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A CLOSED MODEL STRUCTURE ON THE CATEGORY OF
WEAKLY UNITAL DG CATEGORIES, IT

PIERGIORGIO PANERO AND BORIS SHOIKHET

ABSTRACT. In this paper, which is subsequent to our previous paper (but can be read
independently from it), we continue our study of the closed model structure on the
category of small weakly unital dg categories (in the sense of Kontsevich-Soibelman)
over a field. In our previous paper, we constructed a closed model structure on the
category of weakly unital dg categories, imposing a technical condition on the weakly
unital dg categories, namely the idempotency id, -id, = id, for any object. Although
this condition led us to a great simplification, it was redundant and had to be dropped.

Here we get rid of this condition, and provide a closed model structure in full generality.
The new closed model category is as well cofibrantly generated, and it is proven to be
Quillen equivalent to the closed model category of (strictly unital) dg categories, given
by Tabuada. Dropping the idempotency condition makes the construction of the closed
model structure more distant from loc.cit., and requires new constructions. One of them
is a pre-triangulated hull of a wu dg category, which in turn is shown to be a wu dg
category as well.

One example of a weakly unital dg category which naturally appears is the bar-cobar
resolution of a dg category. We supply this paper with a refinement of the classical bar-
cobar resolution of a unital dg category which is strictly unital (appendix B). A similar
construction can be applied to constructing a cofibrant resolution of weakly unital dg
categories.

1. Introduction

Many algebraic constructions, dealing with unital dg algebras (or, more generally, unital
dg categories) give rise to only weakly ones. The simplest example is the bar-cobar
resolution R(A) = Cobar(Bar(A)) of a dg algebra A (resp., a dg category A): for unital
A, R(A) is only weakly unital. Another example which we keep in mind is a further
generalisation of the twisted tensor product of small dg categories [Sh|, which is supposed
to have better homotopical and monoidal properties, and which exists only in the weakly
unital context. It would be beneficial to have a more relaxed (than the closed model
category [Tabl] of small dg categories) closed model category, which is formed by small
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weakly unital dg categories, and which is Quillen equivalent to the closed model category
of small dg categories loc.cit. In this paper, we completely solve this problem.

Among the three definitions of a weakly unital dg category, existing in literature (see
[Ly2] for an overview of all of them), the definition given by Kontsevich and Soibelman
[KS, Sect. 4.2] seems to be the only one which gives rise to a closed model structure. In
this paper, we work with this definition (we recall it in Section 2).

In this paper, we provide a cofibrantly generated Quillen model structure on the
category Cgguu(k) of Kontsevich-Soibelman weakly unital dg categories [KS, Sect. 4.2]
over a field k (we recall the definition in Section 2). We also establish a Quillen equivallence
between the model category C g, (k) and the category Cgyy(k) of unital dg categories over
k (with Tabuada’s model structure [Tabl] on it).

In our previous paper [PS], we constructed a cofibrantly generated Quillen model
structure on the category ngwu(k) of small Kontsevich-Soibelman weakly unital dg cat-
egories' over a field k with an extra condition saying that idx oidy = idx for any object
X. We also proved that there was a Quillen equivalence L: Cj,,,, (k) & Cqy(k) : R, where
Cay(k) is the closed model structure on the category of small (unital) dg categories over
k. The condition idx oidx = idx had a technical nature and was imposed to avoid some
difficulties in the proofs we experienced for the general case of Cggy (k). However, this
condition is rather artificial and is not fulfilled in any reasonable example, so the next
step is to get rid of it. We complete it here.

Our results are counterparts of the main results of [PS] in this general setting, though
the proofs need some essentially new ideas and constructions. Among them, we draw
reader’s attention to the pre-triangulated hull of a weakly unital dg category (Section 3),
and a weakly unital replacement of the Kontsevich dg category K (Section 4.4).

We prove

1.1. THEOREM. [proven in Theorem 4.17] For a field k, there is a cofibrantly generated
Quillen model structure on C gy (k).

1.2. THEOREM. [proven in Prop. 5.2 and Theorem 5.3] There is a Quillen equivalence
L: (Cdgwu(k) = Cdg(k) 'R

where Cgqy(k) is endowed with the Tabuada closed model structure [Tab1].

Here we outline in more detail our results and the organisation of the paper.

In Section 2, we recall the main definitions from [PS], and the results from loc.cit.,
used here. These are small completeness and small cocompleteness of Cgguy(k), and
the monadic description of it. Namely, there is a monad on the category of unital dg
graphs Ggg,(k), such as the algebras over this monad are the weakly unital dg categories.
Moreover, this monad is associated with a non-symmetric dg operad, called O'. Here one
of the main results is cited from loc.cit. as Theorem 2.5 here. It says that a natural map

'Our notations here are different from the ones in [PS]. Our Cggy (k) here was denoted by Catjy,, (k)
in [PS], and our CY_, ., (k) was Catggyy (k) in [PS].

dgwu
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gives a quasi-isomorphism of dg operads O — Assoc, to the operad of unital dg algebras.
This computation is essentially used in the proof that the Quillen pair of Prop. 5.2 is a
Quillen equivalence. This Section makes it possible reading this paper independently on
[PS].

In Section 3, we prove that to any weakly unital dg-category C' we can functorially
associate the pretriangulated hull of it CP*"  and this non unital dg-category is in turn
weakly unital. Here the main point, which makes the problem non-trivial, is that, for a
closed morphism f in C(x,y), the identity morphism idgene(s) Within the “naive” defini-
tion, fails to be closed, if id, of # f oid,. This construction comes out naturally when
one perturbs the naive construction making idcene(y) closed. This tool allows us to work
with cones of any closed morphism in C, and these are key points for crucial Lemma 4.8
and Lemma 4.16.

In Section 4, we construct a closed model structure on Cgygyy (k). Here the strategy is
rather close to [Tabl] and [PS], though the generating cofibrations I and generating acyclic
cofibrations J should be re-defined to the weakly unital context, making them “fattened”.
This “fattening” goes straightforwardly for all generating (acyclic) cofibrations except to
the one in which the Kontsevich dg category K is involved. The refined wu version of
is not straightforward (see Section 4.4, and (20)). It is a dg category which classifies a
homotopy equivalence in a wu dg category (Lemma 4.7). We also prove crucial Lemma
4.8, connecting K and weakly unital pre-triangulated dg hull. This Lemmas are used in
the proof of key-lemma Lemma 4.16, which completes the story.

In Section 5, we establish a Quillen equivalence between Cgguy (k) and Cgyy(k). Here
we essentially use Theorem 2.5, saying that the dg operad 0’ is quasi-isomorphic Assoc, .

Finally, Section 6 contains a computational proof of Proposition 3.3.

We supply the paper with three Appendices. In Appendix A, we just fix signs in the
identities on the Taylor coefficients of an A., morphism. Appendix B contains a (seemingly
new but elementary) construction of a unital cofibrant resolution of a unital dg algebra,
easily generalizing to the case of dg categories. Appendix C details a computation of
particular coequalizers, following from the general discussion in [PS]; this computation is
used in the proof of Theorem 5.3.

2. Weakly unital dg categories

Recall the definition of a weakly unital dg category [KS, 4.2].
Let A be a non unital dg category. Denote by A &k, the strictly unital dg category
where Ob(A @ ka) = Ob(A) and

Homy(z, y) ifx#y

Hom x,y) =
Aok (7,4) {HomA(x,x) okl, ifzx=uy.

One has a natural imbedding i : A — A®ky, sending x to x, and f € A(x,z) to the pair
(f,0) € (Adka)(x,z). We denote by 1, the generator of k,.



