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EXPONENTIABILITY IN CATEGORIES OF RELATIONAL
STRUCTURES

JASON PARKER

ABSTRACT. For a relational Horn theory T, we provide useful sufficient conditions
for the exponentiability of objects and morphisms in the category T-Mod of T-models;
well-known examples of such categories, which have found recent applications in the
study of programming language semantics, include the categories of preordered sets and
(extended) metric spaces. As a consequence, we obtain useful sufficient conditions for
T-Mod to be cartesian closed, locally cartesian closed, and even a quasitopos; in par-
ticular, we provide two different explanations for the cartesian closure of the categories
of preordered and partially ordered sets. Our results recover (the sufficiency of) certain
conditions that have been shown by Niefield and Clementino-Hofmann to characterize
exponentiability in the category of partially ordered sets and the category #’-Cat of small
¥ -categories for certain commutative unital quantales 7.

1. Introduction

An object X of a category ¥ with finite products is exponentiable if the product functor
X x (=) : € — € has a right adjoint, while a morphism f : X — Y of a category ¢
with finite limits is ezponentiable if the object f : X — Y of the slice category € /Y is
exponentiable, or equivalently if the pullback functor f*: /Y — % /X has a right ad-
joint (see [13, Corollary 1.2]). A category with finite products is cartesian closed if every
object is exponentiable, and a category with finite limits is locally cartesian closed if every
morphism is exponentiable. The exponentiable objects and morphisms of many different
categories have been studied and characterized in the literature. For example, the ex-
ponentiable objects in the category Top of topological spaces and continuous maps were
characterized by Day and Kelly in [7]. In [13], Niefield characterized the exponentiable
morphisms of Top and also of the categories Unif and Aff of respectively uniform spaces
and affine schemes, while in [14] Niefield characterized the exponentiable morphisms of
the category Pos of partially ordered sets and monotone maps. In [3, 4], Clementino and
Hofmann characterized the exponentiable objects and morphisms of the category 7#'-Cat
of (small) #-categories and ¥-functors for a commutative unital quantale ¥ whose un-
derlying complete lattice is a complete Heyting algebra. In particular, they characterized
the exponentiable objects and morphisms of many categories of (pseudo-)metric spaces.
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More generally, Clementino, Hofmann, and Stubbe characterized in [5] the exponentiable
objects and morphisms of the category O-Cat of Q-enriched categories and functors for a
(small) quantaloid Q.

The present paper provides a further contribution to the study of exponentiability, in
the context of categories of relational structures, which have recently attracted interest in
the study of programming language semantics (see [9, 12]). Specifically, we provide useful
sufficient conditions for the exponentiability of objects and morphisms in the category
T-Mod of T-models for a relational Horn theory T. As we recall in Example 3.9, prominent
examples of such categories include: the categories Preord and Pos of preordered and
partially ordered sets (with monotone maps); for a commutative unital quantale ¥, the
categories #-Gph, 7-RGph, #-Cat, PMety, and Mety of respectively (small) ¥ -graphs,
reflexive ¥ -graphs, ¥ -categories, pseudo-¥ -metric spaces, and ¥ -metric spaces. Our
results recover (the sufficiency of) the conditions for exponentiability established for Pos
(by Niefield) and for #-Cat (by Clementino-Hofmann). We also provide useful sufficient
conditions for categories of relational structures to be cartesian closed, locally cartesian
closed, and even quasitoposes. In particular, we offer two different explanations for why
the categories Preord and Pos of preordered and partially ordered sets are cartesian closed.

We now outline the paper. After recalling some categorical background in §2 about
exponentiability (in particular, a useful characterization of exponentiability of morphisms
established by Dyckhoff and Tholen in [8]), in §3 we recall some relevant background on
relational Horn theories and categories of relational structures from [15] (and [9]). In §4
we first show that if II is any relational signature, then the category Str(II) of Il-structures
and [I-morphisms is always locally cartesian closed, and even a quasitopos (Theorem 4.5).

In §5 we begin to study exponentiability in T-Mod for a relational Horn theory T over
a relational signature II; unlike the situation for Str(II), in general T-Mod is not even
cartesian closed, let alone locally cartesian closed or a quasitopos (however, T-Mod is al-
ways symmetric monoidal closed; see Remark 3.12). In many examples of relational Horn
theories, the relational signature II carries a (pointwise) preorder that manifests in the
axioms of the theory, and so we consider preordered relational signatures (Definition 5.3).
We say that a preordered relational signature II is discrete or a complete Heyting algebra
if the (pointwise) preorder on II is respectively discrete or a complete Heyting algebra.

In §6 we identify a useful sufficient condition for objects and morphisms of T-Mod to
be exponentiable, which we call convezity (Definition 6.1), when T is a reflexive relational
Horn theory over a discrete relational signature II. Central examples of such relational
Horn theories include the theories for preordered and partially ordered sets; in particular,
a morphism of preordered or partially ordered sets is convex iff it is an interpolation-lifting
map in the sense of Niefield [14, Definition 2.1] (see Example 6.2). When the axioms of
T have certain properties (see Definition 6.8), we can show that all morphisms (or at
least objects) of T-Mod are convex and hence exponentiable, thus allowing us to establish
useful sufficient conditions for the (local) cartesian closure of T-Mod, and for T-Mod to
be a quasitopos (Theorems 6.15 and 6.17). In Examples 6.16 and 6.21 we provide two
explanations for the cartesian closure of the categories Preord and Pos of preordered and
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partially ordered sets.

In §7 we identify a useful sufficient condition for objects and morphisms of T-Mod
to be exponentiable, which we again call convexity (Definition 7.3), when T is a certain
general kind of relational Horn theory over a preordered relational signature II that is
(pointwise) a complete Heyting algebra. Again, when the axioms of T have certain prop-
erties (Definition 7.10), we can show that all morphisms (or at least objects) of T-Mod
are exponentiable, thus allowing us to provide useful sufficient conditions for the (local)
cartesian closure of T-Mod, and for T-Mod to be a quasitopos (Theorems 7.16 and 7.17).
Our results in §7 recover a known sufficient condition for a morphism of #-Cat (i.e. a
¥ -functor) to be exponentiable, where ¥ is a commutative unital quantale whose under-
lying complete lattice is a complete Heyting algebra (see Example 7.4; this condition is
also necessary for exponentiability, as shown in [3, Theorem 3.4]). In Remark 7.18 we
discuss some further questions that could be pursued.

2. General categorical background

We first recall some general categorical background that we shall require.

2.1. An object C of a category ¥ with finite products is exponentiable if the functor
C x (=) : € — € has a right adjoint (—=)° : € — ¥. A morphism f : C — D of a
category € with finite limits is exponentiable if it is exponentiable as an object of the
slice category %/ D; equivalently, if the pullback functor f* : /D — % /C has a right
adjoint (see [13, Corollary 1.2]). A category € is cartesian closed (resp. locally cartesian
closed) if it has finite products (resp. finite limits) and every object (resp. morphism) of ¢
is exponentiable. In particular, every locally cartesian closed category is cartesian closed
(since an object C'is exponentiable iff the unique morphism !¢ : C' — 1 is exponentiable).

2.2. Let € be a category with finite limits, let f : X — Z be a morphism of ¢, and let
Y be an object of €. A partial product of Y over f [8] is an object P = P(Y, f) equipped
with morphisms p: P — Z and € : P x; X — Y satisfying the universal property that
for all morphisms ¢: @ — Z and g: QQ xz X — Y, there is a unique morphism A : ) — P
such that poh =¢qand €0 (h xz 1x) = g, as in the following commutative diagram:

Y < < Pxy,X 2 X

A
\ hXZIX
f
A
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We say that € has all partial products over f if every object of € has a partial product
over f. By [8, Lemma 2.1], a morphism f of % is exponentiable iff ¢’ has all partial
products over f.

2.3. A concrete category (over Set) is a category € equipped with a faithful functor
| — | : € — Set, and the fibre of a set S is the (preordered) class of objects X of € with
| X| =S (see [1, Definition 5.4]). A concrete category € is fibre-small if the fibre of each
set is small (see [1, Definition 5.4]), and it is well-fibred if it is fibre-small and every set
with at most one element has exactly one element in its fibre (see [1, Definition 27.20]).
A concrete category € admits constant morphisms if for all objects X and Y of €, every
constant function | X| — |Y] lifts to a ¢-morphism X — Y.

2.4. Recall from (e.g.) [1, Definition 28.7] that a category is a quasitopos if it is finitely
complete and finitely cocomplete, locally cartesian closed, and has a weak subobject
classifier (i.e. a classifier of strong subobjects; we shall not need an explicit definition).
In particular, if € is a concrete category that is topological over Set (see [1, §21] for an
explicit definition, which we also shall not need), then % is complete and cocomplete
and has a weak subobject classifier by [10, I11.4.J], which is obtained by equipping the
subobject classifier of Set (i.e. any two-element set) with the indiscrete structure. So a
topological category over Set is a quasitopos iff it is locally cartesian closed.

3. Background on categories of relational structures

We now review relational Horn theories and their categories of models; much of the content
of this section is taken from the author’s work [15, §3 and §4]; see also [9, §3].

3.1. DEFINITION. A relational signature is a set Il of relation symbols equipped
with an assignment to each relation symbol of a finite arity, i.e. a natural number n > 1.
We shall usually write R for an arbitrary relation symbol.

We fix a relational signature 11 for the rest of §3. Throughout the paper, we also fix
an infinite set of variables Var.

