... As the next step of the free globu-
larly generated double category construction we divide the category F, defined in 2.9 by
the equivalence relation R., and we prove that the structure thus obtained is compatible
with the rest of the pieces of structure in Theorem 2.5.

2.13. DEFINITION. Let B be a decorated bicategory. We write Vi, for the quotient category
Fo/Re. We keep writing doo, Coo, and e for the domain, codomain, and composition
operation functions in V. We write Hy, for the collection of morphisms of V.. Thus
defined H., is equal to the quotient E../Rs of the collection of morphisms Es of Fu
modulo R .

2.14. LEMMA. Let B be a decorated bicategory. In that case the source and target functors
Seo and tso, and the horizontal composition functor %, are all compatible with R.

PROOF. Let B be a decorated bicategory. We wish to prove that in that the source and
target functors s., and t.,, and the horizontal composition functor *., defined on Fi
associated to B are compatible with R...

Let first ®;, ¥;, i = 1,2 be morphisms in F,, such that the pairs ®;, ¥;, 1 = 1,2 are
compatible with respect to the domain and codomain functions d, and ¢, in F,, and
such that the pairs ®;, @, and Wy, U are compatible with respect to the source and target
functors s, too in Fio. In that case the source

Soo(\I/2 *o0 ‘111) 0 (CPQ *oo (1)1)

of composition (Vs x V1) ey (Pg x5 P1) is equal to the composition

Soo<\112 *o0 ‘Pl)soo<q>2 *oo (I)l)

in the decoration B* of B of the vertical morphisms s, (Pg %0 1) and so (Vo *s ¥Uq). The
SOUrce Seo(Po *oo P1) of the concatenation ®q ., P; is equal to the source s P of ®; and
the source o (Vs %o, U1) of the concatenation Wy %, Uy is equal to the source s Wy, The
source

Soo<\I[2 *00 \Ijl) 5 (q)2 *o0 (I)l)
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of composition (Vs %y V1) @y (P ko P1) is thus equal to the composition s,,W;S.,P; in
B*. Now the source

Soo<\I[2 5 (I)2> *o0 (\Ill ®- (I)l)

of the concatenation (U, e, ®@3) xo (VU1 e, P1) is equal to the source so(V; o, P;)
of composition ¥, e, ;. Now, the source s,.(V; o, ®1) is equal to the composition
Seo 18P of the source s, ®; and s,V in B*. This proves that the source functor s,
is compatible with respect to relation 1 in the definition of R.. An analogous argument
proves that the target functor ¢, in Fl, is compatible with respect to relation 1 in the
definition of R...

Let now ® and ¥ be morphisms in G such that the pair ®, ¥ is compatible with respect
to the domain and codomain functions d., and c., in Fl,. Suppose first that & and ¥ are
globular morphisms in B such that the domain in B of the domain and codomain of ®
and VU in B respectively are equal to the object a in B. In that case the source s,V o, P
of the composition ¥ e, ¢ is equal to the composition s, Vs, P of s, P and s, P in
B*. Now the source s,oW of ® and the source s,V of W are both equal to the identity
endomorphism id, of the object a in the decoration B* of B. Now the domain in B of the
vertical composition W e @ in B is equal to the domain of ® in B and thus the domain of
the domain in B of the vertical composition U e ® of ® and V¥ is equal to the object a of
B. It follows, from this, that the source s,V e ® of the globular morphism in B formed as
the vertical composition ¥ e ® of & and V¥ in B is equal to the identity endomorphism id,
of the object a in B. The source functor s, in F, is thus compatible with the restriction
to the collection of globular morphisms of B of relation 2 in the definition of R.,. Suppose
now that the morphisms ® and ¥ are formal horizontal identities i, and ig respectively,
of a composable pair of vertical morphisms ¢, 5 in B. In this case the source syis 0 iq
of the vertical composition iz e, i, 0f i, and iz is equal to the composition s.i5Secta Of
Seolq and ig in B*. The source s, is equal to the morphism « and the source so.ig of ig
is equal to the morphism 3. We conclude that the source s.ig 8 i, of the composition
ig 8 Uo 15 equal to the composition Sa of o and B in B*. Finally, the source ssig, of
the formal horizontal identity ig, of the composition S« is equal to the composition Sa.
This proves that the source functor s, is compatible with the restriction to the collection
of formal horizontal identities of relation 2 in the definition of R.,. We conclude that the
source functor s, is compatible with respect to relation 2 in the definition of R,,. An
analogous argument proves that the target functor ¢, in F is compatible with respect
to relation 2 in the definition of R..

Let now ® and ¥ be globular morphisms in B such that the pair ®, ¥ is compatible
with respect to the source and the target functors s.,t in Fi. The source s,V %, P
of the concatenation ¥ x,, ® of & and V¥ is equal to the source s,.® which is equal to the
identity endomorphism in B* of the domain of the domain in B of ®. Now, the source
Seo W x @ of the globular morphism in B formed as the horizontal composition ¥ x & in B
of ® and V¥ is equal to the identity endomorphism in B* of the domain of the domain in B
of the composition ¥ x ®. The domain of the domain of the horizontal composition ¢ x ®
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is equal to the domain of the domain of ®. We conclude that the source s,V x & of the
horizontal composition ¥ x ® is equal to the identity endomorphism in B* of the domain
of the domain in B of ®. The source functor s, in B is thus compatible with relation 3
in the definition of R.,. An identical argument proves that the target functor t,, in F,
is compatible with relation 3 in the definition of R...