A CLOSED MODEL STRUCTURE ON THE CATEGORY OF WEAKLY UNITAL DG
CATEGORIES, II 391
2.1. DEFINITION. A weakly unital dg category A over k is a non-unital dg category A
over k with a distinguished closed element id, € A°(z,z) for any object x in A, such that
there exists an Ao -functor p : A ® ka — A which is the identity on the objects, such
that poi = idy, p1(1,) = id,, VY € Ob(A), and p,(f1,..., fa) = 0 for n > 2 and all f;

morphisms in the image i(A).

2.2. DEFINITION. Let A,C be two weakly unital dg categories, with the structure maps
pd i Adky — A and p© : C ®ke — C. A weakly unital dg functor F': A — C' is a non
unital dg functor F': A — C' such that the following diagram commutes:

Adk, 225 cake

In this way, we define the category Caguy (k). Its full subcategory, for which id, oid, =
id, for any object x, is denoted by C,,,, (k).
It follows from the definition that:

F(idx) = idF(m) Vx € Ob(A)
FpA(fry o £2) = DS(F(f1), o F(fn)) fi€ A®kai=1...nm

2.3. EXAMPLE. Let C be a strictly unital dg category. We denote by i(C') the weakly
unital dg category, for which the A, functor p: C' ® k¢ — C is a natural dg functor,

so that all p%c),n > 2 are equal to 0. In this way we get a fully-faithful embedding
1: Cdg(k) — Cdgwu(k)-

This definition is due to Kontsevich-Soibelman loc.cit. There are two other definitions,
due to Lyubashenko and Fukaya, correspondingly. We refer the reader to [Ly|, [LyMa)]
for discussion of all three definitions, and to [COS] for interplay between them.

An advantage of the Kontsevich-Soibelman definition is that the category of small KS
wu dg categories carries a closed model structure, unlike for the two other definitions.
Such closed model structure was provided in [PS] for C ,, (k), and is done here for the
general case of Cggyy(k), see Theorem 4.17 below.

We recall the definition of an A, morphism and recall the signs in the A, identities
in Appendix A, see (38).

Here we write down, for further reference, formulas for dp, and dps, coming from (38).

(2)

dp2(fv 1x)+p2(dfa 1:(:) :f_foldxa dp2<1xaf)+p2(1xadf) :f_ldx Of (3)
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( 1 |9‘p3(df’g’ ]-z) _p3(f7dga]- ) OPQ(Q 135) _pQ(fog, 1%)
og+ fopals,g)
og+p2ls, fog)

dps

fr9,12) — (=1)
dps(f, 1a, 9) — (—1)9ps(df, 14, g) — p3(f, Lo, dg) = —(—1)1Ipa(f, 1,
3 196 ) ( 1)|g‘p3(1x>df g) 3(1:c>f dg) ( )lgl (1xaf

(
(
(

3<1x,1x,f> p3(Le, L, df) = id, opa(Ly, f) — (=1)Ipa(1,,1,) o f
( f
(
(

~— —

3

ST T

1:vaf ) (1:vadf71 ) 1d Op2(f7 1w) p2(1m,f)01d _p2( a1x>+p2(1xaf)
f 117 ) 3<df7 1957190) = fop2<1x71 ) p2( x) Oldx

1
1 T
1907 1xa 1 ) ld:c Opg(lx, 1:(:) - p2(1x> 190) ld:c

3
dp3

(4)

2.4. THE MONADIC STRUCTURE AND THE DG OPERAD (0'. Here we recall some results
of [PS] which we use in this paper.

With the concept of a weakly unital dg category is associated a monad acting on the
category of oriented dg graphs such that a weakly unital dg category amounts to the
same thing as an algebra over this monad. This description is used in loc.cit. to prove
that the category Cgguy (k) is small complete and small cocomplete. The monad itself is
defined via a non-symmetric dg operad called O'. Here we briefly recall the corresponding
definitions and results.

An oriented dg graph I' over k is given by a set Vi of vertices, and a complex I'(x, y)
for any ordered pair x,y € Vr. A morphism F: I'y — I's is given by a map of sets
Fy: Vr, = Vp,, and by a map of complexes Fg: I'1(z,y) — I'2(Fv(z), Fy(y)), for any
z,y € Vr,. We denote by Gg4,(k) the category of the dg graphs over k. A unital dg graph
[ is an oriented dg graph such that there is an element id, € I'(x, z), closed of degree 0,
for any x € V. A map of unital dg graphs is a map F of the underlying dg graphs such
that F(id,) = idpe), for any © € Vp. We denote by Ggg(k) the category of unital dg
graphs over k.

There is a natural forgetful functor U: Cgyyy(k) = Gggu(k), where U(C) is a graph I'
with Vr = Ob(C), and I'(z,y) = C(z,y).

This functor admits a left adjoint F': Gggu(k) = Caguu(k). It is constructed via a dg
operad O'.

Consider the non-Y the dg operad O defined as the quotient-operad of the free operad
generated by the composition operations:

(a) the composition operation m € O’(2)°

(D) Py, iy, EO'(n—k)™ T 0<k<n,1<i; <iy<-- <ix <n, with the following
meaning: For a weakly unital dg category C, the operation p., . 4 (f1,.. ., fa—k) 18
defined as

pn(fh ) fi1717 1'3617 fi17 R fi2*27 1¢27 fiz*la sy 1zk7 fikfk%*l? R fnfk) (‘5)
i1 2 i
where by 1,.s are denoted the morphisms 1,, € ko for the corresponding objects
x; € C
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by the following relations:

i) the associativity of m, and dm =0
i) Prsiy,iy = 0if k=0
ii1) p1.— =id

(
E (©)
(

yeelk

We use the notation j = p;;, the degree zero 0-ary operation generating the weak
unit. It follows from (iv) that dj = 0. The reader is referred to [PS, Sect. 1.2.3] for the
precise form of the relation in (iv). It expresses the relations like (3), (4) in the operadic
terms, using the correspondence (5).

Morally, the dg operad O comprises all universal operations one can define on a weakly
unital dg category.

Denote by Assoc, the operad of unital associative k-algebras. We proved the following
theorem:

2.5. THEOREM. The natural map of dg operads O' — Assocy, sending all pu,.. i,
n > 2, to 0, sending j = pi1.1 to the 0-ary unit generating operation, and sending m to m,
18 a quasi-isomorphism.

PROOF. The proof is a rather long and tricky computation with different spectral se-
quences, see [PS, Theorem 1.13]. n

The left adjoint functor F': Gagu(k) — Caguu(k) is defined in two steps, as follows.
Given a unital dg graph I, consider the free (’-algebra T (I'), generated by I' (see [PS,
Sect. 1.2.3]). It is a weakly unital dg category with objects Vi. The 0-ary operation j
generates an element j, € To/(x,x), for any z € Vi. After that, define F(I') as the dg
quotient-category

F(T) =To(I')/(jo — ids, v € V1) (7)

In this way, we identify id, € ['(z,z) with the “weak unit” j, generated by O'.
One has:

2.6. PROPOSITION. There is an adjunction:
Caguu(F(I'), €) = Gagu(T', U(C)) (8)

Note that for I' a (non-unital) dg graph, one defines a unital dg graph I'y, formally
adding k, to I'(x, z), for any « € V. Then

F(Ty) ~ To (D)
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3. The pretriangulated hull of a weakly unital dg category

Recall that the pretriangulated hull of a dg category C' was introduced by Bondal-
Kapranov [BK] (see also [Dr, 2.4, Remark]). A dg category C' is pretriangulated if H°(C')

is triangulated. Explicitly, it means that the functors Z — Hom(C(Z, X) ERN C(Z,Y))
and Z — C(Z, X )[n| defined for any closed morphism f: X — Y in C and for any object
X € C, n € Z, correspondingly, are representable. In this case, the representing objects
are Cone(f) and X|n].