3.2. DEFINITION. Let S be a set. A Il-edge in S is a pair (R, (s1,...,s,)) consisting of a
relation symbol R € II (of arity n > 1) and an n-tuple (s1,...,s,) € S". A II-structure
X consists of a set | X| equipped with a subset R* C | X|" for each relation symbol R € II
(of arity n > 1). We can also describe a Il-structure X as a set |X| equipped with a
set E(X) of M-edges in |X|: if R € II of arity n > 1, then (zy,...,z,) € RX iff E(X)
contains the Il-edge (R, (x1,...,z,)). We shall often write X = Rz ...z, instead of
(z1,...,7,) € RX.

When R is a binary relation symbol (i.e. its arity is 2), we shall also sometimes write
X E x1 Rz rather than X = Rxjxs.
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3.3. DEFINITION. Let h : S — T be a function from a set S to a set T, and let e =
(R, (s1,...,5,)) be a Il-edge in S. We write h-e = h- (R, (s1,...,5,)) for the II-edge
(R, (h(s1),...,h(s,))) in T. For a set E of Il-edges in S, we write h - E for the set of
[I-edges {h-e| e € S} in T. A (II-)morphism % : X — Y from a Il-structure X to a
[I-structure Y is a function h : | X| — |Y| satisfying h - E(X) C E(Y)). We then have the
concrete category Str(II) of II-structures and their morphisms.

We now turn to the syntax of relational Horn theories.

3.4. DEFINITION. A relational Horn formula (over II) is an expression & —> ),
where ® is a set of [I-edges in Var and v is a (I U {=})-edge in Var, for a binary relation
symbol = not in II. If ® = {p1,...,p,} is finite, then we write ¢y, ..., ¢, = 1, and if
® = &, then we write = 1. A relational Horn formula without equality (over
IT) is a relational Horn formula & = 1) (over II) such that ¢ does not contain =.

We shall typically write IT-edges in Var as Ruv; ...v,' rather than (R, (vy,...,v,)), and
when R € II has arity 2, we shall typically write vy Rvs rather than Ruvyvs.

3.5. DEFINITION. For any (IT U {=})-edge ¢ = Rwv;...v, in Var, we define Var(yp) :=

{or,... v} I @ is aset of (ILU{=})-edges in Var, then we set Var(®) := J 4 Var(p).

3.6. DEFINITION. A relational Horn theory T (without equality) is a set of re-
lational Horn formulas (without equality) over II, which we call the azioms of T. We
shall assume throughout that if ® = v; = vy is an axiom of T with equality, then

Var(®) = {vy,v2}.2

3.7. DEFINITION. Let X be a Il-structure. We define a (IT U {=})-structure X by |X| :=
|X| and E (X) := E(X) U{(=, (z,2)) | € |X[}. A valuation in X is a function
K : Var — | X|. We say that X satisfies a relational Horn formula ® = if X = -1
for every valuation s in X such that X = k- ¢ for each ¢ € ®. A model of a relational
Horn theory T (or T-model) is a [I-structure that satisfies all axioms of T. We let T-Mod
be the full subcategory of Str(II) spanned by the T-models, so that T-Mod is a concrete
category.

3.8. REMARK. Let X be a II-structure, and let ¢ be a (I U {=})-edge in Var. It is
clear that if k, <’ : Var — |X| are valuations that agree on Var(yp) but may not agree on
variables in Var \ Var(y), then X |= k- ¢ iff X = &' - . Hence, we shall often specify
valuations simply by defining their values on a specific subset of Var of interest, with the
understanding that the valuation is defined arbitrarily on variables outside of this specific
subset.

"'We emphasize that the notation Ruv; ...v, is not meant to suggest that the variables v1,...,v, are
pairwise distinct; i.e. we may have v; = v; for distinct 1 < 4,5 < n.

2This mild but simplifying assumption (which is satisfied by all the examples of Example 3.9) is
explicitly invoked in the proofs of Theorems 6.4 and 7.7.
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3.9. ExAMPLE. We have the following central examples of relational Horn theories:

1. If T is the empty relational Horn theory, then of course T-Mod = Str(II). In particular,
if 1T is empty, then T-Mod = Set.

2. Let II have a single binary relation symbol <, and let T be the relational Horn theory
over II that contains the axioms =z <z and z < y,y < z = x < 2. Then T-Mod
is the concrete category Preord of preordered sets and monotone functions. If one adds
the additional axiom = < y,y < * = x = y, then the category of models of the
resulting relational Horn theory is the concrete category Pos of posets and monotone
functions.

3. The following examples derive from [11, 18]. Let (¥, <, ®, k) be a commutative unital
quantale [16], i.e. (¥, <) is a complete lattice and (¥, ®, k) is a commutative monoid
and ® preserves all suprema in each variable. A ¥ '-graph or ¥ -valued relation (X,d)
is a set X equipped with a function d : X x X — ¥. A reflexive ¥ -graph is a V-
graph (X, d) satisfying d(x,z) > k for all x € X. A ¥ -category is a reflexive ¥-graph
(X,d) satisfying d(z,z) > d(z,y) ® d(y,z) for all z,y,z € X. A pseudo-¥ -metric
space is a ¥-category (X, d) satisfying d(z,y) = d(y,x) for all z,y € X. Finally, a
¥ -metric space is a pseudo-¥ -metric space (X, d) satisfying d(z,y) > k = z =y for
all z,y € X. If (X,dx) and (Y, dy) are ¥-graphs, then a ¥ -functor or ¥ -contraction
h:(X,dx) — (Y,dy) is a function h : X — Y such that dx (z,2") < dy(h(x), h(z")) for
all z, 2" € X. We let 7-Gph be the concrete category of ¥ -graphs and ¥ -functors, and
we let #-RGph (resp. ¥-Cat, PMety, Mety ) be the full subcategory of #-Gph consisting
of the reflexive ¥ -graphs (resp. the ¥ -categories, the pseudo-# -metric spaces, the ¥'-
metric spaces).

Let 11, have binary relation symbols ~, for all v € #". We let Ty _cpn be the relational
Horn theory over Iy that consists of the axioms x ~, y = x ~, y for all v,v' € ¥
with v > o', together with the axioms {r ~,, y | i € I} = 1 ~y ,, y for all
small families (v;);e; of elements of ¥". We let Ty rgpn be the relational Horn theory
over Iy, that extends Ty.gpn by adding the single axiom = x ~y . We let Ty _cat
be the relational Horn theory over II, that extends Ty.rgen by adding the axioms
T~y Y, Y Ny 2 == T~y 2 for all v,0" € ¥ We let Tpyer, be the relational Horn
theory over Ily that extends Ty_ci: by adding the axioms z ~, y = y ~, x for
all v € 7. Finally, we let Tyet, be the relational Horn theory over II, that extends
Thmet,, by adding the single axiom x ~y y = « = y. It is shown in [15, Appendix] that
Ty gen-Mod (resp. Ty reph-Mod, Ty_ca-Mod, Tppet,, -Mod, Tiet, -Mod) is isomorphic
to ¥-Gph (resp. ¥-RGph, ¥-Cat, PMety, Mety)3.

3.10. Let T be a relational Horn theory. If T is without equality, then the concrete
category T-Mod is topological over Set (see [15, Proposition 4.4] or [17, Proposition 5.1].

3The first two isomorphisms are not explicitly established in [15, Appendix], but they immediately
follow from the proofs given there.
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In general, the concrete category T-Mod is monotopological over Set (in the sense of [1,
Definition 21.38]; see [17, Proposition 5.5]). Thus, given a small diagram D : &/ — T-Mod,
the limit cone of D is the initial lift of the limit cone of | —|o D in Set (see e.g. [1, 21.15]).
In particular, the functor | —| : T-Mod — Set strictly preserves small limits. The category
T-Mod is also cocomplete, and moreover locally presentable (by [2, Proposition 5.30]).
Finally, the full subcategory T-Mod < Str(II) is (epi-)reflective by [9, Proposition 3.6],
so that every Il-structure generates a free T-model.

3.11. Let T be a relational Horn theory. In view of 3.10, the product X x Y in T-Mod
of T-models X and Y is given by | X x Y| = |X| x |Y]| with

RYY = {((x1,91), -, (o, yn)) € (X X [Y)" | X E Ry ...xp and Y = Ryp ...y}

for each R € II of arity n > 1, with the product projections as in Set. The terminal object
1 of T-Mod is given by |1| = {*} and 1 &= R *...x* for each R € II.

The pullback A X B in T-Mod of T-model morphisms f: A — C and g : B — C'is
given by |4 xc Bl = |A] xic |B| = {(a,b) € |4] x |B| | f(a) = g(b)} with

R¥¢B = {((ay,by),...,(an,bn)) €|Axe B|" | A= Ray ...a, and B |= Rb; ...b,}

for each R € II of arity n > 1, with the pullback projections as in Set.

3.12. Let T be a relational Horn theory. For the remainder of the paper we shall be
concerned with providing sufficient conditions for T-Mod to be (locally) cartesian closed,
but it is worth noting that T-Mod is always at least symmetric monoidal closed, which we
now recall from [9, Definition 3.11 and Corollary 3.13]. For T-models X and Y, the internal
hom [X, Y] has underlying set |[X,Y]| = T-Mod(X,Y), and for R € II of arity n > 1 and
[T-morphisms fi1,...,f, : X = Y we have [X,Y] E Rf1... [, if Y = Rfi(z)... fu(x)
for each x € | X|. For T-models X and Y, the tensor product X ® Y is the free T-model
(3.10) on the II-structure A with |A| := |X| x |Y] and A = R(z1,v1) - .. (xn, yn) iff (i)
x1=...=xz,and Y E Ry;...yn, or (ii) y1 = ... =y, and X & Rz;...x,, for each
R € 1I of arity n > 1. The tensor unit is the free T-model (3.10) on the II-structure I
with |7] a singleton set and R! := & for each R € II.