Let now ® be a general morphism in F.,. In that case the source

. 1
SocAcas® Oo0 (P Foo i) ®co )‘doo‘b

of the composition Ao 00 (P %00 i1 a) ®co )\t;iﬂb is equal to the composition

. 1
Soo)\coo¢>500<q) *00 Ztoo<1>)800)\doo‘1>

in B* of sooAer @y Soo(P *oo i1 0), and soo)\;;@. Now, since A\._¢ and \;_o are globular,
the composition

4 ~1
Soo>\coo<1>soo<q) *oo Ztooq>)800)\doofl>

is equal to the source s, P *o%r_¢ of P* i e, Which is equal to the source s, P of ¢. We
conclude that the source functor s, on I, is compatible with relation 3 in the definition
of Ry. An analogous argument proves that the target functor t., is compatible with
relation 4 in the definition of R.,. Further, an analogous argument proves that the source
and target functors s, and t, in F,, are compatible with relation 5 in the definition of
R. n

2.15. THE MAIN CONSTRUCTION: OBSERVATIONS ON LEMMA 2.11.
Before presenting the definition of the free globularly generated double category we present
a few preliminary observations on lemma 2.11.

2.16. OBSERVATION. Let B be a decorated bicategory. By lemma 3.9 the functors s
and to descend to functors from Vi to B*. We keep denoting these functors by Soo
and to. Moreover, the composition operation function ., descends to a function from
H., X Hom. Hy, to Hy such that, by relation 1 wn the definition of R, together with
the composition operation function for horizontal morphisms in B forms a functor from
Vo X5+ Voo to V. We denote this functor by *..

2.17. OBSERVATION. Let B be a decorated bicategory. Let k be a positive integer. In that
case the relation R, restricts to an equivalence relation in E,. We denote by Hj the
quotient Ey/ Ry of Ex modulo R.,. Moreover, Ry, restricts to an equivalence relation on
the collection of morphisms Homp, of Fy,. The relation R, is compatible with the domain
and codomain functions dy and cp of Fy, and is thus compatible with the category structure
of Fy,. We denote by Vi the quotient Fi./Ry of Fr modulo R and keep denoting by
dy, c, and ey the domain, the codomain, and the composition operation functions in V.
The functors sgy1 and txy1 are compatible with R and thus induce functors from Vi, to
the decoration B* of B. We keep denoting these functors by spyq1 and tpyq respectively.
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Finally, observe that the function x, is compatible with R and thus defines a function
from the set of all morphisms of Vi, Xg« Vi, to the set of morphisms of Vi.. This function,
together with the composition operation function for horizontal morphisms in B forms a
functor from Vi, xg« Vi, to Vi.. We keep denoting this functor by .

2.18. OBSERVATION. Let B be a decorated bicategory. Let m,k be positive integers such
that m 1s less than or equal to k. In that case H,, is contained in Hy, the category V,,
s a subcategory of the category Vi, the functors s,,+1 and t,, .1 are restrictions to V,, of
functors sgy1 and tgyq, and the functor *,, is the restriction to V,, X g« V,, of the functor .
Moreover, the category V., is equal to the limit lim V}, of the sequence Vy,, the collection of
morphisms Hs, of Vi is equal to the union \J;—, Hy, of the sequence Hy, and the functors
Seos too aNd *o are the limits of the sequences of functors sy, t, and = respectively.

2.19. NOTATION. Let B be a decorated bicategory. The pair formed by the function
associating the horizontal identity i, to every object a of B and the function associating
the formal horizontal identity i, to every vertical morphism « in B defines a functor from
the decoration B* of B to the category V., associated to B. We denote this functor by
iso. For every positive integer k we denote the codomain restriction to the category V
of the functor i, by i,. Thus defined, 7, is a functor from the decoration B* of B to the
category Vj associated to B for every positive integer k.

2.20. LEMMA. Let B be a decorated bicategory. Let k be a positive integer. The functors
Sk+1, tki1, Uk, and i satisfy the following two conditions:

1. The following two triangles commute

B* Vi B* Vi
idp= Sk+1 idp= trt+1
B* B*

2. The following two squares commute, where ¢¥, g5 denote the left and right projection
functors from Vi X« Vi to Vi, respectively.

*k *K

Vie X+ Vi Vi Vie X+ Vi, Vi
qf Sk+41 q§ tpa1
Vi B* Vi B*

Sk4+1 ’ Sk4+1
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PROOF. Let B be a decorated bicategory. Let k be a positive integer. We wish to prove
that conditions 1 and 2 above are satisfied.

We begin by proving that the functors sp.1,tx1, and 7, satisfy condition 1 above. Let
« be a vertical morphism in B. The formal horizontal identity ¢, associated to «, that is,
the image 7pa of o under the functor i, is a morphism in V. From this and from the fact
that the sequences s,,1 and ¢, satisfy the conditions of proposition 3.2 it follows that
the commutativity of triangles in 1 is equivalent to the commutativity of the following
triangles:

i1 i1

B* Vi B* Vi
idvl S92 idvl to
B* B*

which follows directly from the definition of the functions d; and ¢;. We now prove that
the functors spi1,txy1, and x; satisfy condition 2 above. The commutativity of squares
in 2 when evaluated on morphisms of Hj, XHomp. H,. follows from observation 3.4. The
general commutativity of the squares in condition 2 follows from this and from the fact
that all edges involved are functors. This concludes the proof of the lemma. [

The following corollary follows directly from the previous lemma by taking limits.