The pretriangulated hull CP™" of a dg category C' is a pretriangulated dg category
with a dg functor C' — CP™" which is universal for dg functors from C to pretriangulated
dg categories [BK].

Explicitly, it is constructed as follows. An object of CP™" is a “one-sided twisted
complexes”, which are formal finite sums (®}_,X;[r;]), ¢) where ¢ has components ¢;; €
Cmimmit(X;, X;), which are zero for i > j, such that dg + ¢* = 0. Let X = (&X;[ri],q),
X' = (®X][r}],q) be two objects of CP*" a morphism ¢ € CP*" (X, X') of degree k is
defined as the collection ¢;;: X;[r;] — X[r’] of degree d (in general, non-zero for any i, j),
and d¢ = dcd + ¢ o ¢ — (—1)*¥¢ 0 q. The composition is defined as the matrix product.

The dg functor C' — CP™" is defined on objects as X — (X[0],¢ = 0), and on
morphisms accordingly. We recall that Cone(f) € CP*" f: X — Y a closed morphism
in C, is defined as Cone(f) = (X @ Y[-1],q = f) (that is, ¢12 = f, ¢11 = g2 = g1 = 0).

We want to define the pretriangulated hull of a weakly unital dg category, which is a
weakly unital dg category as well. If we just repeated the definition given above, we would
experience the following problem. Let f € C(z,y) be a closed morphism, we do not assume
that foid, = forid,of = f. Defining Cone(f) = (X®Y[—1], f), there should be a weak
identity morphism idgene(s), Which is a closed morphism of degree 0. A natural candidate
is given by idx: X — X,idy: Y — Y. But then d(idgone(s)) = f 0idx —idy of # 0.

We remedy this problem as follows. For a closed morphism f in C', define Cone(f) =
(X @ Y[1], f)) as above, but re-define idcone(f). Namely, define idcone(f) as having 3
non-zero components:

idCone(f) = (ian idy,5 € CO(Xa Y[l]))
where € = po(f, 1) — p2(1y, f)
where p, is the second Taylor component of the A, morphism p: C' ® ke — C, see

Definition 2.1.
Then one has:

(9)

d(idcone(s)) = f 0 idy —idy of 4+ de =0 (10)

(Recall that dps(f,1,)) = p1(f) — foidx = f — f oidx, and similarly for dp,(1,, f)).

Thus, at the first step we define, inspired by this example, the identity morphism idy,
for X = (@X;[ri], ¢;;), and check that d(idx) = 0. After that, we construct an A functor
P: CP™" @ Keopretr — CP™ making CP™" a weakly unital dg category.

(We denote by p the structure A, functor for C', and by P the structure A, functor
for CPret).
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3.1. DEFINITION. [Pretriangulated hull of a wudg category, 1| Let C be a wudg category.
We define the underlying non-unital dg category of pretriangulated hull of C' as in the
strictly unital case:

(a) objects are formal expressions (B, Xi[ri],q;), where X; € C, r; € Z, q;j €
Cl+rj_Ti(Xi,Xj) = Cl(Xi[Ti],Xj[’l“j]) such that qij = 0 ZfZ Z j and dq + qoq—= O,

(b) the space of degree k morphisms CP*" (X, X"), for
X = (Xi[n-],qij),X/ = (X,[T;:I,q;j)7

is defined as the space of matrices ¢ = (¢5;: C*(Xi[ri] — X][rl])), the composition
is matriz multiplication and the differential is d¢ == dcg +q' o — (—1)Fpoq.

Now we define, for any object X € CP™" an “identity” morphism idy (which is
required to be a closed morphism of degree 0), and construct an A, morphism P: CP™*" ¢
Keprer — COP™ making it a weakly unital dg category. In fact, we start with A
morphism P, then idy := P (1x).

Let X% ..., X" be objects of CP™" and let ¢': X?~! — X' be either a morphism in
CP™ or 1xi-1 (in which case X = X*°1).

We are going to define P,(¢", ..., ¢'). Let us introduce some notations. We visualize
the string

1 2 n
X0 xS x2S xn

as a planar diagram whose horizontal arrows are ¢.,, where X’ = (&X/[ri],¢},), and
whose other arrows are the components of ¢, i = 1,...,n, see (11).

We refer to the arrows ¢}, as horizontal, and the other arrows, called essential, are
either components of ¢’s or morphisms 1y for some X € C.

Now we associate to any couple (X2, X7') of starting and ending objects, a set Pathsy,
of all the possible paths from X? to X7, see (11), (12).

By definition, a path k € Paths,, is a sequence of arrows kK = (kq,...,K), either
horizontal or essential, such that (a) for any 1 < s < n there is exactly 1 essential arrow
which is a components of ¢°, and these n essential arrows stand respecting the order,
(b) the arrows between two successive essential arrows, which are components of ¢* and
¢**t (here ¢* = 1x is allowed), are horizontal arrows in X*, which form a composable
chain (there are allowed more than 1 arrows in this chain), (c) the first arrow starts at
X0, and the last one ends at X}'. It follows in particular that a path is represented by a
composable chain of arrows.

If some ¢’ = 1yi-1, the corresponding arrow in ¢i,: X;7' — X, is defined as 1 i1
for k = ¢, and 0 otherwise.

For example, in (11) the sequence (i, Gems Pmes Qs @

’ "

) is a path, and in (12)

mm? qm
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the sequence (@i, @i, Qos Prys q;;) is a path (here for both diagrams n = 2).

(11)

(12)

Below we assume for n > 2 that at least one of morphisms ¢*: X1 — X% is 1yi1;
otherwise, (13) below gives 0.
Define
P (n, - dr) = Y (=D)"pi(s, .. 1) (13)

kE€Paths;;

(Recall that p denotes the structure A,, morphism for C').

To define the integer |x|, we introduce some notations. Let k = (K1, ..., k), and let the
n Arrows Kq,, ..., Kq, be essential. Assume that g, is an arrow in C(X;'[r*], X7 [r*t1]).
Define t, = r*™ —r® (we set t, = 0 if kg, = 1x).

The integer || is given by

n

k| = (deg¢® +t, + 1)N, (14)

s=1

where N is the number of the horizontal arrows standing leftwards to the s-th essential
arrow kg, in the sequence (K, ..., kKe).

3.2. LEMMA. The maps P (¢, ..., ¢1) are homogeneous of degree Y deg ¢;—n~+1. Thus,
they are the components of a morphism P,(¢n, ..., ¢1): X° — X" of degree Y deg ¢; —
n+ 1 in the category CP™%.
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PROOF. Let k = (K1, ..., Ke) € Paths;;, we have to compute the degree of py(ky, ..., Kk1).
One has: ,
degpe(ke, ... K1) = Zdegﬁr —/+1
r=1
Among £y, ..., ke exactly n arrows are ¢',s, the remaining ¢ — n are ¢’, and have degree

1 in CP™". On the other hand, deg ¢%, = deg ¢’ and does not depend on s, t. Therefore,

n

degpe(Ke, ... K1) = Z degfﬁ;r—n+1:Zdeg¢r—n+1

HT#qgt r=1

3.3. PROPOSITION. Let C be a weakly unital dg category, CP* the non-unital dg category
from Definition 3.1. Taken for alln > 1 and all ¢y, ..., ¢,, the morphisms P,(¢n, ..., ¢1)
are the Taylor components of an Ay, morphism P: CP™" @ Kepree — CP*Y  making CP*™
a weakly unital dg category, with idx := Py(1x).

