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A Pieri formula and a factorization formula
for sums of K-theoretic k-Schur functions

Motoki Takigiku

ABSTRACT We give a Pieri-type formula for the sum of K-k-Schur functions Zu <) g,(f) over

a principal order ideal of the poset of k-bounded partitions under the strong Bruhat order,
~(k

whose sum we denote by gy ). As an application of this, we also give a k-rectangle factorization
formula nggi)uk = ?}i’gﬁ’” where Ry = (t*+1~%), analogous to that of k-Schur functions S%?UA =
(R (k)

Ry X

1. INTRODUCTION

Let k£ be a positive integer. K-k-Schur functions gf\k) are inhomogeneous symmetric

functions parametrized by k-bounded partitions A, namely by the weakly decreas-
ing strictly positive integer sequences A = (A1,...,A;), | € Z>g, whose terms are all
bounded by k. They are K-theoretic analogues of another family of symmetric func-
tions called k-Schur functions sf\k), which are homogeneous and also parametrized by
k-bounded partitions. The set of k-bounded partitions is denoted by Py.

In this paper we give a Pieri-type formula for a certain sum of K-k-Schur functions
(Theorem 1.3 and 1.4) and a factorization formula (Theorem 1.5) involving the k-
rectangle partitions R; defined later, mainly using combinatorial properties of the
strong (Bruhat) and weak orderings on the affine symmetric groups.

Historically, k-Schur functions were first introduced by Lapointe, Lascoux and
Morse [18], and subsequent studies led to several (conjecturally equivalent) charac-

terizations of sE\k): Lapointe and Morse [21] gave the Pieri-type formula, and Lam [12]
proved that k-Schur functions correspond to the Schubert basis of homology of the
affine Grassmannian. Moreover, Lam and Shimozono [17] showed that k-Schur func-
tions play a central role in the explicit description of the Peterson isomorphism.
These developments have analogues in K-theory. Lam, Schilling and Shimozono [15]
characterized the K-theoretic k-Schur functions as the Schubert basis of the K-
homology of the affine Grassmannian, and Morse [23] investigated them from a combi-
natorial viewpoint, giving various properties including Pieri-type formulas using affine
set-valued strips (the form using cyclically decreasing words are also given in [15]). In
this paper we start from this combinatorial characterization (see Definition 2.19).
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M. TAKIGIKU

Among the k-bounded partitions, those of the form
(1=t = (¢,...,1)
——
k41—t
for 1 <t <k, called k-rectangle and denoted by Ry, play a special role. A notable
property is the k-rectangle factorization for k-Schur functions [21, Theorem 40]: if a
k-bounded partition has the form R; U A, where the symbol U denotes the operation

of concatenating the two sequences and reordering the terms in the weakly decreasing
order, then the corresponding k-Schur function factorizes as follows:

W o8 = o)

It is natural to consider K-theoretic version of this formula. For several reasons
below, in this regard it seems to make more sense to consider the sum of K-k-Schur
functions > U< gl(ﬁ) rather than K-k-Schur function gg\k) (here < denotes the strong
order, also known as the Bruhat order, which is transferred from that of the affine
symmetric group §k+1 through the bijection Py =~ §k+1/Sk+1. See Sections 2.1.1

and 2.2.3 for the details):

CONNECTION TO K-PETERSON ISOMORPHISM. The (original) Peterson isomorphism,
first presented by Peterson in his lectures at MIT and then published by Lam and
Shimozono [16], states that the homology of the affine Grassmannian is isomorphic
to the quantum cohomology of the flag variety after appropriate localization. As its
K-theoretic version, an isomorphism between the K-homology of the affine Grassman-
nian and the quantum K-theory of the flag manifold, up to appropriate localization,
is conjectured and called K -Peterson isomorphism:

e In their attempt in [14] to verify the coincidence of the Schubert structure
constants in the K-homology of the affine Grassmannian and the quantum
K-theory of the flag manifold on torus-equivariant settings, Lam, Li, Mihalcea
and Shimozono proved a special case of Theorem 1.5 for SLs (i.e. the case
k = 1) with explicit calculations, in the context of geometry:

(2) Oibot, v = Ozt, v

a a

where x is any affine Grassmannian element in the affine Weyl group, O,
is the Schubert class of structure sheaves on the affine Grassmannian and
t_v is the translation by the negative of the simple coroot of SLsy. (See also
Remark 2.14.)

e In [9], Tkeda, Iwao and Maeno gave an explicit ring isomorphism, after appro-
priate localization, between the K-homology of the affine Grassmannian and
the presentation of the quantum K-theory of the flag manifold that is conjec-
tured by Kirillov and Maeno and proved by Anderson, Chen, and Tseng [1],
as well as a conjectural description of the image of the quantum Grothendieck
polynomials, which is conjectured to be the quantum Schubert classes. These
presentations notably involve the dual stable Grothendieck polynomials gr,
and their sum uc R, I corresponding to the k-rectangles R;. Note that
uwC Ry <= u < Ry, and that it is conjectured that ggk) = gy for A C R;.