2.21. COROLLARY. Let B be a decorated bicategory. The functors See, teo, t, and *s satisfy
the following two conditions:

1. The following two triangles commute:

B* Voo B* Voo
idp Soco idp too
B* B*

2. The following two squares commute, where ¢7°,q3° denote the left and right projec-
tion functors from Vs Xpg« Vo to Vo respectively.

*oo *oo

Voo X B Voo Voo Voo X B Voo Voo
41 Soco 45 too
Ve B* Ve B*

Soo Sk+1
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2.22. THE MAIN CONSTRUCTION: THE DEFINITION. Let B be a decorated bicategory.
We will denote by () the pair formed by the decoration B* of B and the category Vi
associated to B. The following theorem says that we can endow the pair )z with the
structure of a globularly generated double category.

2.23. THEOREM. Let B be a decorated bicategory. The pair Qg together with functors
Soos too, ©, the functor *., and the collection of left and right identity transformations, and
associator of B, is a double category. Moreover, with this structure, the double category
Qs, is globularly generated.

PROOF. Let B be a decorated bicategory. We wish to prove in this case that the pair ()3,
together with the functors s., te,?, the functor x,,, and the collection of left and right
identity transformations and associator of B is a globularly generated double category.
The formal horizontal identity functor ¢ and the horizontal composition functor ., are
compatible with the functors s, and t,, by corollary 3.15. The collections of left identity
transformations and right identity transformations of B form a natural transformation
from ., (iS00 X idy,, ) to the identity endofunctor idy, of V., and a natural transformation
from .. (idy,, X ity) to the identity endofunctor idy, of V, respectively by the fact that
morphisms in V satisfy relation 4 in the definition of R,. The collection of associators of
B forms a natural transformation from the composition ., (% X idy,_) to the composition
koo (1dy,, X *oo) by the fact that morphisms in V. satisfy relation 5 in the definition of
Ro. The left and right identity and the associator relations for Q5 again follow from the
fact that morphisms in V., satisfy relations 4 and 5 in the definition of R.,. The fact that
the pair formed by the functor ¢ and functor x satisfies Mc Lane’s triangle and pentagon
relations with respect to the left and right identity transformations and associator follows
from the fact that the components of the left and right identity transformations and
associator satisfy Mac Lane’s axioms for the bicategory B. This proves that ()5 with the
structure described is a double category. A straightforward induction argument proves
that for every positive integer k every morphism of V}, is globularly generated in Q)g, from
which it follows that the double category @5 is globularly generated. This concludes the
proof of the theorem. n

2.24. DEFINITION. Let B be a decorated bicategory. We call the globularly generated
double category Qg the free globularly generated double category associated to B.

Lemma 2.20 provides the free globularly generated double category (s associated to a
decorated bicategory B with a filtration {V}} of its category of morphisms Qp,. We call
this filtration the free vertical filtration associated to Q. We use this filtration to
define numerical invariants for (z. Given a square ¢ in () we say that ¢ is of free
length %, (4,.cp = k in symbols, if ¢ is a morphism in V; and ¢ is not a morphism
in Vi_1. Further, we say that Qs has free vertical lenght k£ € NU {00}, {4...Qp = k in
symbols, if k is the supremum of all free vertical lengths of squares in Q5. The free vertical

filtration {V}} of Qs might differ from the vertical filtration {VkQB} associated to Qg as
a globularly generated double category in [16]. The free length (... of a square ¢ in
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Qpthus might differ from the length f¢ of ¢ and correspondingly the free length (4,..Qg
of @5 might differ from the length /Q)g of Q5 as a globularly generated double category.
In section 3 and section 4 we study situations in which the free vertical filtration and the
usual filtration of a free globularly generated double category coincide.

Using arguments analogous as those employed in the proof of [16, Lemma 4.2| it is
easily proven that every free length 1 square ¢ in the free globularily generated double
category associated to a decorated bicategory B admitting a pictorial representation as:

admits a factorization as a vertical composition of the form:
wk o ka [ ¢k_1 c ¢1 [ SN Z.fl [ 9N wo

where f; : a;_1 —a; is a morphisms in B* for every 1 <1 < k, 9; is a globular square, in
B of the form:

Ai—1 — Aj—1

b

a; a;

for every 1 <1 < k — 1, and where 1y, ¢ are globular squares of the form:

«

a a a—a
) U1
a——a a——a

We will make strong use of this fact in the rest of the paper.

Let k be a field. We will understand for a k-linear decorated bicategory a decorated bi-
category B such that both the underlying bicategory and the decoration of B are endowed
with k-linear structures, where we understand for a k-linear structure on a bicategory B
a structure of k-vector space for the set of 2-cells of the form:
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for any pair of 1-cells o, 5 in B fitting in a diagram as above, in such a way that all the
corresponding structure and coherence data is k-linear. When the decorated bicategory
B is endowed with a linear structure, the free globularly double category construction can
be modified, in the obvious way, such that the resulting double category, which we denote
Q% is endowed with the structure of a category internal to k-linear categories. We study
this modification of the globularly generated double category construction in the context
of categorical aspects of the representation theory of von Neumann algebras in section 6.