4. Exponentiability in Str(1I)

We fix a relational signature 11 for the remainder of this section. We shall first consider
exponentiability in the category Str(II) of II-structures and II-morphisms; in fact, we shall
prove in Theorem 4.5 that Str(I) is always locally cartesian closed, and even a quasitopos.

4.1. DEFINITION. Let f : X — Z be a morphism of Il-structures. For each z € |Z|, we
define a II-structure X, as follows: we set |X;.| := f~!(z) C |X|, and for each R € II
of arity n > 1, we set R*/= := RX N[ X, .|".
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4.2. DEFINITION. Let f : X — Z be a morphism of [I-structures, and let Y be a II-
structure. We define a Il-structure P = P(Y f) as follows. We set

IPli={(j,#) | = € 1Z] and j € Set (| X;.I,[Y])} .
Now let R € II of arity n > 1, and let (j1,21),..., (Jn, 2n) € |P|. Then we set

PE R, z1) - (Jns 2n)

iff Z}= Rzy...z2, and forall z; € f~4(2),...,2, € f71(2,) such that X = Ry ...x,, we
have Y = Rji(x1) ... jn(x,). We then have a II-morphism p : P — Z given by p(j, z) 1= =
for each (j,2) € |P|, and a II-morphism ¢ : P xz X — Y given by &((j, 2), z) := j(z) for
each ((j, 2),z) € |P xz X|.

4.3. REMARK. In the definition of |P| in Definition 4.2, one might wonder why the first
component of an element (j, z) € |P| is just a function j : | Xy .| — |Y| rather than a II-
morphism j : Xy, — Y. The forgetful functor | — | : Str(II) — Set is represented (not by
the terminal object 1 but) by the tensor unit II-structure I defined in 3.12 by |I| := {*}
and E(I) := @. In other words, for each Il-structure X we have a natural bijection
| X| = Str(IT)(1, X). If we want P to be a partial product of Y over f (see 2.2), then by
setting @ := I in the definition of partial product, we see that |P| = Str(II)(/, P) must be
isomorphic to the set given in Definition 4.2, since for each z € |Z| and corresponding II-
morphism z : I — Z, the pullback I x z X satisfies |I x 7 X| = | X .| but E(I xz X) = &,
so that a II-morphism I xz X — Y is just a function | X .| — |Y|. However, when we
consider T-Mod for a (reflezive, 5.1) relational Horn theory T in §5 below, we shall need
to define |P| in (perhaps) the more expected way, with the first component of (7, z) € |P|
being a II-morphism j : Xy, — Y (see Definition 5.6 and Remark 5.7).

4.4. PROPOSITION. Let f : X — Z be a morphism of Il-structures, and let Y be a II-
structure. Then the l-structure P = P(Y, f) of (4.2) is a partial product of Y over f in
Str(II).

ProoF. We defined the required II-morphisms p : P — Z and ¢ : P Xz X — Y in
Definition 4.2. Solet ¢: Q — Z and ¢g: Q Xz X — Y be morphisms of Str(IT). We must
show that there is a unique II-morphism h : Q — P satisfying poh = gand co(h Xz 1x) =
g. Solet a € |Q|, and let us define h(a) := (ja,q(a)) € |P|. We have ¢q(a) € |Z], and
we must define a function j, : |Xjq@a| — [Y]. For each z € |Xjqya| = f'(g(a)) we
have f(x) = q(a), so that (a,z) € |Q xz X|, and we can then set j,(z) := g(a,z) € |Y|.
We must now show that the function h : |Q| — |P| is a II-morphism A : Q@ — P. So
let R € II of arity n > 1, let ay,...,a, € |Q|, and suppose that Q = Ray...a,; we
must show that P |= Rh(ay)...h(a,), i.e. that P = R(ja,,q(a1)) .. (Ja,, q(an)). We first
have Z = Rq(a1)...q(a,) because Q = Ray...a, and ¢ : Q — Z is a [I-morphism.
Now let x; € f~'(q(a;)) for each 1 < i < n, suppose that X = Rz;...z,, and let
us show that Y | Rja, (z1)...Ja,(zn), ie. that Y | Rg(ay,xq)...g9(an, x,). But we
have Q = Raj...a, and thus Q xz X = R(ai,z1)...(ap,x,), and g : Q@ xz X — Y
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is a II-morphism. So h : ) — P is a [I-morphism, and we clearly have po h = ¢ and
SO(hXle):g.

To show the uniqueness of h, let k : () — P be any II-morphism satisfying pok = ¢ and
eo(k xz1x) =g, and let us show for each a € |@Q| that k(a) = h(a) = (ja, q(a)). Since
pok = g, we just need to show that m(k(a)) = ja : | Xfe@| — Y], ie. that m(k(a))(x) =
Ja(x) = g(a,x) for each x € | X 4., |; but this is true because e o (k Xz 1x) = g. n

If IT just contains a single binary relation symbol, then it is known that Str(II) is a
quasitopos (see e.g. [1, Examples 28.9(2)]). We can now extend this result to Str(II) for
an arbitrary relational signature II.

4.5. THEOREM. Str(Il) is a quasitopos for every relational signature I1.

PRrOOF. Str(II) is locally cartesian closed by 2.2 and Proposition 4.4. Since the concrete
category Str(II) is topological over Set (by 3.10, in view of Example 3.9.1), we then deduce
from 2.4 that Str(II) is a quasitopos. "

5. Exponentiability in T-Mod for a relational Horn theory T

We now consider exponentiability in T-Mod for a relational Horn theory T. Unlike the
situation for Str(Il) (see Theorem 4.5), it is well known that T-Mod is in general not
even cartesian closed, let alone locally cartesian closed or a quasitopos. For example (see
Example 3.9), Preord and Pos are not locally cartesian closed, while the category Met of
(extended) metric spaces (which is Mety for the Lawvere quantale ¥, see [15, Example
3.7]) is not even cartesian closed.

5.1. DEFINITION. Let II be a relational signature. A Il-structure X is reflexive if for
each R € II the relation R¥ is reflexive, i.e. for each z € |X| we have X = Rz...z. A
relational Horn theory T is reflexive if every T-model is reflexive.

5.2. If T is a reflexive relational Horn theory, then T-Mod admits constant morphisms
(2.3). For if X and Y are T-models and h : |X| — [Y| is a constant function, then h is
a II-morphism h : X — Y, because if R € II of arity n > 1 and X = Rz;...x,, then
Y | Rh(zy)...h(x,) because h(z1) = ... = h(x,) and Y is reflexive. More generally,
any constant function from a Il-structure into a reflexive Il-structure is a I[I-morphism. If
T is reflexive, then T-Mod is clearly well-fibred (2.3).

5.3. DEFINITION. Let II be a relational signature. We say that Il is a preordered
relational signature if for each n > 1, the set II(n) of relation symbols of arity n is
equipped with a preorder < (i.e. a reflexive and transitive binary relation). We say that
a preordered relational signature II is discrete if each preordered set II(n) (n > 1) is
discrete, and we say that a preordered relational signature Il is a complete Heyting
algebra if each preordered set I1(n) (n > 1) is a complete Heyting algebra (i.e. a complete
lattice in which binary meets distribute in each variable over arbitrary joins).
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5.4. EXAMPLE. We consider the relational signatures of Examples 3.9.1 and 3.9.2 to
be discrete, while if (7, <,®,k) is a commutative unital quantale with the associated
relational signature I1y of Example 3.9.3, then we equip the set I1y(2) with a preorder
that is generally not discrete: for v,v' € ¥, we set ~, < ~, iff v < . If (¥,<)
is a complete Heyting algebra, then the relational signature IIy is a complete Heyting
algebra.

We fiz a preordered relational signature 11 for the remainder of this section.

5.5. DEFINITION. We let Ty; be the relational Horn theory (without equality) over IT that
consists of the axioms = Rwv...v for all R € II, as well as the axioms Rv;...v, =
Svy...v, for all R, S € II(n) (n > 1) such that R > S, where vy,...,v, are pairwise
distinct variables. If II is a complete Heyting algebra, then we also stipulate that Ty
contains the axiom {R;vy...v, |i€ 1} = (\/,Ri)v1...v, for each n > 1 and small
family (R;)ier in II(n), where vq,. .., v, are again pairwise distinct variables.

In particular, the relational Horn theory Ty is reflexive (5.1). A model of Ty is a
reflexive Il-structure X such that RX C S¥ for all R, S € lI(n) (n > 1) with R > S; if I
is a complete Heyting algebra, then also (), RX C (\/, R;)™ for ecach n > 1 and (R;);e; in
II(n).

5.6. DEFINITION. Let f : X — Z be a morphism of T-models, and let Y be a T-model.
We define a Il-structure P = P(Y, f) as follows. We set

[Pl :={(j,2) | z € |Z] and j € Str(IT) (X, Y)} .
Now let R € TI(n) (n > 1) and let (j1,21), ..., (Jn, 2n) € |P|. Then we set

P ): R(jl, Zl) ce (]m ZN)

iff Z Rzy...2,andforallzy € f71(2),...,2, € f}(2,) and S € II(n) with R > S and
X E Sy ...z, we have Y = Sji(x1) ... jn(x,). We then have a II-morphism p: P — Z
defined by p(j, z) := z for each (j,2) € |P|, and a II-morphism ¢ : P xz X — Y defined
by ((7,2),x) := j(x) for each ((j,2),x) € |P xz X|.