REMARK 1.1. After this article was submitted, there appeared a preprint [10] by Syu
Kato in which he claims to have proved conjectures in [14] and in particular the
factorization property for the structure sheaves in general type.

k
NATURAL APPEARANCES OF Z#<>\ gL ) IN k-RECTANGLE FACTORIZATION FORMULAS

OF gf\k). It is suggested in [15, Remark 7.4] that the K-k-Schur functions should also
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possess similar properties to (1), including the divisibility of gg?u \ by gg?, for which
the author’s preceding work [26, 27] gives an affirmative answer.

Let us review the results of [26, 27]. It is proved that ggi) divides g%i)u)\ in the

ring Ay = Z[ha, ..., hi], of which the K-k-Schur functions {g,&k)}uepk form a basis.

*) is not a single term g ) but in general

a linear combination of K-k-Schur functlons with leading term g/(\ ): for any A € Py,

k k
3) g, = gk ( ( >+ng<k>> 7

summed over £ € Py, such that |p| < |A|, with some coefficients ay, depending on R;.
A special yet important case is the factorization of multiple k-rectangles: for 1 <t < k
and a > 1,

However, unlike (1), the quotient gR U/\/g

a—1
k k
=it ()
nCR¢

where R = R, U---U Ry (a times). Note that p C Ry <= p < R;. Furthermore, it
is conjectured that the set of u appearing in (3) forms an interval under the strong
order: namely, for any A € Py and 1 < ¢t < k, we expect there to exist v € Py, such

that
k k
o =aff) ¥ o
v UK

These observations suggest the usefulness of Definition 1.2 below.
1.1. MAIN RESULTS. Let <, <, and <gr be the strong, left weak, and right weak

order on Sj41 (see Section 2.1.1 for the details).

From the observation above, we consider and denote by §§\k) the sum of K-k-Schur
functions over the order ideal generated by A under the strong order <:

DEFINITION 1.2. For any A € Py, we write

~(k) Z gl

n<A

Our first main theorem is a Pieri-type formula for g( ). We start with the Pieri
rule for g\ [15, 23]: for A € P and 1 < r < k,
k —
g he =3 (—1)AEr =l g B,
(A,p)
summed over affine set valued strips (u/A, A) of size r (See Definition 2.19 for more

(k)

details). In terms of gy, this rule becomes relatively simple:

THEOREM 1.3. Let A € Py and 1 < r < k, and define ET =ho+hyi+:--+h.. Then
(k)
e =3P,
o
summed over | € Py, such that p < k for some k € Py such that k/\ is a weak strip
of size r.

To express its right-hand side as a linear combination of {g,(f)}M, we recall that a
weak strip over A corresponds to a proper subset of I = {0,1,...,k}: for k € Py, /A
is a weak strip if and only if there exists A C I such that Kk = daA =1 A, where d4
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is the cyclically decreasing permutation corresponding to A (see Sections 2.2.2, 2.2.3,
and 2.2.4 for the details).

THEOREM 1.4. With the setting in Theorem 1.3, we let da, A, da, A, ... be the list of
weak strips of size v over \. Then

~k)T m—1 ~(k)
e =D DT D G

m2>=1 a1 <--<am
=D Gdu DT > 4 -
< - ng Gdagna,A + dA NApNAA
a a<b a<b<c

(Moreover da,na,n.. A = (da,\) A (da,A\)A. .., where A denotes the meet in the poset
Pr. with the strong order. See also Proposition 1.6.)

Our second main theorem is the k-rectangle factorization formula for §E\k), which
holds in the same form as that for k-Schur functions (1):

THEOREM 1.5. For any A € Py, and 1 <t < k, we have
~(k) ~(k)~(k)
9r,ux = 9R, 9

To deduce Theorem 1.5 from Theorem 1.4 is easy and discussed in Section 6. The
proof of Theorem 1.3 and 1.4, on the other hand, is the technical heart of this paper
and requires auxiliary work on the strong and weak orderings on the set of affine
permutations as well as the structure of the set of weak strips, which are discussed in
Section 3 and 4.

This paper is organized as follows.