Finally, it is natural to expect relations between the free globularly generated double
category construction and the free double category construction of Dawson and Paré [8].
Let G be a reflexive double graph. Write B for the decorated horizontalization H*F(D)
of the free double category generated by D. From the way the globularily generated double
category was constructed it is easily seen that the free double category F'(D) generated
by D and Qg, are related through the equation Qp, = vF(D).

3. Free globularly generated internalizations

In this section we study situations in which the free globularly generated double category
construction provides solutions to Problem 1.2. The following example shows that the
free globularly generated double category construction does not always provide solutions
to this problem. Given a monoid M we write QM for the delooping category of M, i.e.
QM is the category with a single object * whose monoid of endomorphisms Endqy(*) is
M. Given a monoidal category D we write 2D for the delooping bicategory of D, i.e. QD
is the single object bicategory whose monoidal category of endomorphisms is D. Observe
that given a monoid M the delooping category QQM of M admits the structure of strict
monoidal category if and only if M is commutative by the Eckman-Hilton argument [10].

3.1. EXAMPLE. Let G be a group such that G # {1}. Let A be an abelian group such
that A # {0}. Let B be the decorated bicategory whose underlying bicategory is the
single O-cell and single 1-cell 2-category 2(2A and whose decoration B* is the delooping
category (2G. The free globularly generated double category Qs associated to B does not
provide solutions to Problem 1.2 for B. To see this consider the square:
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in Qp, where g is any element of G such that ¢ # 1 and where a is an element of A
such that a # 0. We denote this square by ¢. Thus defined ¢ satisfies the equations
toop = Seop = g tg = 1 and is thus globular in Qg. The only globular squares of B are
the squares of the form:

for a € A. The square ¢ represents the word g 'ag in the free product G * A, which is
not an element of A. We conclude that ¢ is a globular square in H*@Q)5 not contained in
B and thus that )z does not provide a solution to Problem 1.2 for B.

We now provide conditions under which the free globularly generated double category Qg
associated to a decorated bicategory B does provide a solution to Problem 1.2. We say
that a category B* is reduced when the only left or right invertible morphisms of B are
identities. Examples of reduced categories are delooping categories QM where M is a
monoid without non-trivial left or right invertible (in particular M is a reduced monoid)
categories associated to partially ordered sets, e.g. Open(X) for a topological space X,
and path categories associated to graphs. The following proposition says that the free
globularly generated double category associated to a decorated bicategory with reduced
decoration provides solutions to Problem 1.2.

3.2. PROPOSITION. Let B be a decorated bicategory. If B* is reduced then the equation
H*Qp = B holds.
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PROOF. Let B be a decorated bicategory. Assume that B* is reduced. We wish to prove
that in this case the equation H*()z = B holds.

We proceed by induction on k to prove that every globular square in Vj is a globular
square in B. We begin by proving the statement for k = 1. Let ¢ be a globular square in
V1. By [16, Lemma 4.4] if ¢ is not a horizontal endomorphism of Qg then ¢ is a globular
square in B. We thus assume that ¢ is a horizontal endomorphism in ()z. Represent ¢
pictorially as:

a——™Q

a—™Qa

In that case ¢ can be written as a vertical composition, in (5 of the form:
77Dk o ka [ 7SS wk—l C ¢1 [ 7SS Zfl [ JON wo

where f; : a;_1 —a; is a morphisms in B* for every 1 <1 < k, 9; is a globular square, in
B of the form:

Ai—1 — Qj—1
U5

a; ————

for every 1 <1 < k — 1, and where 1, ¢, are globular squares of the form:

a a a———Qa
) U1
a———a aq —>Q

From the fact that ¢ is globular it follows that the composition fi ... fi is equal to ud,.
By the fact that B* is reduced it follows that a; = a and f; = id, for every 1 <1 < k.
We conclude that ¢ is a vertical composition, in Qg of globular squares of B and thus is
a globular square in B.
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Let k > 1. Suppose that the result is true for all positive integers m such that m < k,
i.e. suppose that every globular square in V,, is a globular square in B for every m < k.
Let ¢ be a globular square in V;. We prove that ¢ is a globular square in B. Assume
first that ¢ € Hy. In that case ¢ admits a decomposition as ¥, *s - - - *o ¥ Where 1); is
a square in Vj_q for every i. The horizontal composition of non-globular squares is never
globular, thus in the above case 1); is globular for every ¢. By the induction hypothesis
@ is in this case horizontal composition of globular squares in B and is thus a globular
square in B. Now suppose that ¢ is a general square of V. In that case ¢ admits a
decomposition as vertical composition v, e, - -- e, ¥ where ¢; is a globular square in
Hy, for every ¢. By the above argument every v; is a globular square in B and thus ¢ is a
globular square in B. This concludes the proof of the proposition.