5.7. REMARK. Since Ty is reflexive, it follows that the forgetful functor | —| : Ty-Mod —
Set is represented by the terminal object 1 (3.11), so that for each Tr-model X we have
a natural bijection |X| = Str(II)(1, X). If we want P (in Definition 5.6) to be a partial
product of Y over f, then by setting () := 1 in the definition of partial product, we see
that |P| = Str(IT)(1, P) must be isomorphic to the set given in Definition 5.6 (compare
the situation for Str(II) in Remark 4.3).

Without any assumption on f : X — Z, for each Ty-model Y the II-structure P(Y, f) of
Definition 5.6 is automatically a model of Ty:

5.8. PROPOSITION. Let f : X — Z be a morphism of Tr-models, and let Y be a Ty-
model. Then the T-structure P = P(Y, f) of (5.6) is a model of Tyy.
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PRrOOF. To verify that P is reflexive, let R € II(n) (n > 1) and let (4, z) € |P|; we must
show that P |= R(j, 2) ... (J, ). Since the Tr-model Z is reflexive, we have Z |= Rz. .. z.
Now let zy,...,z, € f7!(z2), and let S € II(n) with R > S and X | Sz, ...x,. Because
J: Xy, — Y is a [l-morphism and Xy, = Sz ... x,, we then have Y |= Sj(x1) ... j(z,).

Now let R, S € II(n) (n > 1) with R > S, and suppose that P |= R(j1,21) ... (Ju, 2n);
we must show that P = S(j1,21) ... (Jn, 2n). We first have Z |= Sz; ...z, because 7 is a
Tr-model and Z = Rz ... 2,. Now let z; € f~1(z;) for each 1 <4 < n, let T € TI(n) with
S>Tand X | Tx;...x,, and let us show that Y = T (x;) ... jn(x,). From R > S and
S > T we obtain R > T by transitivity of II(n), and then from P = R(j1,21) ... (Jn, 2n)
we obtain Y = Tj1(z1) ... jn(24), as desired.

Suppose finally that IT is a complete Heyting algebra, let n > 1 and let (R;);c; be
a small family in II(n), and suppose that P = R;(j1,21) ... (Jn, 2n) for each i € I. To
show that P = (V, Ri) (j1,21) ... (Jn, 2n), we first have Z = (\/, R;) 21 ... 2, because
Z E Rizy...z, for each i € I and Z is a Ty-model. Now let z; € f~1(2;) for each
1 <i<mn,letS ellln) with \/;R;, > S and X | Sz;...x,, and let us show that
Y | Sji(z1) ... jn(xn). We have S = S AV, R, = V(S A R;) because II(n) is a complete
Heyting algebra. Because Y is a Tp-model, it then suffices to show that Y = (S A
Ri)ji(z1) ... jn(zy,) for each i € I, which readily follows from P = R;(j1,21) ... (Jn, 2n)
and the fact that X is a T-model. n

We say that a relational Horn theory T is an extension of T over Il if T is a relational
Horn theory over IT whose set of axioms contains the axioms of Ty (so that each model
of T is a model of Tyy).

5.9. PROPOSITION. Let T be any extension of T over 11, let f : X — Z be a morphism
of T-Mod, let Y be a T-model, and suppose that the 11-structure P = P(Y, f) of (5.6) is
a T-model. Then P is a partial product of Y over f in T-Mod.

PROOF. We defined the required II-morphisms p : P — Z and ¢ : P xz X — Y in
Definition 5.6. The proof is now almost identical to that of Proposition 4.4. Using the
notation of that proof, given morphisms ¢ : Q@ — Z and g : Q@ xz X — Y of T-Mod,
we must first show for each a € |Q| that the function j, : |Xy4q)| — [Y] defined by
Ja(z) = g(a,x) for each x € f~'(¢g(a)) is a Il-morphism j, : Xjea — Y. So let
R € II of arity n > 1, let z1,..., 2, € f~'(q(a)), and suppose that Xy, = Rz ... 2.
Then f(z;) = q(a) and hence (a,z;) € |Q xz X| for each 1 < i < n, and moreover
X E Rzy...x,. Since @ | Ra...a by reflexivity of Ty, we then obtain @ xz X =
R(a,zy)...(a,x,), and then because g : Q Xz X — Y is a [I-morphism, we deduce that
Y = Rg(a,z1)...9(a,x,), i.e. that Y | Rj.(x1) ... jo(2,), as desired.

We must also show that the function h : |Q| — |P| defined by h(a) := (j,,q(a)) for
each a € |@Q] is a Il-morphism h : Q — P. Solet R € Tl of arity n > 1, let a4, ..., a, € |Q],
and suppose that @ = Ra; ... a,; we must show that P = Rh(a;)...h(a,), i.e. that P =
R(jaysq(ar)) ... (Ja,, q(an)). We first have Z = Rq(ay)...q(a,) because Q = Ra; .. .a,
and q : Q — Z is a [I-morphism. Now let z; € f~!(g(a;)) for each 1 <1i < n, let S € I1(n)
satisfy R > S and X | Sz ...x,, and let us show that Y |= Sj,, (z1) ... ja, (x), i.e. that
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Y = Sg(ai, 1) ... g9(an, z,). But we have Q = Sa; ... a, (because @ is a Ty-model) and
thus @ xz X E S(ay,x1) ... (an, z,), and so the result follows because g : Q@ xz X — Y
is a [I-morphism. [

For an extension T of Ty over IT and a morphism f : X — Z of T-Mod, Proposition 5.9
entails (in view of 2.2) that f will be exponentiable if, for each T-model Y, the II-structure
P(Y, f) of Definition 5.6 is a model of T (note that it is already a model of Ty by
Proposition 5.8). In §6 and §7 we shall turn to identifying a sufficient condition on f,
which we call convexity, that will entail this.

6. Convexity in the discrete case

We shall first suppose (throughout this section) that T is a reflexive relational Horn theory
(5.1) over a discrete relational signature 1. In §7 we shall consider the case where II is
not necessarily discrete. Note that when II is discrete, then we can just take the axioms
of Ty to be = Ruv...v for all R € II, since the axiom Rwv;...v, = Rv;...v, (for
n>1and R € II(n)) is (of course) automatically satisfied by every Il-structure. Thus, a
relational Horn theory T over II is an extension of Ty iff it is reflexive?.

For a reflexive relational Horn theory T over the discrete relational signature II, we
now identify a useful sufficient condition for a morphism of T-Mod to be exponentiable
(see Theorem 6.5). We write T \ Ty for the relational Horn theory over I whose axioms
are the axioms of T that do not belong to Ty, i.e. the axioms of T other than the reflexivity
axioms = Rv...v (R € II).

6.1. DEFINITION. Let f : X — Z be a morphism of T-Mod, and let ® = Rv;...v, be
an axiom of T \ Ty without equality. We say that f is convex with respect to (the
axiom) & = Ruv;...v, if f satisfies the following condition:

Let kz : Var — |Z]| be a valuation such that Z |= Kz - ¢ for each ¢ € ®. Let
z; € f71(kz(v)) for each 1 <4 < n, and suppose that X |= Rz;...x,. Then there is a
valuation # : Var — | X| such that x(v;) = z; for each 1 < i < n and k(v) € f~H(kz(v))
for each v € Var(®) \ {v1,...,v,} and X |= k- ¢ for each ¢ € P.

We say that f is convex if it is convex with respect to each axiom of T \ Ty without
equality.

6.2. EXAMPLE. Let T be the reflexive relational Horn theory for preordered (partially
ordered) sets (see Example 3.9.2), and let f : X — Z be a morphism of T-Mod = Preord
(T-Mod = Pos), i.e. a monotone function between preordered (partially ordered) sets. The
only axiom of T \ Ty without equality is the transitivity axiom x < y,y < z = = < z,
and one readily sees that f is convex (with respect to this axiom) iff whenever we have
x1,x3 € |X| and zy € |Z] satisfying 7 < x3 and f(x;) < 2z < f(x3), there is some

4Technically, if T is reflexive, then the relational Horn formulas = Rv...v for R € II need not be
axioms of T, so that T need not be an extension of Ty as we have defined this concept; but we can clearly
assume w.l.o.g. that these relational Horn formulas are axioms of T.
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T9 € f71(2) such that z; < xy < x3. So f is convex iff f is an interpolation-lifting map
in the sense of [14, Definition 2.1].

6.3. REMARK. The notion of convexity can be understood in terms of certain lifting
properties as follows. Let ® be a set of Il-edges in Var. We let &1 be the free T-
model (3.10) on the II-structure @y defined by |®p| := Var(®) and E (®p) := P, so that
Op |= @ for each ¢ € ®. For each T-model X, we have that [I-morphisms &7 — X are
in natural bijective correspondence with II-morphisms ®; — X, which in turn are in
natural bijective correspondence with functions x : Var(®) — |X]| satisfying X = k- ¢
for each p € ®. In particular, for any relation symbol R € TI(n) (n > 1) and pairwise
distinct variables vy, ..., v, € Var, we write Ry := {(R, (v1,...,v,))}r, and Il-morphisms
Rr — X are then in natural bijective correspondence with n-tuples (xy,...,z,) € |X|"
such that X = Rxy...x,.