In Section 2, we review notations and facts on combinatorial backgrounds. In Sec-
tion 2.1 we treat arbitrary Coxeter groups and their strong and weak orderings. It also
contains quick reviews on the generalized quotients [4] and the Demazure products.
Section 2.2 contains notations specific to the affine symmetric groups and a review on
their Young-diagrammatic treatment. In Section 2.3 we briefly review the Pieri-type
formulas for k-Schur and K-k-Schur functions.

Section 3 contains technical lemmas on the strong and weak orders on arbitrary
Coxeter groups. In Section 3.1 the lattice property of the weak order is reviewed.
Although it is known that the quotient of an affine Weyl group by its correspond-
ing finite Weyl group forms a lattice under the weak order [28], we include another
proof for the type affine A using the k-Schur functions. Section 3.2 contains basic
properties of the Demazure and anti-Demazure actions. In Section 3.3 we show the
existence of ming{z € W | < z 21 y} and max<{z € W | 2 > z < y}, anal-
ogous to the join and meet. In Section 3.4 we consider an “interval-flipping” map
®,: [e,2]. — [e,2]r; ¢ — zz~! and show that @, is anti-isomorphic under the
strong order and sends strong-meets (if exist) to strong-joins. In Section 3.5 we show
the Chain Property of lower weak intervals, analogous to the Chain Property of the
generalized quotients.

In Section 4, we focus on the affine symmetric groups and give results on the
structure of the set of weak strips, which includes:

PROPOSITION 1.6 (C Proposition 4.2). For any A € Py and A, B C I with da\/)\ and
dpM/ )\ are weak strips,

(1) danBA/X and daupA/ X are weak strips.

(2) danpA = daX AdpX under the strong order.

PROPOSITION 1.7 (C Proposition 4.12). For any A € Py, there exists iy € I (=
{0,1,...,k}) such that iy ¢ A for any weak strip da\/\.
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Section 5 and 6 are devoted to proving the Pieri-type formula for §§\k) (Theorem 1.3

and 1.4) and the k-rectangle factorization formula for §§\k) (Theorem 1.5), respectively.

2. PRELIMINARIES
In this section we review some requisite combinatorial background.

2.1. COXETER GROUPS. For basic definitions for the Coxeter groups we refer the
reader to [2] or [8].

2.1.1. Strong and weak orderings. Let (W,S) be a Coxeter group and T' = {wsw™
w € W} its set of reflections. The left weak order (or simply left order) <r, right weak
order (or right order) <g, and strong order (or Bruhat order) < on W are generated
by the covering relations:

'

u<pv < (v

(u) + 1, v = su for some s € S,

u<v <= lv

(v)

u <gv <= [l(v)
(v) =1(u) + 1, v = tu for some t € T.
e

U(u)
l(u) + 1, v =us for some s € S,
U(u)

Note that the definition of th o

the classical one.
It is a few immediate observations that, for u,v € W,

strong order looks different from but coincides with

(4) u<pv = l(vu ) +1(u) =1(v),
(5) u<pv <= l(u)+1(u ) =I(v),
(6) u<puw <= l(u)+1(v) =l(uw) <= v <y uv.

We often use these equivalences without any mention. Using this translation from the
weak order to length conditions, we can easily prove the following lemma:
LEMMA 2.1. For x,y,z € W, we have

(1) 2<pyz < 2yz <= y<pzy and z <, zyz.

(2) z2ryz 2L 2yz < y<pay and z > TYZ.

We often use the following notation taken from [4]: for w € W we let (w) denote
any reduced expression for w, and (u)(v) the concatenation of reduced expressions
for u and v. Hence, saying that (u)(v) is reduced means [(u) + {(v) = {(uv).

For u,v € W with u <, v the set {w € W | u <p w <z, v} is called a left interval
and denoted by [u, v]r,. We define right interval [u, v]g and strong (or Bruhat) interval
[u, v] similarly. We shall use the notation [u, 00)y, to denote the set {w € W | u <, w},
and define [u,00)g and [u, c0) similarly.

In this paper we heavily use some well-known results on the strong and weak order-
ings on Coxeter groups described below. See, for example, [2] for details. Let v,w € W.

STRONG EXCHANGE PROPERTY. Suppose w = $182...8; (8; € S) and ¢t € T. If
l(tw) < I(w), then tw = s1...5;...s for some i € [k]. Furthermore, if s1s2...s; is a
reduced expression then ¢ is uniquely determined.

SUBWORD PROPERTY. Let w = s183...5s; be a reduced expression. Then v < w if
and only if there exists a reduced expression v = s;, 8, ... $;, With 1 <1 <2 < --- <
1 < k.