We prove this Proposition in Section 6.

3.4. DEFINITION. [Pretriangulated hull of a wudg category, I1] The pretriangulated hull
CP™™ of a weakly unital dg category C' is the non-unital dg category CP™*™ (see Definition
3.1) with the weakly unital structure given in Proposition 3.3.

It is instructive to unwind the definition idy = P;(1x) and get an explicit formula
idy, X € ¢prew,

Let X = (&X;[ri],q;;) € CP*". We want to find the (ij)-component (idx);;. Let
1 < j. Define

(dx)y= > > (1)

i=lp<l1<--<lp=7 r=0

I8
(1) (@i st 1o+ 3 Qo> LXo > Aty rt0s Qlratrrs - - - > Qity)

Then
. the rhs of (15) i<
(idx)i; = { (15) . j
0 1>
The reader easily checks that for the case idcone(s) (15) gives (9).

4. A Closed Model Structure on Cggyyy (k)

In this section we provide a cofibrantly generated Quillen model structure on Cggyy (k).
The reader is referred to [Ho|, [Hi], [GS] for general introduction to (cofibrantly generated)
closed model categories. A simpler counterpart of the material of this Section is our

treatment [PS] of the closed model structure on the category Cj,,, (k). However, the
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passage from Cj (k) to Cgguu(k) requires several essentially new ideas, such as the

weakly unital pretriangulated hull, introduced in Section 3, and a “fattened version” K
of the Kontsevich dg category K (see Section 4.4).

Define weak equivalences W in C g, (k) as the weakly unital dg functors F': C — D
such that the following two conditions hold:

(W1) for any two objects z,y € C, the map of complexes C(z,y) — D(Fz, Fy) is a
quasi-isomorphism of complexes,

(W2) the functor H°(F) : H°(C) — H°(D) is an equivalence of k—linear categories.

Remark that for a weakly unital dg category C, the category H°(C) is strictly unital and
the functor H°(F) is well-defined.

Define fibrations Fib in Cgg (k) as the weakly unital dg functors F' : C — D such
that the following two conditions hold:

(F1) for any two objects x,y € C, the map of complexes C(z,y) — D(Fx,Fy) is
component-wise surjective,

(F2) for any x € C and a closed degree 0 arrow ¢ : Fix +— z in D (z not necessarily in
the image of F'), such that g becomes an isomorphism in H°(D), there is an object

y € C amd a closed degree 0 arrow [ : z +— y inducing an isomorphism in H°(C)
and such that F(f) = g.

We define also a class Surj of maps in Cgyyy(k) as follows: a weakly unital dg functor
F : C — D belongs to Surj if F is surjective on objects and if (F'1) holds.

4.1. LEMMA. A weakly unital dg functor F' : C — D belongs to Fib "W if and only if it
belongs to Surj N (W1).

PROOF. A proof can be found in [PS, Lemma 2.1]. "

4.2. LEMMA. Let X be a weakly unital dg category, x € X an object. Suppose there
are two degree —1 maps hy,hy € X '(x,x) such that dh; = id,,i = 1,2. Then there is
t € X 2(x,x) such that dt = hy — hs.

PRrROOF. Consider t' = hyhy. We find (using (3)):

dt/ = de 9] hg — hl Oldx

. , 17
= —dpa(1, he) + hy — pa(1,id,) + dpa(hy, 1) — by + pa(ide, 1) a7)
If we manage to prove that py(id, 1) — pa(1,id) is a boundary, we’re done. Consider

—ps(1,1,id) — p3(id,1,1) 4+ ps(1,1,1)
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We compute dH using (3) and (4), the differential of each particular summand in (18) is
displayed as [...]:

dH := [ps(id, 1) oid + pa(id 0 id, 1)| + [id o ps(1,id) — pa(1,id o id)] + [

—id o pa(id, 1) +|pa(id, 1) — pa(1,id) | + [ = p2(id 0 id, 1) +id o ps(id, 1)]+

[p2(1,4d 0 id) — | + [p2(1,1) 0id — id o ps(1,id)] +

[—idops(1,1) + pa(id, 1) oid] + [id o ps(1,1) = po(1,1) 0'id] =

Therefore t := —t' — pa(1, ho) + po(hy,1) + H € X 2(x, ) is such that dt = hy —hy. =

4.3. REMARK. Lemma 4.2 is a refined version of Lemma 2.8 and discussion below it of
[PS]. When id, oid, = id, is not assumed, the computation turns out to be more tricky,
as we've seen in Lemma 4.2.

4.4. THE WEAKLY UNITAL DG CATEGORY K'. The wu dg category K’ introduced below
is a weakly unital counterpart of the dg category K, due to Kontsevich in [K1, Lecture
6], and subsequently used by Tabuada in his closed model structure on Cgy,(k) [Tabl].
Recall here the definition.
The dg category K is the strictly unital dg category with two objects 0 and 1, and freely
generated by f € K°0,1),9 € K°1,0),hy € K71(0,0),hy € K}(1,1),r € K72(0,1),
whose differentials are

df = dg = 0,dhy = go f —idy,dhy = fog—idy,dr=hyo f— fohg (19)

Denote by I, the k-linear envelope of the ordinary category with two objects 0 and
1, and with a unique morphism (including the identity one) between any ordered pair of
objects. There is a dg functor px: K — I, which is the identity map on the objects, and
sends hy, he, 7 to 0.

The following well-known result says that K is a semi-free resolution of Is:

4.5. LEMMA. The dg functor px: K — I3 is a quasi-equivalence.
The proof can be found in [Dr, 3.7].

4.6. DEFINITION. Denote by K' the weakly unital dg category with two objects 0 and 1,
whose morphisms are freely generated by the following morphisms:

e a morphism f € (K')°(0,1),
e a morphism g € (K')°(1,0),

e a morphism hy € (K')71(0,0),
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e a morphism hy € (K')71(1,1),
e a degree -2 morphism r € (K')72(0,1)
whose differentials are given as
df =dg=20
dhozgof—ldo, dhlzfog—ldl (20)
dr:hlof_foh() +P2(17f) _p2(f71)
A version of a lemma in [K1, Lecture 6] holds as well in the setting of weakly unital
dg categories:

4.7. LEMMA. Let C be a weakly unital dg category, and & € C°(x,y) be a closed degree

0 morphism, such that [¢] € H°(C) is a homotopy equivalence. Then there is a weakly
unital dg functor F: K' — C, such that F(f) = €.