]

In the cases in which the free globularly generated double category (Jp associated to a
decorated bicategory B is not an internalization of B we can always associate to B a larger
decorated bicategory for which the free globularly generated double category construction
does provide solutions to Problem 1.2. To see we first prove the following proposition.

3.3. PROPOSITION. Let B be a decorated bicategory. In that case the equation Qp-q, =
QB holds.

PROOF. Let B be a decorated bicategory. We wish to prove that the equation Qpu+g, = Q5
holds.

The categories of objects of Qs and Qu+g, are both equal to B*. The collections of
horizontal morphisms of ()5 and Qx-g, are both equal to B;. The collection of squares
of Qg is clearly contained in ()p+¢g,. To prove the proposition we thus need to prove that
every square of QQp+g, is a square in (. For every positive integer k we will write Vi
and H,, for the category V}. associated to H*()p and for the set Hj associated to H*Qp
in lemma 2.20. We prove, by induction on k, that every square in Vi is a square in Qp.

Let ¢ be a square in V;. In that case ¢ admits a decomposition as:

Y= wn o an [ 7SS wn,1 .. .’lﬂl [ IS Zfl [ JON wo

where 1y, ..., ¢, and fi, ..., f,, are as in the proof of proposition 3.2. Observe that each iy,
is a square in Vi and each ; is a square in some V;, and thus is a square of Q5 for every
1. ¢ is thus a square in Qg.

Let k be a positive integer such that k£ > 1. Suppose that the result is true for every
m < k. We prove that every square in Vj, is a square in Qg. Let ¢ be a square in V.
Suppose first that ¢ € Hy. In that case ¢ admits a decomposition as ¢ = 1, %ug - - - %00 U1
where 1, ..., 1, are squares in Vi—1 and thus are squares in Qp. The square @ is thus a
square in (). Suppose now that ¢ is a general square in Vi. In that case ¢ admits a
decomposition as ¢ = 1), e, - - - @, Y1 where 1); is a square in f[k and is thus a square in
@5- The square ¢ is thus a square in ()g. This concludes the proof of the proposition. m
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Proposition 3.3 says that the operation of taking the free globularly generated double
category is idempotent, i.e. stops at order 2. We have the following immediate corollary.

3.4. COROLLARY. Let B be a decorated bicategory. In that case Qg is an internalization
Of H*QB

Given a decorated bicategory B we call the decorated bicategory H*()p the saturation
of B. We say that a decorated bicategory B is saturated whenever B is equal to its
saturation H*Qp. While the free globularly generated double category (Qz might not
always provide a solution to Problem 1.2 for the decorated bicategory B provided as set
of initial conditions, the free globularly generated double category @ n+¢, always provides
a solution to Problem 1.2 for the saturation H*@)p of B. We compute saturations of certain
decorated bicategories in the following sections. Observe that if a decorated bicategory B
is saturated then the vertical filtration and the free vertical filtration of ()5 coincide and
thus the free vertical lenght and the usual vertical length of squares in () and of ()5 itself
coincide. Decorated bicategories with reduced decorations are saturated by proposition
3.2.

4. Length

In this section we apply the free globularly generated double category construction to
provide examples of double categories of non-trivial length. All the examples of double
categories considered in [16], i.e. trivial double categories, and double categories of bor-
disms, algebras and von Neumann algebras are proven to be of length 1. The following
example proves that the concept of length of a double category is non-trivial by explicitly
constructing a double category of length equal to 2.

4.1. EXAMPLE. Let B denote the following 2-category: B has three objects a, b, c and
only identity horizontal 1-cells. All 2-cells in B will be identities except for one vertical
endomorphism cell of 7,. This cell, together with the identity 2-cell of i, will form the
group Zs under both horizontal and vertical composition. Pictorially B is represented by
the diagram:

a id a

~_

SN
b Lo b

N 7

N
c id c

N 7
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Now decorate B with the following category B*: B* has non-identity morphism « :
a—=0b,6,8" : b—c and 7 : a — c satisfying the relation fa = v = f'a. We rep-

resent B* pictorially as:

We claim that /Q)p = 2. Observe first that since B* is reduced, it is enough to prove
that (f...QQp = 2. We exhibit a pair of horizontally composable squares ¢, in Q5 of
vertical length 1 such that ¢ *. v is not a morphism in V;. Write ¢ and 1 for the squares

pictorially represented as:

o

/3/

2

ﬁ/

Thus defined ¢, ¥ satisty the equation t,,p = s.p = v and thus are horizontally compos-
able in Q3. We prove that ¢ *., 1 is not a morphism in V;. To do this we first observe
that Se0 %00 ¥ = too® %00 ¥ = . The only squares in V) with source and target equal
to v are 7, and the squares ¢ and 9. To see that ¢ *,, ¢ is not equal to any of these
three squares in Q3 observe that while ¢ xo, ¢ = i, and ¥ x ¥ = 1, @ * ¥ satisfies the
relations o (¢ %00 ) = ¥ and (¢ *o0 ) %00 ¥ = ¢. From this and from the obvious fact
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that ¢ * 1 is not equal to i, it follows that ¢ *, ¥ does not have vertical length equal
to 1. £Q)p thus satisfies the inequality £Qs > 2, but it is obvious from the definition of B
and B* that Qg < 2. We conclude that (Qg = 2.