Now let f : X — Z be a morphism of T-Mod, and let ® = Rwv; ...v, be an axiom
of T\ T without equality. We write (» = Ruv;...v,); for the T-model (® U {(R,
(v1,...,v,))})r. Since (& = Ruv; ... v,)p = Ruy ... vy, thereis a corresponding canonical
[I-morphism f r : Ry — (® = Rvy...v,)p. Then it readily follows that f is convex
with respect to the axiom & = Rwv; ...v, iff for each outer commutative square of the
form

R’]r > X
fa,R - f

(® = Ruy...0)g ——— Z,

there is a (not necessarily unique) diagonal filler (& = Ruv; ... v,); — X, which means
that f has the (weak) right lifting property with respect to fo r : Ry — (® = Rvy...v,)q.
So f is convex iff for each axiom ® = Ruv;...v, of T \ Ty without equality, f has
the weak right lifting property with respect to the canonical II-morphism fg z : Rr —
(& = Ruy...v,)g.

6.4. THEOREM. Let f : X — Z be a convex morphism of T-Mod, and let Y be a T-model.
Then the l-structure P = P(Y, f) of (5.6) is a T-model, so that P is a partial product of
Y over f in T-Mod (5.9).

PrOOF. We already know from Proposition 5.8 that P is reflexive (i.e. a model of Ty).
First let ® = Rv;...v, be an axiom of T \ Ty without equality, let x : Var — |P|
be a valuation, and suppose that P = k- ¢ for each ¢ € ®; we must show that P |
Rk(vq) ... Kk(v,). Let k(v;) := (i, 2z;) € |P| for each 1 < i < n, so that we must show
P = R(j1,21) .. (jn, 2n). First, we must show that Z |= Rz ... z,. We have the composite
valuation po x : Var — |Z] that satisfies Z |= (po k) - ¢ for each ¢ € ® because p: P — Z
is a IT-morphism. Then because Z is a T-model, we deduce that Z = (po k) - Rvy ... vy,
i.e. that Z = Rz ... 2.
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Now let z; € f~1(z;) = f~'(p(k(v;))) for each 1 < i < n, suppose that X | Rxy ...z,
and let us show that Y |= Rji(z1) ... jn(z,). Since Z |= (pok) - ¢ for each ¢ € ® and f is
convex, there is some valuation kx : Var — | X| such that kx(v;) = x; for each 1 <i <n
and kx(v) € f~ (p(k(v))) for each v € Var(®) \ {vy,...,v,} and X | rx - ¢ for each
¢ € ®. We then obtain a valuation ' : Var — |P xz X| given by £/(v) := (k(v), kx(v))
for each v € Var(®)U{vy,...,v,}. For each ¢ € @, we then readily deduce from P = k- ¢
and X = kx - that P xz X =k - . Then since € : P xz X — Y is a [I-morphism,
we obtain Y |= (e o &) - ¢ for each ¢ € ®. Because Y is a T-model, we then deduce that
Y = (e oK) - Ruy...v,, which means precisely that Y = Rji(x1) ... jn(x,), as desired.

Now let ® = = = y be an axiom of T \ Ty with equality, let x : Var — |P| be a
valuation, and suppose that P |= k - ¢ for each ¢ € ®; we must show that x(x) = k(y) €
|P|. Let k(x) := (j1,21) and k(y) := (J2, 22), so that we must show (j1,21) = (J2, 22).
We have the composite valuation p o k : Var — |Z| with Z |= (po k) - ¢ for each ¢ € O,
since p : P — Z is a Il-morphism. Then because Z is a T-model, we deduce that
p(k(z)) = p(k(y)), i.e. that z; = 2 = z. We must now show that j; = jo : Xy, = Y.
So let a € f1(z). We have a valuation k, : Var — |Y| given by k,(z) := ji(a) and
Ko(y) = ja(a). Since Var(®) = {x,y} (3.6), for each ¢ € @ it readily follows from
PEkr-panda € f71(z) = f71(z1) = f~(22) and the reflexivity of T that Y |= &, - .
Since Y is a T-model, we then deduce that k,(x) = K4(y), i.e. that ji(a) = ja(a), as
desired. This proves that P is a model of T. [

From 2.2 and Theorem 6.4 we immediately deduce the following;:
6.5. THEOREM. Convex morphisms of T-Mod are exponentiable.

6.6. REMARK. For certain examples of reflexive relational Horn theories T, it is known
that convexity of a morphism of T-Mod is not only sufficient but also necessary for its ex-
ponentiability. For example, when T is the reflexive relational Horn theory for preordered
(partially ordered) sets (see Example 3.9.2), then (in view of Example 6.2) it is known
that a morphism of T-Mod = Preord (T-Mod = Pos) is convex iff it is exponentiable; see
[14, Theorem 2.2] and [3, §4.1]. Despite our efforts, we do not know if convexity is also
necessary for exponentiability in general; the proofs of necessity in the special cases of
Preord and Pos do not readily generalize to T-Mod for an arbitrary reflexive relational
Horn theory T.

Morphisms of T-Mod are always convex with respect to axioms of T of a certain special
form, as we show next.

6.7. DEFINITION. Let S be a relational Horn theory over a relational signature . We

say that S entails® a relational Horn formula ® = ¢ over X if it is satisfied by every
S-model.

5Tt is also possible to express entailment in terms of a syntactic deducibility relation based on the
axioms of S and certain inference rules for relational Horn formulas (cf. [9, Page 5]).



EXPONENTIABILITY IN CATEGORIES OF RELATIONAL STRUCTURES 507

6.8. DEFINITION. An axiom ® = Ruv; ... v, without equality of T \ Ty is safe if there
is some function x : Var — {vy,...,v,} that fixes {v1,...,v,} (i.e. k(v;) = v; for each 1 <
i < n) such that T entails the relational Horn formula Rv; ...v, = k- ¢ for each ¢ € ®.
The axiom ® = Ruv; ... v, is very safe if it is safe and moreover Var(®) C {vy,...,v,}
(so that T entails the relational Horn formula Ruv; ... v, = ¢ for each ¢ € ®).

6.9. EXAMPLE. Let T be the reflexive relational Horn theory for preordered (partially
ordered) sets (see Example 3.9.2). The only axiom of T \ Ty without equality is the
transitivity axiom x < y,y < z = x < z. This axiom is safe, because if we define
k: Var — {z,z} by k(z) := z and k(y) := = and k(2) := 2z (and arbitrarily otherwise),
then « fixes {z,z} and T entails the relational Horn formulas z < z = z < z and
xr < z = x < z. For any reflexive relational Horn theory T and binary relation symbol
R € 11, the symmetry axiom Rzy = Ryxz is (evidently) very safe.

6.10. PROPOSITION. Let f : X — Z be a morphism of T-Mod. Then f is convexr with
respect to all very safe axioms of T \ Tyy.

PROOF. Let & = Ruv;...v, be a very safe axiom of T \ Ty, so that (in particular)
Var(®) C {vy,...,v,}. Let k7 : Var — |Z| be a valuation such that Z |= k- ¢ for each
p € @, let x; € f1(kz(v;)) for each 1 <4 < n, and suppose that X = Rz;...z,. We
then have a valuation k : Var — | X| given by k(v;) := z; for each 1 < i < n such that
X | k- for each p € &, because X | Rk(vy)...k(v,) and T entails Rv;y...v, = ¢
for each ¢ € ®. ]

We shall now specialize the preceding definitions and results to provide useful sufficient
conditions for the exponentiability of objects of T-Mod.

6.11. For a T-model X and the unique morphism !x : X — 1, we now simplify the
construction of the Il-structure P = P(Y,!x) = Y of Definition 5.6 for a T-model Y.
We have |Y¥| = Str(IT)(X,Y), the set of II-morphisms X — Y. For each R € II of
arity n > 1 and any I-morphisms hy,...,h, : X — Y, we have YX = Rhy...h, iff
X | Rxy...x, implies Y = Rhy(z1) ... hp(xy,) for all 24, ..., 2, € |X]|. The evaluation
[T-morphism ¢ : YX x X — Y is given by e(h,z) := h(z) for h € Str(IT)(X,Y) and
x e |X|

Definition 6.1 now specializes as follows:

6.12. DEFINITION. Let X be a T-model, and let & = Ruv; ... v, be an axiom of T \ T
without equality. We say that X is convex with respect to (the axiom) ¢ —
Ruv; ... v, if the unique morphism !y : X — 1 is convex with respect to ® = Ruv; ...v,,
i.e. if for all zy,...,z, € | X| such that X = Rz, ...z,, there is a valuation « : Var — | X|
such that k(v;) = z; for each 1 <i <nand X |= k- ¢ for each ¢ € . We say that X is
convex if it is convex with respect to each axiom of T \ Ty without equality.

Theorems 6.4 and 6.5 now specialize to yield the following:

6.13. THEOREM. Convex T-models are exponentiable.
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6.14. PROPOSITION. Let X be a T-model. Then X 1is convex with respect to all safe
azioms of T \ Tr.