PROOF. By definition of being a homotopy equivalence, there exist n € C%(y, ), h, €
CY(z,z) and h, € C~*(y,y) such that:

dh, = — id,

not =1 (21)
dh, = € on —id,
Now we are looking for a morphism r € C2(x,y) such that dr = hyof —&oh, +pa(1,£) —
p2(€,1). We define A :=hy,0& —&oh, +p2(1,€) — pa(&, 1). Clearly dA = 0.
Then we take h; :=h, — Aonand r:= Aoh, —py(A, 1), so that we easily get:

dh,, = dh, — dAn + Ady = €y — id,,. (22)
and also
dr =dAoh, — Aodh, — Aoid, + A — ps(dA, 1)
=—Ao(n—1id,) —Aoid, + A
=—Aonol+hyo&—E&oh, +pa(l,8) —pa(&, 1) (23)
=(hy —Aomn)o& —Eoh, +px(1,§) — p2(§, 1)
:h; o0& —E&ohy +pa(1,6) —p2(&,1).
We are done. [

We prove a lemma which we will be used later in the proof of Theorem 4.9 and
(implicitly) in Theorem 4.17:

4.8. LEMMA. Let C' be a weakly unital dg category. There is a bijection between the set
of weakly unital dg functors from K' to C' and the set of pairs (&, h), where £ € C%(z,y)
is a closed morphism and h is a contraction of Cone(§) in CP"e'".
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PRrROOF. A wu dg functor F': K" — C amounts to the following morphisms in C: £ =
F(f)ﬂ? = F(Q)v hyy = F(ho)a hag = F(hl), his = F(T) such that
d(é) =0, dp=0, dhyy =no0& —id,, dhy :fon—idy,

dhig = hag 0 & — &0 hyr + pa(1, &) — pa(&, 1) 29

A contraction to idcone(e) (see (9)) is the datum of a morphism H : Cone(§) — Cone(§)
of degree -1 such that
dH = Idcone(e), (25)

Then
H=(h;; € CHX,X), hyy € CHY,Y),hia € C*(X,Y), hyy € C°(Y, X))

as in the diagram below
S

X Y (26)
hi2
hnl lhn
xSy
3
We see by a direct calculation that 24 is equivalent to 25. [

4.9. PROPOSITION. The wu dg category K' has the same homotopy type as the Kontsevich
dg category K. More precisely, regarding IC as an object in C gy, (k), the natural projection
p: K'—= K, sending all p,(—), n > 2, to 0, is a weak equivalence.

PRroOF. Consider ascending filtrations {®;(a, b) }i>o of K'(a,b) and {F;(a,b) }i>o of K(a,b),
a,b € {0,1}, such that p(®;(a,b)) C Fi(a,b), i > 0. We prove that the corresponding
spectral sequences converge, and that the map p induces an isomorphism in the F; sheets.
The result will follow from the latter statement.

Define Fj(a,b) as the dg vector space generated by all monomials with < i factors r.
Define ®;(a,b) similarly, but we count all occurances of r in expressions p;(...,r,...) as
a “factor r”. It is clear that d(Fj(a,b)) C Fi(a,b) and d(®;(a,b)) C ®;(a,b), and that
p(Pi(a, b)) C Fi(a,b).

Also, it is clear that both spectral sequences converge, by dimensional reasons (the
spectral sequences live in the quarter “z <0,y <07).

We have:
4.10. LEMMA. The map p induces an isomorphism in the E; sheets.

ProOF. For both cases, the differential in Ej is the same as it would be if dr = 0.
Therefore, to compute F; we assume that dr = 0 for both cases.

Denote by K’ (corresp. K) the semi-free wu dg category (corresp., the semi-free unital
dg category) with two objects {0, 1}, the generators f, g, ho, h1,7, as in (19), (20), and in
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which the differential of the generators is given by the same formulas:

df =dg =0
dh():gof—ldo, dhlszg—ldl (27)
dr =0

Now the statement follows from the fact that the projection of dg operads O — O is
a quasi-isomorphism in any arity, see [PS, Section 4] (here O is a dg operad, defined
analogously to ', see loc.cit.). n

4.11. REMARK. The argument employed in the proof of Lemma 4.10 can not be used
directly for p: K' — K (without any spectral sequence argument), because dr is given
by different formulas in (19) and (20). More precisely, the equation for dr for K’ is a
deformation of that for K. Consequently, it does not follow directly from the quasi-
isomorphism O — O that p: K'(a,b) — K(a,b) is a quasi-isomorphism.

Recall that I is the k-linear envelope of the ordinary category with two objects, 0
and 1, and having exactly 1 morphism between any ordered pair of objects. Recall that
Lemma 4.5 says that the projection pr: K — I is a weak equivalence.

4.12. COROLLARY. The natural projection K' — Iy, equal to the composition K' 2 K 25
I, is a weak equivalence.

ProoOF. The dg functor p is a weak equivalence by Proposition 4.9. The dg functor
pic: KK — I, is a weak equivalence by Lemma 4.5. [

4.13. THE SETS I AND J. Denote by D(n) the complex 0 — k|[n] SN k[n —1] — 0, it is
D(n) = Cone(id : k[n| — k[n]).

Denote S(n — 1) = kjn — 1]. Consider the natural imbedding i : S(n — 1) — D(n) of
complexes.

Denote by A the weakly unital dg category with a single object 0 and generated (over the
dg operad ') by idy. Denote by k the weakly unital dg functor

ki A— K,

sending 0 to 0. It follows from Corollary 4.12 that x is a weak equivalence.

Denote by B the weakly unital dg category with two objects 0 and 1 and generated over
O’ by morphisms idy and id;.

Let P(n) be the dg graph with two objects 0 and 1, and with morphisms P(n)(0,1) =
D(n), P(n)(0,0) = 0,P(n)(1,1) = 0, P(n)(1,0) = 0. Denote by P(n) the weakly unital
dg category generated by P(n): P(n) = FU(P(n)).

Denote by a(n) the weakly unital dg functor

a(n) : B— P(n),
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sending 0 to 0 and 1 to 1.

Let C(n) be the dg graph with two objects 0 and 1, and with morphisms C(n)(0,1) =

S(n—1),C(n)(0,0) =0,C(n)(1,1) =0,C(n)(1,0) = 0. Denote by C(n) the weakly unital

dg category generated by C(n): C(n) := FU(C(n)).

Let b(n) : C(n) — P(n) be a map of dg graphs sending 0 to 0, 1 to 1, and such that

S(n —1) = C(n)(0,1) = P(n)(0,1) = D(n) is the imbedding 7. Denote by 3(n) the

weakly unital dg functor
B(n) := FU(b(n)) : C(n) - P(n).
Denote by () the natural weakly unital dg functor
Q:0— A

Let I be a set of morphisms in Cygy,, (k) which comprises the weakly unital dg functors
Q@ and 5(n),n € Z.

Let J be a set of morphisms in Cgyy, (k) which comprises x and a(n),n € Z.

The set I and J are referred to as the sets of generating cofibrations and of generating
acyclic cofibrations, correspondingly.

4.14. LEMMA. A weakly unital dg functor ¢ : C — D has RLP with respect to all
a(n),n € Z if and only if ¢ obeys (F1). A weakly unital dg functor ¢ : C — D has
RLP with respect to all B(n),n € Z if and only if ¢ obeys (F'1) N (W1).

PROOF. The proof is straightforward and can be found in [PS, Sec.2.1.3]. [

Recall the standard terminology (conventional for the theory of closed model cate-
gories): a dg functor ¢: C — D belongs to I-inj (resp., to J-inj) if it has the RLP with
respect to all morphisms in I (resp., in J).

4.15. PROPOSITION. One has
I-inj = SurjN (W1)=J-injNn W

PrOOF. Thanks to Lemma 4.14, the first equality follows from the fact that a dg functor
¢: C — D has the RLP for @ if and only if it is surjective on objects, which is straight-
forward.
The second equality is far more sophisticated, and its proof is based on the following
lemma.?

4.16. LEMMA. One has Fib = J-inj.

2Lemma 4.16 is one of the most subtle places in our constructions; in particular, the theory of weakly
unital pre-triangulated hull developed in Section 3, and Lemma 4.2, were designed especially for its proof.
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ProOOF. The inclusion J-inj C Fib follows from Lemma 4.7.