The above example shows that the concept of vertical length of a double category is not
trivial. We explain how to extend the construction presented in example 4.1 to a sequence
of saturated decorated bicategories By such that (Q)p = k for every k.

Let k be a positive integer. We make the underlying bicategory of By to be the k + 2
vertex/2-cell version of the 2-category employed in the construction of example 4.1. The
underlying 2-category of By is represented by a vertical sequence of k + 2 diagrams of the
form:

N

[ J id (]

We define the decoration B}, of B;. We make B} to be generated by the graph G/, which
we define inductively as follows: We make GG be the graph generated by the arrows «, 3, 5’
defining the category B* in example 4.1. Let k£ > 1. Assuming the graph G;_; has been
defined, we make the graph G} to be the graph pictorially represented by the diagram:
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(35

Gr_1 Bk

where the green arrow represents the graph Gj_;. It easily proven that thus defined the
graph Gy has k + 2 vertices and exactly k& + 1 paths of maximal length k£ + 1. Let Bj
be the category generated by G by identifying the maximal paths in each of the G,, for
m < k. Thus defined G, has a unique maximal path, which we denote by v;. Observe
that Bj is the category B* of example 4.1. Now, assume the existence of a square ¢j_; in
Bj—1 of length k — 1 having ~,_1 as source and target. Write v, 1}, to be the following
two squares of (g, :

e — @ e — @
ag Ty, ag Qg Tay, ag
e — 0 e — 0
-1 -1
e — 0 e — 0
VYe—1 Pr—1 Ye—1 By 18, Br
e — 0 e — 0

Thus defined v, 1. are of length k£ — 1 and by arguments similar to those presented in
example 4.1 the horizontal composition 1 *o ¢}, is of length k. We write ¢y, for this
square. The free globularly generated double category ), is thus of length > k for every
k. It is easily seen that ¢Q)p, is in fact equal to k for every k.

Finally, observe that if B, is the limit lim By, i.e. By is equal to the limit of diagram
of 2-categories By, decorated by the limit of the diagram of categories B}, then (Q)p = oc.
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5. Group decorations

In this section we study free globularly generated double categories associated to monoidal
categories decorated by groups. We prove that the free globularly generated double cate-
gory associated to any such decorated bicategory has free lenght equal to 1. Moreover, we
prove that in this case the free globularly generated double category construction special-
izes to the free product operation of groups. We use this to provide explicit descriptions for
saturations of such decorated bicategories. We begin by proving the following proposition.

5.1. PROPOSITION. Let G be a group. Let D be a monoidal category. If we write B for
the decorated bicategory (Q2G,2D) then {4,..Qp = 1.

PROOF. Let G be a group. Let D be a monoidal category. We wish to prove that the
free globularly generated double category Qs associated to B = (2G,2D) is such that
gfreeQB = 1.

We prove that V] is closed under *.,. Let ¢, be squares in V; such that t¢ = sip. If
, 1 are globular squares in B then ¢ x,, ¢ is a globular square in B and thus is a square
in V4. We thus assume that ¢, are not globular squares in B. By results of [16] ¢, are
horizontal endomorphisms. Represent ¢ and 1 pictorially as:

a/

* * ¥ —————— %
g ® g g b g
* —————— % * ———— %

where a,a’,b and b are objects in D and g € G. Write ¢ and 1 as vertical compositions
of the form

Y = Pr+1 O igk O " 0 igl ® Yo

and

Y =1sy1 05 igg O - 0 Zgi * Yo

where g1, ..., 9%, 91, ---, 9> are elements of G such that g1...gx = g = ¢|...¢., where
D1y ooy ks V1, ooy, YU € Endp(1), where g, 1y are morphisms, in D, from a to 1 and from
a’ to 1 respectively, and where g 1,951 are morphisms, in D, from 1 to b and V' re-
spectively. We refer to these decompositions as equations 1 and 2. We make the above
decompositions of ¢ and v horizontally compatible. Write ¢; as g19~'g = 197 (g} - .. ¢.)-
Using this write ig, as ig -1 (g 8 " 8 iy ). Inserting an identity endomorphism in be-
tween each i, and igl,, in the above decomposition we obtain a decomposition of i, e, ¢q
as:
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g, ®c0 P0 = lgig—1 ®oo (ig, ®cc icli, ®cc -+ @ i, o i ® id; ;) @ ©0

Write 7 for the vertical composition

Pk+1 9o igk L) Z.gg % Y1
obtained from decomposition 1 by removing the first two terms from right to left. Sub-
stituting in decomposition 1 we obtain a decomposition of ¢ as a vertical composition of
the form:
(1) @00 grg—1) @0 (ig ®co z'aligg o, ---e z’dig,l ®0 lgl @0 P0)

If we write v, 15 for the expression on the first and second parenthesis above respectively
we obtain a pictorial representation of ¢ as:

v2

The horizontal composition ¢ *,, ¢ thus admits a pictorial representation as:
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!

a a
k % *
g V1 g Vi g
* % %
b/
v idb/
k * *
b v’

By the way 1, was defined the horizontal composition of the two upper squares in the
above diagram is equal to

¢ = ¢3+1 5 igg LIS ) Zg’l 5 (900 *o00 %)

which is clear of free vertical length 1. The horizontal composition of the two bottom
squares of the above diagram is clearly of free vertical length 1 and thus ¢ *. ¥ is of
vertical length 1. We conclude that (4,..Qp = 1 as desired. m

We use proposition 5.1 to relate the free globularly generated double category construction
to the free product operation between groups. Moreover, we provide an explicit description
of saturations of single object 2-categories decorated by deloopings of groups. This is the
content of the following corollary.