CHAIN PROPERTY(M). If v < w, then there exists a chain v = g < 21 < ... < T = w.

LIFTING PROPERTY (also known as Z-property). Let s € S. If sv > v and sw > w,
then the following are equivalent: (1) v < w, (2) v < sw, and (3) sv < sw.

(DWith the definition of < we employed here, this is trivial.
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2.1.2. Generalized quotients. For V.C W, let
W)V ={we W | l(wv) =l(w) +(v) for all v € V'}.

The subsets of the form W/V are called (right) generalized quotients [4]. Similarly
the sets of the form

VAW ={w e W | l(vw) = I(v) + (w) for all v € V'}

are called left generalized quotients. Note that, when V' = W, the parabolic sub-
group corresponding to J C I, the generalized quotient W/W) is just the parabolic
quotient W*.

It is shown in [4, Lemma 2.2] that if a,b,v € W satisfy l(av) = l(a) + I(v) and
I(bv) = 1(b) + I(v), then av < bv <= a < b. An immediate consequence is

(7) W/{v} ~ [v,00)1; w — wv
under both the strong and left weak order.

CHAIN PROPERTY FOR GENERALIZED QUOTIENTS ([4, Corollary 3.5]). If v,w € W/V
and v < w, then there exists a chain v = xg < 1 < ... < 2 = w with z; € W/V for
all 4.

2.1.3. 0-Hecke algebra and Demazure product. The 0-Hecke algebra H associated to
(W, S) is the associative algebra generated by {vs | s € S} subject to the quadratic
relations v2 = —v, and the braid relations of (W, S), that is,

.= —

VsVpls . .. = VyVUsVy ... Tfor s,t € S with sts...=tst....
—_—— —— —— =
m m m m

For w € W we can define without ambiguity v,, € H to be vy, ...vs, where s1...s, is
any reduced expression for w. Furthermore, the elements {v,, | w € W} form a basis
of H. The Demazure product (or Hecke product) * on W describes the multiplication
of basis elements in H: x * y is such that v,v, = £v.,. Some properties on the
Demazure product can be found on [5, 11].

We explicitly prepare the notation to denote the left multiplication in the Demazure
product: for s € S, we define the Demazure action ¢5: W — W by

z (ifz> sx)
st (if x < sx).

gbs(x):s*x:{

Similarly we define the anti-Demazure action ¢s: W — W by

() = {sx (if x > sx)

z  (if x < sz).

These maps {¢s}s and {1} satisfy the quadratic relations ¢? = ¢, 92 = 15 and
the braid relations of (W, S); a direct proof (found on [25, Proposition 2.1]) of this
(for 9) is that both ¥spitbs ... and Yyhsihy ... (m terms for each), where sts... =
tst... (m terms for each), send x € W to the shortest (resp. longest, when we
consider ¢) element of the parabolic coset Wys iyr. Therefore we can define without
ambiguity ¢z, %, : W — W for x € W by ¢y = ¢s, ... ¢, and ¢y = ¢s, ... s,
where * = s1...5s, is any reduced expression. Similarly we define right Demazure
and anti-Demazure actions ¢, 2 W — W for s € S by ¢F(x) = ¢s(x71)~! and
B (x) = Ps(271)7L, that is, ¢f(z) = xs if 2 < zs, etc. We also define ¢f and
Y to be (bfi e 51 and wfn ﬁ (be careful for the order of composition) where
& = s1...8y is any reduced expression. Note that ¢,(y) = 2 xy = ¢} (x). When S is
indexed with a set I, i.e. S = {s; | i € I'}, we often write ¢; = ¢5, and 1h; = 15,
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The following lemma is essentially given in [4, Theorem 4.2], and explicitly in [5,
Proposition 3.1(e)]:

LEMMA 2.2. Let z,y,z € W with x xy = z, that is, ¢,(y) =z = (bff(x). Let 2/ = zy~!
and y =z 1z, that is, z = xy’ = x'y. Then we have

(1) x,x <R %
(2) y7y gL
(3) U(z) = U= )+ 1Y) = I(a!) + U(y).
(1) 2’ <.
(5) ¥ <y.
Proof. Tt follows easily from the definition of * and the Subword Property. O

The proof of the following lemma is easy and similar to that of Lemma 2.2.