In order to prove the inclusion F'ib C J-inj consider ¢ : C — D in Fib. Axiom (F1)
is equivalent to the RLP with respect to a(n),n € Z, thence we only need to prove the
RLP with respect to k for ¢. We are given a weakly unital dg functor F' : K' — D.
We can apply (F2) to & = F(f) € D(¢(x),z), and so we get a morphism n € C%(z,y)
which is a homotopy equivalence and ¢(n) = £, ¢(y) = z. (Recall that f,g, ho, hy,r are
generators for X', see (20)). We should construct a weakly unital dg functor F:K =¢C
such that ¢ o ' = F and F(f) = 1. By Lemma 4.8 having a weakly unital dg functor
F : K' — D,F(f) = £ is equivalent to having a contraction of Cone(§) in DP™'" i.e.
we have h € D" (Cone(§), Cone(&)) such that dh = idconee). By (F2) we know that
Coone(n) is also contractible, so we also have a morphism hy, € C”"“'"(Cone(n), Cone(n)),
such that dh, = idcone(ny). Even though we don’t know whether qbp””e”(izl) = h, we still
have d¢P* (hy) = idcone(e)-

By Lemma 4.2, one has <b’""e”(ﬁl) —h = dt. By (F1), we find a lift £ of ¢, and set
h := h; — df. One clearly has dh = idcone(n) and ¢(7z) = h. This gives the desired lift
F: K’ — C such that ¢ o F' = F, by Lemma 4.8. ]

Now we have J-inj N W = FibN'W = Surj N (W1), and we're done. n

The following theorem is one of our main results:

4.17. THEOREM. The category
Cdgwu(k)

admits a cofibrantly generated closed model structure whose weak equivalences and fi-
brations are as above, and whose sets of generating cofibrations and generating acyclic
cofibrations are I and J.

4.18. PROOF OF THEOREM 4.17. We refer the reader to standard textbooks on closed
model categories for the notations I-cell, J-cell,I-cof, J-cof, see e.g. [Ho, 2.1.3], [Hi,
11.1]. Recall that I-cell C I-cof and J-cell C J-cof.

Recall [Ho, Th. 2.1.19] which the proof is based on:

4.19. THEOREM. Let C' be a small complete and cocomplete category. Suppose that VW is
a subcategory of C', and I and J are sets of maps. Assume that the following conditions

hold:

~

. the subcategory W has 2-out of-3 property and is closed under retracts,
2. the domains of I are small relative to I-cell,
3. the domains of J are small relative to J-cell,
4. J-cell C W N I-cof,
5

. A-ing =W N J-injg.
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Then there is a cofibrantly generated closed model structure on C, for which the morphisms
W of W are weak equivalences, I are generating cofibrations, J are generating acyclic
cofibrations. Its fibrations are defined as J-inj.

PROOF OF THEOREM 4.17. The category Cgguy(k) is small complete and small cocom-
plete by [PS, Theorem 1.19]. The conditions (1) — (3) are clear. Condition (5) was proved
in Proposition 4.15. It follows from (5) that I-inj C J-inj, and so J-cof C I-cof. It only
remains to prove that J-cell C W.

PRrOOF OF J-cell C W. We have to prove that the push-out of a morphism in J is a weak
equivalence. We consider two cases: when the morphism in J is a(n),n € Z, and when it
is K.

First case.

The first case we need to consider is shown in the push-out diagram:

where g is an arbitrary map. We need to prove that f is a weak equivalence.

Clearly Ob(X) = Ob(Y), and [ acts by the identity maps on the objects. We are left to
show that, for any objects a,b € Ob(X), the map of complexes f(a,b) : X(a,b) — YV(a,b)
is a quasi-isomorphism. For objects 0,1 in Ob(B), let denote by u = ¢(0) and v = g(1).
By Proposition C.1, one has the following description for the hom-complexes of :

Y(a,b) .= X(a,b) @ O'(3) ® X(v,b) @ D(n) ® X(a,u)

(29)
P o'6) @ X(v,b) @ D(n) ® X(v,u) @ D(n) @ X(a,u) P - -
The map f(a,b) sends X'(a,b) to the first summand. The other summands have trivial
cohomology by the Kiinneth formula, since the acyclicity of D(n).

Second case.
As the second case we consider the following push-out diagram:

where h is an arbitrary map.

One has Ob(Y) = Ob(X)U1x. Tt is clear that H°(f) is essentially surjective. One has
to prove that the f is locally a quasi-isomorphism: f(a,b) : X(a,b) — Y(a,b),Va,b # 1.
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Denote h(04) = u.

By Theorem 4.9, we know that K’ is a resolution of the k—linear envelope of the ordinary
category with two objects 0,1 and with only one morphism between any pair of objects.
In particular, K'(0,0) is quasi-isomorphic to k[0]. Therefore

K == K/(0,0)/k[0] (31)

is a complex acyclic in all degrees.
By Proposition C.1, we have:

Y(a,b) = X(a,b) @ O(3) ® X(u,b) @ K @ X(a,u)

] _ (32)
P oG) e X(u,b) @K' @ X(u,u) @K@ X(a,u) ...

It is a direct sum of complexes, among which all but the first one are acyclic, due to the
acyclicity of K'. It completes the proof that f is a quasi-equivalence. [

Theorem 4.17 is proven. [

5. A Quillen equivalence between Cggyy (k) and Cgyy(k)

Let C and D be two model categories. Recall that a Quillen pair of functors L : C S D : R
is an adjoint pair of functors such that L preserves cofibrations and acyclic cofibrations,
or equivalently, R preserves fibrations and acyclic fibrations, [Ho, 1.3], [Hi, 8.5]. These
two conditions are sufficient to show that the Quillen pair of functors descends to a pair
of adjoint functors

L:Ho(C) < Ho(D): R (33)

between the homotopy categories.
When C is cofibrantly generated, there is a manageable criterium for an adjoint pair of
functors to be a Quillen pair [[Ho|, Lemma 2.1.20]:

5.1. PROPOSITION. Let C, D be closed model categories, with C cofibrantly generated with
generating cofibrations I and generating acyclic cofibrations J. Let L : C <= D : R be an
adjoint pair of functors. Assume that L(f) is a cofibration for all f € I and L(f) is a
trivial cofibration for all f € J. Then (L, R) is a Quillen pair.

Let C € Cygyu(k). Define
L(C) :=C/I,
where I is the dg-category ideal generated by all p,(..),n > 2. Clearly L;(C) € Cyy(k).
This assignment C' +— L;(C) gives rise to a functor L : Cygyu (k) = Cyy(k).

Let D € Cyy(k). Define Ry : Cyy(k) — Cuguu(k) as the fully-faithful embedding from
Example 2.3.
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5.2. PROPOSITION. The following statements are true:

(1) there is an adjunction

Homgc,, 1) (L1(C), D) = Home,,, 1) (C, R1(D))

(2) the functors
L1 . Cdgwu(k) = Cdg<]k> : R1

form a Quillen pair of functors.

PROOF. (1) : any morphism F': C' — Ry(D) sends p,(..),n > 2 to 0, since D € Cgyy(k),
and therefore this morphism is the same as a morphism L;(C) — D.

(2) : the dg categories {L;(3(n)), L1(Q)} form exactly the set I of generating cofibrations
for the Tabuada closed model structure on Cy4(k), and the dg categories { L (a(n)), L1(x)}
form the set of generating acyclic cofibrations for this model strcuture. The statement
follows then by Proposition 5.1. [

Recall that a Quillen pair L : C <= D : R is called a Quillen equivalence if it satisfies
the following condition:
For a cofibrant X € C and a fibrant Y € D, a morphism f : LX — Y is a weak
equivalence in D if and only if its adjoint morphism X — RY also is, [Ho, 1.3.3], [Hi, 8.5].
This condition implies the corresponding adjoint pair of functors between the homotopy
categories 33 is an adjoint equivalence of categories.