5.2. COROLLARY. Let G, A be groups. Suppose A is abelian. Let B denote the decorated
category (QG,2QA). In that case Qp has QG as category of objects and QG x A) as
category of squares. Moreover, the saturation H*Qg of B has the subgroup of G x A of
words aggy . . - a;g1 such that gy ...g1 = 1 as groupoid of globular squares.

The following example shows that the assumption of G being a group is essential for
proposition 5.1. We show the existence of a single object bicategory B decorated by a
reduced monoid such that ()5 has squares of length equal to 2.

5.3. EXAMPLE. Let B be the decorated bicategory (2(N\ {1}),2QZ,). From proposition
3.2 and from the fact that N\ {1} is a reduced monoid it follows that B is saturated.
We claim that Qg admits squares of length equal to 2. To see this let ¢ be the following
quare:
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and let ¢ be the square:

Thus defined both ¢ and ¢ are horizontal endomorphisms in V; such that t,.p = 6 = s,,.
By the fact that both 2 and 3 are irreducible in N\ {1} it easily follows that ¢ *,, 1 and
any horizontal composition of ¢ *,, ¥ with itself are not morphisms in V; and are thus of
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free length > 2. Clearly both ¢ *,, ¢V and horizontal composition of ¢ *,, 1) with itself are
of free length < 2 and thus are of free length exactly 2.

Observe that the arguments of subdividing squares of free length 1 employed in the proof
of proposition 5.1 can easily be modified to prove that the free globularly generated
double category associated to any monoidal category decorated by (2N has vertical length
1. Moreover, observe that in the case in which a decorated bicategory B is of the form
(QM, A) for monoids/algebras M, A where A is commutative, then the first term of the
free vertical filtration V; of Qi is equal to the delooping Q(M * A) of M * A.

6. von Neumann algebras

In this section we study applications of the free globularly generated double category con-
struction to the problem of existence of functorial extensions of the Haagerup standard
form construction and the Connes fusion operation, see [1]. We prove that the bicategory
of factors, Hilbert bimodules, and intertwining operators, decorated by not-necessarily
finite index inclusions is saturated. This provides extensions of the Haagerup standard
form construction and the Connes fusion operation, on the category of factors and not-
necessarily finite index inclusions and a certain linear category properly containing the
category of Hilbert spaces and bounded operators. These functors are compatible in the
sense that they form the structure data of a category internal to linear categories inter-
nalizing the decorated bicategory of factors. We apply the saturation process introduced
in section 3 to the problem of extending the Haagerup standard form construction and
the Connes fusion operation, to functors on a category of general (not-necessarily factors)
von Neumann algebras and general (not-necessarily finite index) von Neumann algebra
morphisms.

Our construction is as follows: We write Mod/%* for the bicategory whose 2-cells are
of the form:

where A, B are factors, H, K are A-B left-right Hilbert bimodules over A, B and where
¢ is a bounded intertwiner from H to K. The horizontal identity cells in Mod/** are of
the form:

L?(A)
TN
A ddpeay A
\/

L2(A)
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where A is a factor and where L?(A) denotes the Haagerup standard form of A, see [14,1].
Given two horizontally compatible 2-cells in Mod/** of the form:

the horizontal composition of ¢ and ¢’ in Mod”/% is the 2-cell:

HRp H

SN
A ey C

N

KKNp K’

where H Xp H'| K Kg K’ and ¢ Kp ¢’ denote the Connes fusion of H and H’, of K
and K’ and of ¢ and ¢’ respectively. Thus defined Mod/* is linear (C* tensor in fact).
We write vIN/% for the category whose objects are factors and whose morphisms are
(possibly infinite index) von Neumann algebra morphisms. Thus defined vIN/%“ is linear.
The pair (vIN/?! Mod/*") is thus a linear decorated bicategory. We write W3, for this
decorated bicategory. We prove the following proposition.

6.1. PROPOSITION. The linear decorated bicategory W7y, , is saturated and moreover, the
equation EQC; = 1 holds.

PROOF. We wish to prove that W7y, , is saturated and that it satisfies the equation

EQC; .= 1. We prove that every square in V; is a multiple of a square admitting a

pictorial representation as:
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Let ¢ be a square in QC; t of free length 1. Represent ¢ pictorially as:

A = A

! v !