LEMMA 2.3. Let x,y,2z € W with 1, (y) = z. Let ¥’ = zy~!, that is, z = 2'y. Then
we have

(1) 2’ <

(2) z<z

1

(3) 2/~

We see more properties of ¢, 1, in Section 3.2.

x.
Yy
SR Y-

2.2. AFFINE SYMMETRIC GROUPS. In this section we briefly review the connection
between affine permutations, bounded partitions and core partitions. We refer the
reader to [13, Chapter 2] and [6] for the details.

Hereafter we fix a positive integer k.

2.2.1. Affine symmetric group. Let I = Zp1 = {0,...,k}. Let [p,q] = {p,p + 1,
...,q—1,q} € I for p # q — 1. For example, [4,2] = {4,5,0,1,2} where k = 5. A
subset A C I is called connected if A = [p, g] for some p,q. A connected component of
A C I is a maximal connected subset of A.

The affine symmetric group Sk11 is a group generated by the generators {s; | i € I'}

subject to the relations sf =1, 8;8i+15; = Si+15iSi+1, 5i8; = §;8; for i — j # 0, %1,
with all indices considered mod (k + 1). We often write s;; . instead of s;s;---. The
parabolic quotient Siy1/Sk+1, where Sy is the symmetric group (si1,...,sx) as a

subgroup of Sk1, is denoted by Sp | and its elements are called affine Grassmannian
elements.

For © € Sk41, the set of right descents Dr(x) is {i € I | x > xs;} (S I). The set
of left descents Dy (x) is defined similarly. For ¢ € I, an element w € §k+1 is called
i-dominant if Dr(w) C {i}. Note that an affine permutation is 0-dominant if and
only if it is affine Grassmannian.

2.2.2. Cyclically decreasing elements. A word a = ajas...a,, with letters from I is

called cyclically decreasing (resp. cyclically increasing) if a1,aq,...,an are distinct
and any j € I does not precede j + 1 (resp. j — 1) in a. For A C I, the cyclically
decreasing element d4 is defined to be s;,8;, ...s;, where A = {i1,d2,...,%m,} and

the word 145 .. .4, is cyclically decreasing. The cyclically increasing element ua =
Siy, Sip_1 - - - Siy is defined similarly. Note that these definitions are independent of the
choice of the word.

EXAMPLE 2.4. Let k=5 and A = {0,1,3,5} C Zg. The possible cyclically decreasing
words for A are 1053, 1035, 1305 and 3105, and hence dy = $150S553 = $1805355 =
§18350S5 — $35150S5.-
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«—— 5203210

OCO[\J‘

1] 2]

A WX

FIGURE 1. k = 3, A = (3,2,1) € Ps, ¢(\) = (5,2,1) € C4, and

Wy = 8203210 € Y.

2.2.3. Connection to bounded partitions and core partitions. In this section we review
the bijection between the set of k-bounded partitions, k + 1-core partitions and affine
Grassmannian elements in §k+1. For the details see [13, Chapter 2] and references
given there.

A partition A is called k-bounded if A\ < k. Let P, be the set of all k-bounded
partitions. An r-core (or simply a core if no confusion can arise) is a partition none
of whose cells have a hook length equal to r. We denote by C, the set of all r-core
partitions.

Now we recall the bijection

(8) Ck+1 ~ Pk ~ §Z+1.
The map p: Cxy1 — Px;k — A is defined by
Xi = #{j | (1,5) € K, hook(; jy(k) < k}.

In fact p is bijective and the inverse map ¢ = p~t: Py — Ciy1 is algorithmically
described as a “sliding cells” procedure.

The map s: §,‘€’+1 — Cg41 is constructed via an action of §k+1 on Cy4q: for
k € Cp+1 and @ € I, we define s; - k to be xk with all its addable (resp. removable)
corners with residue ¢ added (resp. removed), where the residue of a cell (i,7) is j — i
mod k 4 1. In fact this gives a well-defined §k+1—action on Cgy1, which induces the
bijection s : §,§+1 — Cpysw = w - 2.

The map P — 5,‘3“;)\ — wy is given by wy = 84, 84, - - - S4;, where (i1,42,...,14;)
is the sequence obtained by reading the residues of the cells in A, from the shortest
row to the largest, and within each row from right to left. See [20, Corollary 48] for
the proof.

For A\ € Py, the k-transpose of A is p(c(N)’) and denoted by A“*. (Here u’ denotes
the transpose of a partition p.)

EXAMPLE 2.5. Let £k = 3 and A = (3,2,1) € Ps. The corresponding 4-core partition
and affine permutation are ¢(\) = (5,2,1) € C4 and wy = Sa03210 € S5. (See Figure 1.)