PROOF. Let ® = Ruv;...v, be a safe axiom of T \ T. Then there is some function
k : Var = {vy,...,v,} that fixes {vy,...,v,} and is such that T entails the relational
Horn formula Rv; ...v, = k- ¢ for each p € ®. Let z1,...,x, € |X| and suppose that
X | Rxy...xy,. Let v: {vy,...,v,} — | X| be the function defined by ¢(v;) := z; for each
1 <i < n. We then have a valuation kx := v ok : Var — |X| satisfying kx(v;) = z; for
each 1 < i < n such that X |= kx - ¢ for each ¢ € @, because X = Rrx(v1)...kx(v,)
and T entails Rvy ...v, = K- ¢. m

From Theorem 6.5, Proposition 6.10, Theorem 6.13, and Proposition 6.14, we now
immediately deduce the following result:

6.15. THEOREM. Let T be a reflexive relational Horn theory over a relational signature
I1, and suppose that all axioms of T\ T without equality are safe (resp. very safe). Then
T-Mod is cartesian closed (resp. locally cartesian closed).

6.16. EXAMPLE. We saw in Example 6.9 that if T is the reflexive relational Horn theory
for preordered or partially ordered sets, then all axioms of T\ Ty without equality are safe.
So from Theorem 6.15 we recover the well-known facts that Preord and Pos are cartesian
closed categories. We also saw in Example 6.9 that if T is any reflexive relational Horn
theory, then for each binary relation symbol R € II, the symmetry axiom Rxy — Ryx
is very safe. So if Il consists of a single binary relation symbol R and T is the relational
Horn theory over II consisting of the two axioms = Rzx and Rxy = Ryx, then from
Theorem 6.15 we also recover the well-known fact that T-Mod, which is the category of
sets equipped with a (binary) reflexive and symmetric relation, is locally cartesian closed.

A topological universe [1, Definition 28.21] is a well-fibred topological category over Set
that is also a quasitopos. It is remarked in [1, Example 28.23] that (using our notation)
when II is the discrete signature consisting of a single binary relation symbol, the category
Tr-Mod (whose objects are sets equipped with a (binary) reflexive relation) is a topological
universe. We now show that this result holds more generally.

6.17. THEOREM. Let T be reflexive relational Horn theory without equality, and suppose
that all azioms of T\ Ty are very safe. Then T-Mod is a topological universe.

PrOOF. We know from Theorem 6.15 that T-Mod is locally cartesian closed. Since T-Mod
is topological over Set (3.10) and well-fibred (5.2), we now deduce from 2.4 that T-Mod
is a quasitopos and hence a topological universe. [

A topology P (see [10, V.4.1]) on a finitely complete category € is a class of morphisms
of € that contains all isomorphisms, is closed under composition, and is stable under
pullback. It is known (see e.g. [10, V.4.D] or [13, Corollaries 1.3 and 1.4]) that the

exponentiable morphisms of ¢ form a topology Exp(%) on €.
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6.18. DEFINITION. We let Convex(T-Mod) be the class of convex morphisms of T-Mod.

Since we in general only know that Convex(T-Mod) C Exp(T-Mod) (see Theorem 6.5 and
Remark 6.6), we cannot directly deduce that Convex(T-Mod) is a topology on T-Mod from
the fact that Exp(T-Mod) is a topology on T-Mod; but the former claim is nevertheless
true:

6.19. PROPOSITION. Convex(T-Mod) is a topology on T-Mod.

PrROOF. From Remark 6.3 we know that a morphism of T-Mod is convex iff it has the
weak right lifting property with respect to a certain set of morphisms of T-Mod, and it
is well known (and straightforward to prove) that this entails that Convex(T-Mod) is a
topology. [

We conclude this section with a useful alternative sufficient condition for T-Mod to be
cartesian closed (cf. Theorem 6.15). An object Y of a category € with finite products is
sometimes said to be exponentiating if an exponential ex : Y* x X — Y (i.e. a coreflection
of Y along X x (=) : € — ¥) exists for each X € ob%. If II contains only binary relation
symbols, then we say that a IT-structure X is transitive if the binary relation R* on | X| is
transitive for each R € II, and we say that a relational Horn theory T over Il is transitive
if every T-model is transitive.

6.20. THEOREM. Suppose that 11 contains only binary relation symbols, and let T be a
reflexive relational Horn theory over I1. Then every transitive T-model is exponentiating.
So if T is a reflexive and transitive relational Horn theory over 11, then T-Mod is cartesian
closed.

PROOF. Let Y be a transitive T-model and let X be a T-model. We will show that
the II-structure YX of 6.11 is a T-model, so that the desired result will then follow by
Proposition 5.9. We first claim that for each R € Il and all hy, hy € ‘YX| = Str(I) (X, Y),
we have YX | Rhihy (as in 6.11) iff Y = Rhy(x)hy(x) for all x € |X|. Suppose first
that YX | Rhihy as in 6.11, and let z € |X|. Then since X = Rzx, we deduce
that Y = Rhi(z)ha(x), as desired. Conversely, suppose that Y | Rhq(x)hg(z) for each
x € |X|, and suppose that X = Rxjzs; we must show that Y = Rhy(zq1)ha(z2). In
particular we have Y | Rhi(x1)ho(z1). Since hy : X — Y is a Il-morphism, we also
have Y |= Rha(z1)h2(z2). Then from transitivity of Y we obtain Y = Rhy(z1)he(22), as
desired.

We now show that Y¥ is a T-model. For any Il-edge (R, (h1, ko)) in |[YX| = Str(II)(X,
Y) and any z € |X|, we write (R, (h, ho))(x) for the Il-edge (R, (hi(x), hao(x))) in |Y].
Let ® = ¢ be an axiom of T\ Ty, and let & : Var — |[Y¥| = Str(I)(X,Y) be a
valuation such that k- € E (YX) for each ¢ € ®. Supposing first that & = @ is
without equality, we must show that x -1 € E (YX ) By the previous paragraph, this
means showing for each x € |X]| that (k- v¢)(z) € E(Y). Given z € |X|, we have a
valuation k, : Var — |Y| defined by k,(v) := r(v)(z) for each v € Var. For each ¢ € ®
we have k, - ¢ = (k- ¢)(z) € E(Y) by hypothesis (and the previous paragraph), so
that (k- ¥)(x) = Kk, - € E(Y') because Y is a T-model, as desired. Now suppose that
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1 = v; = v9, and let us show that k(vy) = k(vy), i.e. that k(vy)(x) = k(vy)(z) for all
x € | X|. As above, we have the valuation «, : Var — |Y'| with k,(v) = k(v)(z) for each
v € Var, and for each p € ® we have Y |= K, - ¢, so that k,(v;) = k. (v2) because Y is a
T-model, i.e. k(v1)(z) = k(ve)(z), as desired. "

6.21. EXAMPLE. In Example 6.16 we noted that one explanation for the cartesian clo-
sure of Preord and Pos is the fact that the axioms without equality of the corresponding
relational Horn theories are all safe. Since these relational Horn theories are reflexive and
transitive (and their relational signature contains only binary relation symbols), Theo-
rem 6.20 also provides another explanation for the cartesian closure of Preord and Pos.

6.22. REMARK. The condition that T be (reflexive and) transitive is sufficient (by Theo-
rem 6.20) but certainly not necessary for T-Mod to be cartesian closed. For example, if II
contains a single binary relation symbol R, then Ty consists of the single axiom =— Rz,
and Ty-Mod is (locally) cartesian closed by Theorem 6.15, even though there clearly exist
Tp-models that are not transitive (i.e. sets equipped with a binary reflexive relation that
is not transitive).

7. Convexity in the non-discrete case

In §6 we considered reflexive relational Horn theories T over discrete preordered relational
signatures II, and we provided sufficient conditions for objects and morphisms of T-Mod
to be exponentiable. In this final section we shall consider the case where the preordered
relational signature II is not discrete. In fact, we shall suppose throughout this section that
the preordered relational signature 11 is a complete Heyting algebra (5.3). For example, if
(7,<,®,k) is a commutative unital quantale such that (7', <) is a complete Heyting
algebra, then the preordered relational signature IIy of Example 3.9.3 is a complete
Heyting algebra (see Example 5.4). Note that if k = T (the top element of ¥'), then
we may identify the relational Horn theory Ty, of Definition 5.5 with the relational Horn
theory Ty _rgpn of Example 3.9.36.

We shall identify a useful sufficient condition for a morphism of T-Mod to be exponen-
tiable, where T is a schematic extension of Ty (see Definition 7.5). As a result, we shall
recover a known sufficient condition for a morphism of #'-Cat to be exponentiable, where
(7, <,®,k) is a commutative unital quantale such that (¥, <) is a complete Heyting alge-
bra (see [3, Theorem 3.4] and [5, Theorem 1.1}, where it is shown that this condition is also
necessary for exponentiability). In fact, our approach in this section is greatly influenced
by the characterization of exponentiable objects and morphisms in ¥-Cat = T+ _c,.-Mod
(see Example 3.9.3), as the reader can hopefully glean from Examples 7.2, 7.4, and 7.6
below.

6Technically Tyy,, contains the reflexivity axioms = x ~,, x for all v € ¥, whereas the only reflexivity
axiom that Ty _rgph contains is = x ~y x; but since k = T, it follows that Ty _rgph entails the relational
Horn formulas = z ~, z for all v € 7, so we can assume w.l.o.g. that they are axioms of Ty _rgph-
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7.1. DEFINITION. Let n > 1, and let & be a relation symbol of arity n that is not in
II. An n-ary axiom schema over II is a triple (®,,0) consisting of a set ® of {S}-
edges in Var, a {S}-edge ¢ in Var, and a function o : II(n)®* — II(n). Given a {S}-edge
¢ = Svy...v, in Var and an element R € II(n), we let pr be the Il-edge Rv; ... v, in
Var. Given a set ® of {S}-edges in Var and a tuple R = (Ry) pco € [I(n)®, we define
the set of [I-edges @5 := {¢r, | v € ®} in Var. An instance of an n-ary axiom schema

(®,1,0) over Il is a pair (E € Il(n)®, &5 = ¢0(§)>- An axiom schema over II is an

n-ary axiom schema over II for some n > 1.