B B
E

Write ¢ as a vertical composition of the form

Vi1 900 T, Oco Vi1 80+ * 8o U1 85 ip, 80 g

where f; is morphism from a factor A;_; to a factor A;, where f admits a decomposition
as f = fr... f1, and where v); is a square of the form:

b

for every 1 < i < k and where v, ;1 are squares of the form:

A—2 A B B

o 1

A A B B

Let 1 <14 < k. From the fact that A; is a factor it follows that the algebra of endomor-
phisms EndW;act(LQ(Ai)) of A; is 1-dimensional and thus is equal to Cidj2(4,). From this

it follows there exists a \; € C such that the square v; is equal to \; times the square:

A

A

idp2 (Aq)
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From this we conclude that ¢ is equal to ITF_, \; times the square:

(e}

A A
%o
A A
f if f
B B
1
B 5 B

This proves our claim. Observe that a square of the form above is globular if and only if
it is a square in W7, .. This proves that H* C;W = W..- The equation (Qf T 1
follows from the fact that the horizontal Composifion of two squares admitting pictorial
representations as above admits a pictorial representation as above. This concludes the
proof of the proposition. [

C

The category of squares W of QC; is thus a linear category whose objects are

reeqj

Hilbert bimodules between factors, whose morphisms are either usual intertwining op-
erators between Hilbert bimodules or formal compositions as described in the proof of
proposition 6.1. The function associating to every von Neumann algebra A its Haagerup
standard form L?(A) admits an extension, as the horizontal identity functor of Qmee’ to
a linear functor

2. t C
Z; . ‘II\IJEZC I 6214/*

freey

The functor (on the left and right entries) associating to every compatible pair of Hilbert
bimodules H, K or intertwining operators ¢, their Connes fusion H X K or ¢ X ¢
respectively, admits an extension (to the bottom variable), as the horizontal composition
functor of QW}ZCN to a linear functor

X, : ng*

freey

C
X VNfact Qw*

freey

Moreover, these two linear functors are compatible in the sense that they provide Q(Cf

ee

with the structure of a category internal to linear categories.
The techniques employed in the proof of proposition 6.1 do not apply to the bicategory
of general, i.e. non-necessarily factor, von Neumann algebras nor even to semisimple von
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Neumann algebras. Through corollary 3.4 we obtain weaker versions of proposition 6.1
for the case of von Neumann algebras with not-necessarily trivial center. Write Mod for
the linear bicategory whose 2-cells are of the form:

where A, B are now general von Neumann algebras, H, K are left-right Hilbert bimodules
over A, B, and ¢ is an intertwining operator from H to K. The horizontal identity and
horizontal composition on Mod are defined in analogy to those defining Mod/**. Write
vN for the linear category of von Neumann algebras and general (not-necessarily finite)
von Neumann algebra morphisms. The pair (vVIN, Mod) is a decorated linear category.
We write W* for this decorated bicategory. Write W* for the saturation of W*. In that

case the category of morphisms Q¢ , of Q% _ is a linear category, whose objects are Hilbert
1

bimodules over general von Neumann algebras, and whose morphisms contain the usual
intertwining operators in Mod. The function associating to every von Neumann algebra
A its Haagerup standard form L?*(A) extends, as the horizontal identity functor of Q%M
to a linear functor

L? : vN— Q% .

C

and the Connes fusion bifunctor X extends, as the horizontal composition functor of QW*’

to a linear functor

. NC C C
b, QVVf XVNQ}*_> Wy
Moreover, these functors are compatible in the sense that they provide Q%,, with the
structure of a linear double category.
In [1,2] a solution to Problem 1.2 is presented for the decorated bicategory whose
2-cells are of the form:

where A, B are factors (more generally A, B are semisimple) H, K are left-right Hilbert
bimodules over A, B and where ¢ is an intertwiner operator from H to K, and whose
decoration is the category of factors and finite index inclusions. The horizontal identity
and the horizontal composition functors, i.e. the corresponding functorial extensions of
the Haagerup standard form construction and the Connes fusion operation, are defined
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making strong use of the Kosaki theory of minimal conditional expectations of finite index
subfactors [15]. We write BDH for this double category. We ask how the double category

%,; ) described in the proof of proposition 6.1 and BDH are related. We consider the

sub-double category of QC? t generated by globular squares and the squares of the form:

where f is an inclusion of finite Jones index. We write Q% . for this double category and

we write Wg, for H* W, . We have the following equation:
H*QW;Y =W}, =H'BDH

and thus Q%. and BDH have the same category of objects, the same collection of

n

horizontal morphisms, and the same collection of horizontal and globular squares. It is
natural to expect some higher relation between the squares of Q% o and the squares of

vBDH to hold. It is easily seen that certain relations that hold in yBDH do not hold
on QSV;_ , e.g. change of base algebra. This makes it obvious that the double categories

vBDH and Q% . are non-equivalent. There is an obvious strict tensor double functor

7 from Q% ;‘ to VBDH such that 7 restricts to the identity on H* ; . This double
functor preserves squares of the form:

A

Since both Q% . to yYBDH are generated by both H* ; and the set of squares as

above, the double functor 7 is unique with respect to its value on H*Q% : and is surjective

on squares. We study double functors of this form and the way they relate free globu-
larly generated double categories to globularly generated internalizations in the second
installment of the present series of papers.

The constructions presented above have an obvious drawback. All the categories of
von Neumann algebras and all the bicategories of Hilbert bimodules we have considered
are symmetric monoidal. We wish for the corresponding free globularly generated double
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categories and thus for the corresponding functorial extensions of the Haagerup standard
form construction and the Connes fusion operation to be symmetric monoidal. It is
not obvious how to extend the combined coherence data of both the decoration and the
underlying bicategory of a symmetric monoidal bicategory into coherence data for the
obvious choice of monoidal structure on the free globularly generated double category
construction. These questions will be explored elsewhere.
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