5.3. THEOREM. The Quillen pair of functors
L1 . Cdgwu(k) = Cdg(]k> . Rl

15 a Quillen equivalence.

PROOF. Let X € Cggupu(k) be cofibrant and Y € Cgyy(k) fibrant. We have to prove
that f: L1 X — Y is a weak equivalence in Cg,(k) if and only if the adjoint morphism
f*: X — RyY is a weak equivalence in C gy (k),

It is enough to prove the statement for the case when X is an I-cell. Indeed, by the small
object argument, for any X there exist an [-cell X’ such that p: X’ — X is an acyclic
fibration. The Quillen left adjoint L maps the weak equivalences between cofibrant object
to weak equivalences, by [Hi, Prop. 8.5.7]. Therefore, L(p): L(X') — L(X) is a weak
equivalence. There is a map i: X — X’ such that poi = id, given by the RLP. By 2-of-3
axiom, 7 is a weak equivalence, and L(7) also is.

We assume that X is an I-cell. Denote by V' the graded graph of generators of X. We need
to prove that for any objects z, 2" € X, the cone M := Cone(f : [1 X (xz,2') = Y (fz, f2'))
is acyclic if and only if the cone N := Cone(f* : X(x,2") — R Y (f*z, f*2’)). Denote by
O = Ker(P: O — Assocy), where P is the dg operad map sending all p,(...),n > 2 to
0.

There is a canonical map w: N — M, and Cone(w) is quasi-isomorphic to F5(V)(z,2'),
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where F5(V) is the free algebra over O generated by V', with an extra differential coming
from the differential in the I—cell X. Since the dg operad O’ is quasi isomorphic to
Assoc,, O is acyclic. Therefore F5(V) is acyclic by the Kiinneth formula, and so M is
quasi isomorphic to N, by the acyclicity of Cone(w). We conclude that M is acyclic if
and only if N is. [

6. A proof of Proposition 3.3

Here we prove Proposition 3.3.
Recall the maps P,, n > 1 defined in (13).
Recall that by Lemma 3.2 one has

deg(Po(b1s s 0n))ij = |1] + - + |pn] —n + 1 =deg(pi(k1, .., k1)), V& € Paths;;
Proposition 3.3 reads:
6.1. PROPOSITION. The maps {P,}, n > 1 are Taylor components of an Ay functor
P: O™ @ K prene — CPFEH

PROOF. Proving the statement amounts to proving the following identies, for any n > 1
(see (38) for the sign convention):

APu(fn, - S1) + Y () ODVEL DD (6 Gy )Py, ) =

a+b=n
n—1 n
(_1)kilpnfl(¢na s 7¢k+1 o ¢k> DR ¢1) + Z(_l)nflJer;ll |¢Z|Pn<¢n, Ce ,d¢k, ey ¢1),
k=1 k=1 (34)
where
AP (bns -, 1) = dnaive Pa(dny - -, 01) + ¢ 0 Pu(Pny - 1) — (=1)" Py ..., 01) 0 q)
(35

Writing down explicitly the first line of equation 34 (and dropping the signs to + for
simplicity), we get

APy (¢n, - ., 01) = dpaivePo(..) + ¢ 0 Po(.) + (—=1)"'P,(..) oq =
dmn’ve( Z ipm("inw ~-7’€1)) + q/ © Z :i:pm/(/fm’y ~->"£1)

kEPaths rE€Paths

N D P (s n) 0 =

kEPaths

Z ( Z +pa () opu(..) + 2_: +pm_1(osm(Kig1, Ki),--) + Z +pn(.., dki, ))+

kEPaths a+b=m

q o Z D0 (K -y K1) + (—l)n_l Z D (Kt .., K1) © @
kEPaths kEPaths

(36)
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We stress that inside the terms Y .0 (Z?;ll(—l)spm_l(.., m(Kiy1, Ki),..)) the compo-
sition term might be of following three types:

® q;i © Gkj
e gogorgogq
® 0 0P

Similarly inside the terms Y, ouins (Ooiey (=1)'pu(.., dk;, ..)) the term which is differenti-
ated might be of the following two types:

o do

e dqy.

We also write down the possible terms of > ouns (s TPa(-)Dp(-.)):
® pal-)pe(-.)

e gop, orp.)ogq.

Thence we can write for the r.h.s. of (36)

(r.h.s. of (36)) =

Z i(zi ( d¢7 )izipn(,kol, )izipn( qjt © qkj, ))‘l‘

kE€Paths 7 ) 7

> A (ED a0 g0 00 £ D Ep 600, ) £ D Dl disr 0 6is))
k€Paths i i i

i<iq’0pm( )iipz(--)Oinipa( ) © p( ))+ (37)

kE€Paths

q o Z P (K1, .y K Z P (K1y ooy B ) © ¢ = ’
MMWAWN kE€Paths

> EP() o B() + Y EPuca (s mldien, 61 +ZiP d9,..)

a+b=n i

cancelled by the Maurer-Cartan condition on the g;;: indeed if there exists k € Paths;;
which contains g, there will also exist a path «' € Paths;; containing all the terms
;i © Qxj, since they have got same domain and codomain as g and in Paths;; we were
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considering all the possible paths.
Therefore we are left with the following expressions:

:EZ Z pn ¢l+1a¢l . Z Z :i:pa Opb )+

1 kE€DPaths a+b=n k€Paths
Z Z d¢17)+pn(7qlo¢z7)+pn(7¢zOQ7>>) =
1 kE€Paths
Z :l:P on +Z:|:Pn 1 ¢l+17¢l . +Z:|:P d(ba"v
a+b=n

which shows the desired equation, up to signs. The correctness of signs (which were
explicitely defined in (13) and (34)) is checked by a long but routinous computation. =

A,

In the paper, we use only A, functors between dg categories.

We need to specify the signs in the A, identity. The common sign conventions can
be found in [Kel, 3.4] for the left to right order formulas, and in [Lyl, 2.4] for the right
to left order formulas. As we adapt here the right to left formalism, our signs agree with
the ones in [Lyl].

A.1. DEFINITION. Let C, D be (non-unital) dg categories overk. An Ay functor F': C' —
D is given by:

e o map of sets Fy: Ob(C') — Ob(D),
e for anyn > 1 and a sequence of objects xg, ..., x, € Ob(C) of degree 1 —n
F,: C(xn_l,xn) KRR C(l’l, ZL’Q) X C((L’(), ZL’1) — D(Fo(l‘()), F()($n))[1 — TL]

such that one has:

d(Fn(fn® - @ fi))+
Z (=1 H@VUAHIDE (£ @ @ for1) - By @ ® f1) =

a+b=n

n—1

Z(_1)n,1+|f1|+.--+\fk|Fn<fn R ® frr2® d(fk+1) iR ® f1)—|— (38>

Z(—l)an—l(fn R ® frrs® (feg20 fog1) ® fr® -+ ® f1)
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A.2. DEFINITION. Let C, D be (unital) dg categories overk, F': C'— D an A functor,
{F;}i>1 its Taylor components.

(1) F is called strongly unital if Fy(idx) = idp(x) for any object X € C', and
F.(...,idx,...)=0
for any object X andn > 2,

(2) F is called weakly unital if Fy(idx) = idp(x) for any object X € C (and the second
condition is dropped).