7.2. EXAMPLE. Let (¥, <,®, T) be a commutative unital quantale such that (¥, <) is a

complete Heyting algebra. The generalized transitivity axiom schema is the binary axiom

schema ({zSy,ySz}, xSz, 0) over Ily, where o : [1y(2) x I1y(2) — I1y(2) is given by

T (~yy ~yr) 1= ~epge for v, v € ¥ Aninstance of the generalized transitivity axiom schema

is thus (or may be identified with) a pair ((v,v') € ¥2,{x ~y Y,y ~u 2} = T ~pgw 2).
The symmetry axiom schema is the binary axiom schema ({zSy},ySz, 11, (2)) over

Ty, an instance of which is a pair (v € ¥,z ~, y = y ~, ).

For any set ® and n > 1 and R, S € II(n)®, we define RA S := (R, A Se)pen € I(n)®.

7.3. DEFINITION. Let f : X — Z be a morphism of T-models, let (®, Sv; ... v,,0) be an
n-ary axiom schema over II, and let (E ell(n)® &5 =0 (}_%) vy .. .vn) be an instance.
We say that f is convex with respect to the instance (E, Op =0 (E) (I .vn) of
the axiom schema (®,Sv;...v,,0) if f satisfies the following condition:

Let 7 : Var — |Z| be a valuation satisfying Z |= k7 - ¢g, for each ¢ € ®, and let
z; € [~ (kz(v;)) for each 1 < i < n. We say that a valuation x : Var — | X| is good if
k(v;) = x; for each 1 <i < n and k(v) € f'(kz(v)) for all v € Var(®) \ {vy,...,v,}. For
each good valuation & : Var — | X|, we define

R, ::\/{a(ﬁ/\g) | S €l(n)® and X | k- pg, Vo € D} .
Then for each T' € TI(n) such that 7' < o (E) and X =Tz ...x,, we require that
T < \/{RH | k: Var — | X is good} .

We say that f is convex with respect to an axiom schema if f is convex with respect
to each instance of the axiom schema.

7.4. EXAMPLE. Let (¥, <,®, T) be a commutative unital quantale such that (¥, <) is
a complete Heyting algebra. Let f : X — Z be a morphism of Ty ,-models (i.e. Ty rgph-
models), so that f : (| X|,dx) — (|Z|,dz) is a ¥ -functor between the corresponding
reflexive #-graphs; see Example 3.9.3. For any Ty, -model (i.e. Ty rgpn-model) Y and
y,y € Y], we have dy(y,y') = V{u € ¥ | Y =y ~, ¥/} (see [15, Appendix]), so for
any v € ¥ it readily follows that v < dy(y,v) iff Y =y ~, ¢/. Consider the generalized
transitivity axiom schema ({zSy,ySz}, xSz, 0) over 11y from Example 7.2.
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We now verify that f : X — Z is convex with respect to each instance of the gen-
eralized transitivity axiom schema iff f : (|X|,dx) — (|Z],dz) satisfies the condition
of [3, Theorem 3.4], namely that for all 1,23 € |X|, 22 € |Z], and v,v" € ¥ with
v <dz(f(x1),2) and V' < dz(z, f(z2)), we have

dx(zras) A(w@v) <\ (dx(z1,22) Av) @ (dy (2, 25) A V') .

z2€f1(22)

Suppose first that f is convex with respect to each instance of the generalized transitivity
axiom schema, and let x1, 23 € |X|, 22 € |Z|, and v,v" € ¥ be as in the condition. Then
we have Z |= f(x1) ~y 22 and Z |= 29 ~y f(x2), and since dx(z1,23) A (v @ V) <v @
and X = 1 ~ay (z1,05)Awev) T3, We deduce from the hypothesis on f that

dx(ﬁl, 1'3) AN (U &® U,)
< \/ {(unv)@ (u' AV') Ju,u € ¥ and X | 21 ~y 22 and X | 29 ~y 23}

za€f1(22)

Now for each z3 € f~1(23) we have

(dx(ffh .172) VAN ’U) X (dx(l’g, 1'3) A UI)
= (\/{ue VX Ex Nuxg}/\v> ® (\/{u’ eV | X | xy ~w .173}/\2}/>
Z\/{u/\v |lue? and X | 1y Nux2}®\/{u'/\v’ |/ € ¥ and X |= 2y ~y 23}
={(uAv)@ W AV) |u,u' € ¥ and X E 21 ~, 29 and X = 29 ~y 23},
where the second equality holds because 7 is a Heyting algebra and the last because ¥
is a quantale. Thus, f satisfies the condition of [3, Theorem 3.4]. Conversely, suppose
that f satisfies this condition, let v,v" € ¥/, and let z1, x5 € | X| and 22 € |Z| be such that

Z k= f(x1) ~y 20 and Z |= 29 ~y f(x3). For each w < v ® v/ such that X | z1 ~,, 3,
we must show that

za€f1(22)

w < \/ {(unv)@ (u' AV) u,u’ € ¥ and X |= 21 ~y 22 and X | 29 ~y 23},

ie. that w <V, cr1(,) (dx(z1,22) Av) ® (dx (22, 23) Av') (by the calculation above).
By hypothesis on Z we have v < dz(f(x1), 22) and v' < dz(z2, f(x3)), so we deduce from
the condition on f that

dx(x1,23) A (v V) < \/ (dx(z1,22) Av) @ (dx (22, 23) AV'),
xo€f~1(22)

which yields the result because w < dx(z1,x3) (since X = 21 ~y, x3) and w < v @'
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7.5. DEFINITION. Let T be arelational Horn theory over II. We say that T is a schematic
extension of Ty given by a set .¥ = {(®;, 15, 05) | s € L} of axiom schemas over
IT if the axioms of T are those of Ty, together with all instances of all axiom schemas
in .7, together with (perhaps) some axioms with equality. We say that a morphism of
T-models is convex if it is convex with respect to each axiom schema in .%.

7.6. EXAMPLE. Let (7, <,®, T) be a commutative unital quantale such that (¥, <) is a
complete Heyting algebra. The relational Horn theory Ty _c,: over 11y of Example 3.9.3 is
a schematic extension of Tr, = Ty .rgph given by the set consisting of just the generalized
transitivity axiom schema of Example 7.2. The relational Horn theory Tpmet, over Iy of
Example 3.9.3 is a schematic extension of Ty, = Ty.rgph given by the set consisting of the
generalized transitivity axiom schema and the symmetry axiom schema of Example 7.2.
The relational Horn theory Twet, over Iy of Example 3.9.3 is a schematic extension of
Ty, = Ty reph given by the set consisting of the generalized transitivity axiom schema and
the symmetry axiom schema of Example 7.2, together with the axiom x ~+ y = x =y.

7.7. THEOREM. Let T be a schematic extension of Ty given by a set . of axiom schemas
over Il, and let f : X — Z be a convex morphism of T-models. Then for every T-model
Y, the l-structure P = P(Y, f) of (5.6) is a model of T.

PROOF. In view of Proposition 5.8, it remains to show that P is a model of each instance
of each axiom schema in ., and of each axiom of T with equality. The latter assertion is
proved exactly as in the proof of Theorem 6.4. So let (¢, Sv; ...v,, ) be an axiom schema
in .7, and let (R € II(n)®, &z => 0 (R) v1...v,) be an instance. Let A : Var — |P|
be a valuation such that P |= A - g, for each ¢ € ®, and let us show that P =
o (R) A(v1) ... A(vy). Let A(v;) := (jjs, ) for each 1 < i < n, so that we must show
P o (R) (j1,21)--- (jn, 2n)- The proof that Z = o (R) z1 .. . z, is exactly as in the proof
of Theorem 6.4; in particular, we have the valuation k7 := po A : Var — |Z] satisfying
Z = Kz - @g, for each p € ®. Now let z; € f~'(2) = [ (kz(v;)) for each 1 < i < n,
let T <o (E) be such that X = Tz ...z, and let us show that Y = T (z1) . .. jn(zn).
Because f is convex and Y is a Ty-model, this will be true if Y = R,j1(x1) . .. jn(x,) for
every good valuation & : Var — | X|. Given a good valuation & : Var — | X|, let S € II(n)®
satisfy X |= K - pg, for each ¢ € ®; since Y is a Tr-model, it then suffices to show that
Y Eo (RAS)ji(z1). .. julz,).