2.2.4. Weak strips.

DEFINITION 2.6. For v,w € 5,‘;“, we say v/w is a weak strip (or affine strip) of
sizer if v =daw > w for some A C I with |A| =r. We also say v is a weak strip
of size r over w.

DEFINITION 2.7. For v,w € §13+1 and A C I, we say (v/w, A) is an affine set-valued
strip of size r if v = dg x w (= ¢q,(w)) and |A| = r. We also say (v, A) is an affine
set-valued strip of size r over w.

Note that if (v/w, A) is an affine set-valued strip of size r then v/w is an affine
strip of size < r.

Algebraic Combinatorics, Vol. 2 #4 (2019) 454
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FIGURE 2. The weak strips over wy where A = (3,2,1). Left weak
covers are represented as solid lines, and strong covers are solid or
dotted lines. A solid edge between v and w is labelled with s; if
v = s;w.

REMARK 2.8. Identifying A, ¢(\) and wy through the bijection P ~ Cpy1 =~ S, |, we
often say p/\ (resp. k/7) is a weak strip for A\, u € Py, (resp. &, € Cr11), ete.

REMARK 2.9. Regarding v,w € §,‘c’+1 as bounded (or core) partitions as above, we
see these notions are variants of the horizontal strip. For example, w,/wy is a weak
strip if and only if the corresponding cores ¢(p)/c(A) form a horizontal strip and
w,, > Wy, and the term “affine set-valued” originates in affine set-valued tableaux.
See, for example, [13, 23] for more details.

EXAMPLE 2.10. Let £ = 3 and A = (3,2,1) € Ps5, and thus wy = s203210 and ¢(\) =
(5,2,1). Figure 2 lists all v such that v/w) is a weak strip (the corresponding core
partitions are displayed).

2.2.5. k-code. The content of this section is mostly cited from [6].

A k-code is a function o : I — Z3¢ such that there exists at least one ¢ € I with
a(i) = 0. We often write «; = (). The diagram of a k-code « is the Ferrers diagram
on a cylinder with k£ + 1 columns indexed by I, where the i-th column contains «;
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boxes. A k-code a may be identified with its filling, which is the diagram of a with
all its boxes marked with their residues, that is, i —j (€ I) for one in the i-th column
and j-th row.

A flattening of the diagram of a k-code « is what is obtained by cutting out a
column with no boxes (that is, column j with a; = 0). A reading word of « is ob-
tained by reading the rows of a flattening of « from right to left, beginning with the
last row. Note that, though a k-code may have multiple columns with no boxes, the
affine permutation given by the reading word of « is independent of the choice of a
flattening. Indeed, for a k-code a with m rows, letting A; be the set of the residues
of the boxes in the i-th row in the diagram of o, we have that da,, ---da,da, is the
affine permutation corresponding to «. In fact this correspondence is bijective (The-
orem 2.11); an algorithm to obtain a k-code from an affine permutation is explained
below.

Mazimizing moves. For a cyclically decreasing decomposition w = dg,, - - da,, there
corresponds a “skew k-code diagram”, that is, a set of boxes in the cylinder with k+1
columns indexed by I for which A; is the set of the residues of the boxes in the i-th
row. To justify it to the bottom, we consider the following “two-row move”: pick any
consecutive two rows A, and A, 1, and let 4,5 € I with j # ¢ — 1. Then,
(1) ifi—1¢ Agya, [4,5] C Agt1, 1+ 1,5] C Ag, and 4,5+ 1 ¢ A,, then we
replace A, and A,4+1 with A, U {i} and A,41 ~ {j}, reflecting the equation
(Sj8j71 . SZ')(SJ' N Si+1) = (Sj,1 e Si)(Sj . Si+18i).

i j—1| j i j—1

it1| e j : i livt] - j

(2) ifi—1¢ Asy1, [1,7] C Aayr, [4,5] C Ag, and j+ 1 ¢ A,, then we conclude
this decomposition does not give a reduced expression, reflecting the fact that
(sj8j—1...8;)(8;...8i+18;) is not a reduced expression.

i | -1

: not reduced
i lie1]| - j

(1) ,’\’\>: (2) : ' : not reduced

It is shown in [6, Section 3] that, for any decomposition w = dg4,, ---d4, that gives
a reduced expression, we can apply a finite series of moves of type (1) to justify its
diagram to the bottom and obtain a k-code, which is in fact uniquely determined
from w and denoted by RD(w), and gives the mazimal decreasing decomposition w =
dp, -+ -dp,, that is, the vector (|Bi],...,|By|) is maximal in the lexicographical order
among such decompositions for w. Furthermore, this procedure bijectively maps affine
permutations to k-codes:

THEOREM 2.11 ([6, Theorem 38]). The map w — RD(w) gives a bijection between
Sk+1 and the set of k-codes.
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FIGURE 3. RD(w) where k = 3 and w = $28308431

- [1]
0 —
1] 5
213 — — |

3 c () c 2|1
0]1]2] (1) g
RD(w) ¢(sh(RD(w))) ¢(sh(RI(w))) RI(w)

FIGURE 4.