B. A cofibrant resolution of a unital dg algebra

Here we provide a canonical unital cofibrant dg algebra, quasi-isomorphic to a unital dg
algebra A over a field k. (We consider only the case of a dg algebra for simplicity, the
construction is directly generalised for the case of a small dg cateory).

The classical bar-cobar resolution of A fails to be unital, it is only weakly unital dg
algebra. A well-known explicit unital construction comes from the curved version of bar-
cobar duality, due to L.Positselski [Pos] (see also [Ly3]). A drawback of this construction
is that it is not canonical.

We haven’t seen this construction in the literature. In our opinion, it deserves to be
included as an appendix to this paper, by two reasons. At first, it “replaces” the bar-
cobar resolution, which fails to be strictly unital, which was one of our starting points.
At second, it can be easily generalised to a cofibrant resolution of i(C) in Cgygyu(k), for
Ce (Cdg(k).

Let A be a unital dg algebra over k. Consider the dg algebra A, = A @& k[1]. It is
a unital dg algebra with unit 14, and the product of A with k[1], as well as of k[1] with
itself, is defined as 0.

Consider the bar-complex

Bar(A,) = EB Ap[1]®"

n>1

which is a dg coalgebra. We use the notation & for a generator of k[1]. Then a general
monomial element of Bar(A,) is denoted as

N ®a;, VERA;+1Q Ra,, RER 11 D ...
Now consider the unital dg algebra
Co(A) = Cobar (Bar(Ay))
where, for a dg coalgebra B,

Cobar, (B) =k & @ B[-1]®"
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with the cobar-differential. It is a unital dg algebra. Denote by 1, the unit of k. It is the
unit of Cy(A). We denote the product in Cobar, (B) by K.

Consider a derivation d¢ of degree +1 of Cy(A) whose only non-zero Taylor coefficient
is linear, and is defined as

dela =0, de(§) =1 — 14
k

de(@1® @)=Y +11 @ @ Ty 1 D LA @ T @ B T, (39)
/=1

where z;, = --- = z;, = £ and other z; € A

One has

B.1. LEMMA. The differential d¢ squares to 0, and de commutes with dgay + dcobar- Con-
sequently, diot := dpar + dcobar + d¢ squares to 0.

PRrROOF. It is a direct computation. [

We denote
C(A) = (CO(A), dBar + dCobar + df)

It is a unital dg algebra.

B.2. PROPOSITION. There is a unital dg algebra map p: C(A) — A which is a quasi-
1somorphism.

PROOF. We start with computing the cohomology of (C(A), diot). The differential dga, +
dcobar Preserves the total number of {-factors in a (homogeneous in £) element of C'(A).
It makes C'(A) a bicomplex. Define

degpa (11 ® --- ® 1) = —n + Z deg) z;
where degg(a) = deg4(a) and deg,(§) = 0. Next, define
degy(wi X - - Ruwy) =k + Z degp,, (w;)

degCobar(wl XX wk’) =k
degBar(wl - X wk) = Z degBar(wi)
where w; € Bar(A,). Finally, define

dege(a) = —(#(§) in @), a € C(4)

deg, (o) = deg; (a) + degg@‘)
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where deg,,, is the degree of a in C'(A).

Thus C(A) becomes a bicomplex, with C(A)*® defined as the spaces of elements
a € C(A) with deg; a = a, deg(a) = b.

We compute the cohomology of C(A) by using a spectral sequence, which computes
the cohomology of dg., + dcobar at first. The bicomplex lives in the IT and 11 quarters,
so the spectral sequence converges.

The term E®" of the spectral sequence is equal to H*(C(A)™?, dga + dcopar). Thus,
we have to compute the cohomology of the complex (C'(A)", dar + dcobar). Denote this
complex by Cj.

The complex C; (for b fixed) is by its own a bicomplex, with differentials dp,, and
dcobar- Thus Cy"" consist of all elements o € C; with degp,, (@) = m and degegp.. (@) =n
(in this case, deg, (o) = m +n +b).

The spectral sequence, whose first differential is dcgpar, converges (the other possible
spectral sequence, whose first differential id dp,,, generally diverges).

We denote by E(b),"" the k-th term of this spectral sequence. We have

E<b>;n7n = Hm(E(b)i,na dCobar)
B.3. LEMMA. One has:

0, m#0,1 orm=0,n%#0
k, b=0,m=0,n=0

E®)"" =<Kk[l], b=-1,m=1,n=-1 (40)
A" b=0,m =1
0, b#40,—1

where (=)™ stands for degree n elements.

PROOF. The argument is standard and comes from the following observation. Let V
be a (graded) vector space, consider the cofree non-unital coalgebra 7Y, (V) = @,>1 V",
Then Cobar(7%,(V')) is quasi-isomorphic to V[—1]. This statement is proven using Koszul
duality. n

It follows that the spectral sequence E. collapses at the E; term.
Now turn back to the spectral sequence F..

B.4. LEMMA. One has

k[1], a=0,b=-1
EY={ (k® A, b=0 (41)
0, otherwise

The differential d; is induced by d¢. It looks like

k(1] &k A, di: 1 1, — 14
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Its cohomology is isomorphic to A. The spectral sequence E. collapses at the Fy term.
It completes the computation of cohomology of C'(A).
Now define a map of dg algebras p: C(A) — A on generators

Plrpjeayen =0, n > 2
p(§) =0

pla =1id

p(lk) =1a

(42)

and extend it to C'(A) as a map of algebras.
It follows from the previous computation that p is a quasi-isomorphism.

C. Push-outs in the category Cguu (k)

Consider the following push-out diagram:

C L) Cl
Ca

where i, : C — C,,a = 1,2 are embeddings of wu dg categories. We provide an explicit
formula for the push-out £. This formula is essentially used in the proof of Theorem 4.17.
Note that this colimit £ is equivalently the colimit of the following coequalizer diagram:

C—=C &C (44)

where the maps are (i1,0) and (0,73). The category structure on C; @ Cy is defined as
Ob(C1 S5 CQ) = Ob(Cl) L Ob(CQ)

Home, (z,y) if z,y € Ob(C,)

Hom T,Y) =
cracs (T, ) {O otherwise.

In [PS, Prop.1.18] we considered the general coequalizers in the category Cgugu(k). Here
we provide the corresponding description for the case of the coequalizer (44). Here we
essentially use that 41,79 are fully-faithful functors. The derivation of this description
from loc.cit. is straightforward.

We use notation @ which is defined as 1 =2, 2 = 1.
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C.1. PROPOSITION. Assume i1,iy in (43) are fully faithful. Then the push-out weakly
unital dg category £ has the following description.
The objects of £ are given by the coequalizer of sets:

Ob(E) = Ob(C1) L Ob(Cy)/ ~

where ~ is the equivalence relation generated by: i1(x) ~ is(x),Vz € Ob(C).
Consider z,y € Ob(C,), a = 1,2. Then:

E(x,y) = @@(’)’ ) ® Co(v,y) @ Calu,v) @ Colw, u)@

u,veC

@ O'(5) ® Ca(v1,y) @ Ca(ur, v1) ® Colu,v1) @ Ca(v,u) ® Colx,v) @ .

u,v,u1,v1€C

(45)
where we identify an object u € C with its images i,(u) € C,, and
Colu,v) := Cy(u,v)/ia(C(z,y)).

For x € Ob(Cy) \ Ob(C), y € Ob(Cs) \ Ob(C), one has:

@O ) ® Ca(u,y) @ Cy(x,u)

ueC (46)

@ @ O'(4) ®@ Co(w,y) @ C1(v,w) ® Ca(u,v) ®Cyi(x, u)@

u,v,weC
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