For each ¢ € @, it follows from P |= A - ¢g, and the fact that P is a Ty-model
that P = A - @rrs,). Similarly, for each ¢ € ® we have X | & - g, and hence
X | K- @r,rs,)- We have a valuation £’ : Var — |P x z X| given by x/(v) := (A(v), k(v))
for each v € Var that therefore satisfies P x; X | &’ - ©(r,ns,) for each ¢ € ®. Since
€ : PxzX — Y is a ll-morphism, we then deduce that Y |= (¢ o &) - g, nrs,) for
each ¢ € ®. Because Y is a T-model and (RA S € II(n)®, &g =0 (RAS) v1...v,)
is an instance of the given axiom schema (®,Sv;...v,,0) of ., it then follows that
Yo (RAS)e(k (v1))...e(k (v)), ice. that Y = 0 (RAS) ji(z1) ... julz,), as desired.
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From 2.2, Proposition 5.9, and Theorem 7.7 we immediately obtain the following theorem:

7.8. THEOREM. Let T be a schematic extension of Ty. Then every convex morphism of
T-Mod is exponentiable.

7.9. REMARK. For certain examples of schematic extensions T of Ty, it is known that
convexity of a morphism of T-Mod is not only sufficient but also necessary for its expo-
nentiability. For example, when T = Ty . (see Example 7.6) for a commutative unital
quantale (7, <, ®,k) such that (¥, <) is a complete Heyting algebra, then (in view of
Example 7.4) it is known that a morphism of Ty _c,-Mod = #-Cat is convex iff it is expo-
nentiable; see [3, Theorem 3.4] and [5, Theorem 1.1]. As in Remark 6.6, we do not know
if convexity is also necessary for exponentiability in general; the proof of necessity given
in [3, Theorem 3.4] for T = Ty _c, does not readily generalize to T-Mod for an arbitrary
schematic extension T of Ty.

7.10. DEFINITION. Let T be a schematic extension of Ty given by a set . of axiom
schemas over II, and let (®,Sv; ...v,,0) be an axiom schema in .. This axiom schema

is safe if 6 (RAS) = o (R) AS for all R € II(n)® and S € II(n) (where RA S :=

(Ry A S),eq) and there is some function « : Var — {vy,...,v,} that fixes {vi,...,v,}
such that T entails o (E) Vy...V, => K- g, for all R € II(n)® and ¢ € ®. The axiom
schema is very safe if it is safe and moreover Var(®) C {vy,...,v,} (so that T entails

o (R)vi...v, => ppg, for all R € II(n)® and ¢ € ®).

7.11. EXAMPLE. Let (¥,<,®, T) be a commutative unital quantale such that (¥, <)
is a complete Heyting algebra. Consider the relational Horn theory Ty _ca over Iy of
Example 3.9.3, which is a schematic extension of Ty, = Ty_rcph given by the set consisting
of just the generalized transitivity axiom schema of Example 7.2. This axiom schema is
not safe in general, for otherwise Ty_c;i-Mod = ¥#-Cat would be cartesian closed by
Theorem 7.16 below, which is not true in general. However, the generalized transitivity
axiom schema is safe when (7, <) is totally ordered and ® = A is the binary meet
operation of (¥, <): for we of course have (v; A vy) Av = (v1 Av) A (v2 A v) for all
v,v1,v2 € ¥ and for any v,v" € ¥, we have w.l.o.g. v < v' and thus v AV = v, so
the function x : Var — {z, 2z} defined by k(x) := x,k(y) := z, k(2) := z (and arbitrarily
otherwise) is such that Ty _ca entails © ~ypy 2 = T~y  and & ~ypy 2 = T~y 2.

Consider also the relational Horn theory Tpmet, over IIy of Example 3.9.3, which is
a schematic extension of Tr, = Ty.repn given by the set consisting of the generalized
transitivity axiom schema and the symmetry axiom schema of Example 7.2. Again, the
former axiom schema is not safe in general (because otherwise Tpyet, -Mod = PMety
would be cartesian closed by Theorem 7.16 below, which is not true in general). But the
symmetry axiom schema is (evidently) very safe.

7.12. PROPOSITION. Let T be a schematic extension of T given by a set . of axiom
schemas over 11, and let f : X — Z be a morphism of T-models. Then f is convexr with
respect to all very safe axiom schemas in 7.
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PROOF. Let (®,Sv; ...v,,0) be a very safe axiom schema in ., and let R € TI(n)®. Let
kiz : Var — | Z| be a valuation satisfying Z |= k7 - g, for each ¢ € ®, let x; € f~'(rz(v;))
for each 1 < i < n, let T' € II(n) be such that T" < o (E) and X |= Tz ...x,, and let
us show that 7' < \/{R, | k : Var — |X| is good}. The valuation x : Var — | X| given by
k(v;) := z; for each 1 <i < n is good (since Var(®) C {vy,...,v,}), so it suffices to show
that T' < Ry, i.e. that

TS\/{U(E/\?) | S €ll(n)® and X = k- g, Vp € D}.

From X |= Tz ...x, we obtain X = (a (E) A T) x1...x, (since X is a model of Tyr) and
then X = o (RAT)z;...2,, sincec (R)AT =0 (RAT). Since (®,Sv; ... v,,0) is very
safe, it follows that T entails o (E A T) V..., = Qg a7 for each p € ®. Since X isa T-
model, we then deduce that X |= k-¢g a7 for each ¢ € ®. We then have T' = o (T{) AT =
c(RAT) =0 (RA(RAT)) <V {o(RAS)|Sell(n)® and X |= k- pg, Vo € D}, as
desired. ]

Definition 7.3 now specializes to Tr-models as follows:

7.13. DEFINITION. Let X be a Tr-model, let (®,Sv; ... v,,0) be an axiom schema over
I1, and let (E ell(n)® &5 =0 (E) vy ... vn) be an instance. We say that X is con-
vex with respect to the instance (}_%, Y (E) (I .vn) of the axiom schema
(®,Sv; ... v,,0) if X satisfies the following condition:

Let xq,...,z, € | X]|, and let us say that a valuation x : Var — | X| is good if k(v;) = x;
for each 1 <i < n. For each good valuation « : Var — | X|, we define

R, Z:\/{U(E/\g) | S €l(n)® and X | k- pg, Vo € D} .
Then for each T € II(n) such that 7' < o (R) and X |= Ty ... x,, we require that
T < \/{RN | k: Var — | X is good}.

We say that X is convex with respect to an axiom schema if X is convex with
respect to each instance of the axiom schema.

Theorem 7.8 now specializes to yield the following:

7.14. THEOREM. Let T be a schematic extension of Tr. Then every convex T-model is
an exponentiable object of T-Mod.

7.15. PROPOSITION. Let T be a schematic extension of T given by a set . of axiom
schemas over 11, and let X be a T-model. Then X is conver with respect to all safe axiom
schemas in ..
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PROOF. Let (®,Sv; ...v,,0) be a safe axiom schema in .. Then there is some function
A Var — {vy,...,v,} that fixes {vy,...,v,} such that T entails o (Ti) V..U, =
A - g, for all R € TI(n)? and ¢ € ®. To show that X is convex with respect to
an instance (E, bp = U(E) vl...vn), let x1,...,2, € |X]|, let T < 0(}_%) be such
that X = Ty ...x,, and let us show that " < \/{R, | k : Var — |X| is good}. Let
v {vr, ..., v} — |X]| be the function defined by i(v;) := z; for each 1 < i < n.
We then have a good valuation k := 1o A : Var — |X|, so it suffices to show that
T <R, ie that T <\ {o(RAS)|Sell(n)®and X k- s, Vo € P}. From X |=
Tz ...z, we obtain X | (a (E) A T) x1...x, (because X is a model of Ty) and then
X Eo(RAT)x ...z, (since 0 (R) AT = o (RAT)). We then deduce (from the
hypothesis on \) that X = kg a7 for each p € @, sothat T =0 (R)AT =0 (RAT) =
o (RAN(RAT)) <V{o(RAS)|Sell(n)® and X |= k- ps, Vo € }, as desired. =

From Theorem 7.8, Proposition 7.12, Theorem 7.14, and Proposition 7.15 we immediately
deduce the following result:

7.16. THEOREM. Let T be a schematic extension of Ty given by a set . of axiom schemas
over I1. If each axiom schema in . is safe, then T-Mod is cartesian closed. If each axiom
schema in . is very safe, then T-Mod is moreover locally cartesian closed.

We also have the following analogue of Theorem 6.17, whose proof is identical to that of
Theorem 6.17 after using Theorem 7.16 in place of Theorem 6.15; the result that ¥-RGph
is a topological universe (and in particular a quasitopos) recovers [3, Theorem 2.5] (see
also [6, Theorem 5.6]).

7.17. THEOREM. Let T be a schematic extension of Ty given by a set . of axiom schemas
over 11, and suppose that T is without equality and that each aziom schema in . is very
safe. Then T-Mod is a quasitopos, and moreover a topological universe. In particular,
if (V,<,®,T) is a commutative unital quantale such that (¥, <) is a complete Heyting
algebra, then Ty, -Mod = Ty repn-Mod == ¥ -RGph is a topological universe.

7.18. REMARK. [Further directions] We conclude the paper by discussing two further
questions that could be pursued. As we explained in Remarks 6.6 and 7.9, our results only
establish the sufficiency of convexity for the exponentiability of objects and morphisms in
various categories of relational structures, but for certain (classes of ) examples it has been
established (in [3] and [14]) that convexity is also necessary for exponentiability. It would
therefore be interesting and useful to try to characterize the relational Horn theories T
such that convexity is not only sufficient but also necessary for exponentiability in T-Mod.

Another further question is the following. We have studied convexity when T is a
(certain kind of) relational Horn theory over a preordered relational signature II that is
discrete (in §6) or a complete Heyting algebra (in §7). It would be interesting and useful
to try to develop an approach to convexity that generalizes both cases and can be applied
when II is an arbitrary preordered relational signature. The two definitions of convexity
in Definitions 6.1 and 7.3 are rather different; in particular, the definition of convexity in
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Definition 7.3 (when II is a complete Heyting algebra) makes explicit and significant use
of the complete lattice structure of II, which is not available when II is discrete.
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