ExAMPLE 2.12.Let kK = 3 and w = s38308431 (this expression gives the maximal
decreasing decomposition). Then RD(w) = (0, 2,0, 1, 3). (See Figure 3)

Note that this construction also works if maximal decreasing decomposition is
replaced with maximal increasing decompositions, that is, the unique decomposition
w = up, ---up, into cyclically increasing elements with the vector (|Bil,...,|Bnl|)
being maximal in the lexicographical order, by modifying the notion of the filling of
a k-code so that the box in the i-th column and j-th row is marked with j — 4 instead
of i — j. The resulting k-code is denoted by RI(w). The map w — RI(w) also gives a
bijection between §k+1 and the set of k-codes.

It is proved [6, Corollary 39] that w € Si41 is i-dominant if and only if the flatten-
ing of the corresponding k-code RD(w) forms a k-bounded partition with residue i in
its lower left bOX, that iS, RD(w)z 2 RD(’UJ)H_l 2 Z RD(w)i_Q 2 RD(w)i_l =0.
When ¢ = 0, this mapping from 0-dominant permutations to k-bounded partitions co-
incides with the one described earlier in Section 2.2.3. Moreover, it is proved [6, Propo-
sition 51] that, for w € W*° the two corresponding k-codes RD(w) and RI(w), regarded
as k-bounded partitions, are transformed into each other by taking k-transpose:
sh(RI(w)) = (sh(RD(w)))“* where sh(a) € Py, is defined by sh(a); = [{i | v = 7}

It is also proved in [6, Proposition 56] that if © <z y then RD(z) C RD(y) and
RI(z) C RI(y).

ExaAMPLE 2.13.Let k¥ = 3 and w = 50815325035210 = S15053512501530 (these
presentations give the maximal decreasing and increasing decompositions). Then
RD(w) = (5,3,1,0) and RI(w) = (6,3,0,0), and thus sh(RD(w)) = (3,2,2,1,1) =
(2,2,2,1,1,1)%s = sh(RI(w))“s. (See Figure 4)

2.2.6. k-rectangles. The partition (t*¥17%) = (t,¢,...,t) € Py, for 1 < t < k, is
denoted by R; and called a k-rectangle.

REMARK 2.14. Consider the affine permutation wg, corresponding to the k-rectangle
R; under the bijection (8). In fact wg, is congruent, in the extended affine Weyl
group, to the translation ¢_.v by the negative of a fundamental coweight, modulo
left multiplication by the leng‘lch zero elements.

The next lemma describes the mapping A — R; U in terms of affine permutations.
For ACTand 0<t <k, wewrite A+t={a+t|ac A} (CI).
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510 1.2 3 4 [5]0 1 2 3 4 [5]0 1 2 3 4
0[1]2]3 4 5 0[1]2]3 4 5 0[1]2]3 4 5
1[2[3]4 5 0 1[2[3]4 5 0 1[2[3]4 5 0
2[3]4[5]0 1 2[3]4[5]0 1 2[3]4[5]0 1
e IS

3[4]5 0 1 2 3[4]5 0 1[2] 3[4]5 0 1 2
4]5]0 1 2 3 415/0 1 2 3 4]5/0 1 2 3
5/0[1 2 3 4 5/0/1 2 3 4 5/0[1 2 3 4
0[1]2 3 4 5 0[1]2 3 4 5 0[1]2]3 4 5
fr(wy) - wr,

5]0 1 2 3 4

0[1]2 3 4 5

1[2]3 4 5 0

e 2[8la 501

3[4f5 0 1 2

4]5]0]1 2 3

5[0[1]2 3 4

0[1]2]3]4 5

WRLUN

FI1GURE 5. Justifying process with maximizing moves, where k = 5,
t=2, Ry = (2%), and A = (4,3,3,1).

LEMMA 2.15. Let 1 < t < k. Define a group isomorphism
fi: Spyr — Spy1 s si sipq foriel.

For any A\ € Py, we have
wr,ux = fr(wx)wr, .

Proof. Let da,, ---da, and dB,4,_, "+ dp, be the maximal decreasing decomposi-
tions of wy and wg,. Then da, 1¢---da,++ i the maximal decomposition of fi(wy).
Stacking the k-code diagram of fi(w,) on that of wg,, we obtain the diagram (not
necessarily justified to the bottom) corresponding to the (not necessarily maximal)
decreasing decomposition f;(wx)wr, = da,, 4t da, +¢dB,,,_, ---dp, (See Figure 5).
With maximizing moves, we can justify the diagram to obtain one with shape R; U\,
which corresponds to the maximal decomposition of wg,ux. O

The next lemma explains the correspondence between weak strips over A and weak
strips over R; U A.

LEMMA 2.16. Let A € Py,.

(1) For AC I, if daA/)\ is a weak strip then Ry U (daX) = dayi(Re UN).
Moreover, let da, A\, da, A, ... be the list of all weak strips over \ (of size r).

(2) ReU(da,A), ReU(dayN), ... is the list of all weak strips over Ry U\ (of sizer).

(3) da,+t(ReUN),da,+:(ReUN), ... is the list of all weak strips over Ry U\ (of

size r).
Proof. (2) is [19, Theorem 20]. (3) follows from (1) and (2).
To prove (1), it suffices to show the case |A| = 1, that is, Ry U (s;A) = si44(Re U A).

This is essentially shown in the process of proving [19, Theorem 20] by seeing cor-

respondence between addable corners of ¢(\) with residue ¢ and addable corners of
¢(R:UM) with residue i +t, yet we here give another proof: by Lemma 2.15, it follows

WR,U(s;n) = ft(Ws,)Wr, = fr(siwa)wr, = siteft(Wa)WR, = Si+tWR,UA- O
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2.3. SYMMETRIC FUNCTIONS. For basic definitions for symmetric functions, see for
instance [22, Chapter I].

2.3.1. Symmetric functions. Let A = Z[hy, ha, . ..] be the ring of symmetric functions,
generated by the complete symmetric functions h, = Zilgizg---gi,. Zi, ... %;,. For a
partition A we set hy = hy, hy, ... by, The set {hx}rep forms a Z-basis of A.

2.3.2. Schur functions. The Schur functions {s)}ep are the family of symmetric
functions satisfying the Pieri rule:

h,.sy = Z P

1/ X:horizontal strip of size r

2.3.3. k-Schur functions. We recall a characterization of k-Schur functions given
in [21], since it is a model for and has a relationship with K-k-Schur functions.

DEFINITION 2.17 (k-Schur function via k-Pieri rule). k-Schur functions {sﬁf)} 5o
WEDE 11
are the family of symmetric functions such that
sgk) =1,
hy.s(F) = ngk) for0<r<kandwe §Z+17
v
summed over v € §,‘;+1 such that v/w is a weak strip of size r.
It is known that {555)} 3, forms a basis of Ay = Z[hi,...,h] C A, and s

wesy .,
is homogeneous of degree I(w). We regard sg\k) as 58? for A\ € Py. It is proved in [21,

Theorem 40] that

PROPOSITION 2.18 (k-rectangle property). For 1 < t < k and A € Py, we have

k k) (k k
Siion = Sk, 5 (= Sresy)-

2.3.4. K-k-Schur functions. In this paper we employ the following characterization
with the Pieri rule ([15, Corollary 7.6], [23, Corollary 50]) of the K-k-Schur function
as its definition.

DEFINITION 2.19 (K-k-Schur function via K-k-Pieri rule). K-k-Schur functions

{gf"k)}weggﬂ are the family of symmetric functions such that gék) =1 and
h, .gg@) — Z (71)r+l(w)*l(v)gl()k)7
(Aw)

forw € ggﬂ and 0 < r < k, summed over v € §2+1 and A C I such that (v/w, A) is
an affine set-valued strip of size r.

forms a basis of A(j). Besides, though gguk) is an inho-

It is known that {gfuk)}wego
k+1
mogeneous symmetric functioﬁ in general, the degree of gfuk) is {(w) and its homoge-
neous part of highest degree is equal to sgf ) Tn this paper, for f=3%" cwgq(uk) € A

we write [gl(,k)](f) = Cy.
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3. PROPERTIES OF THE STRONG AND WEAK ORDERINGS ON COXETER
GROUPS

In this section we let (W, .S) be an arbitrary Coxeter group.

Recall that for a poset (P,<) and a subset A C P, if the set {z € P | z <
y for any y € A} has the maximum element zy then zg is called the meet of A and
denoted by A A, and if {z € P | z > y for any y € A} has the minimum element then
it is called the join of A and denoted by \/ A. When A = {xz, y}, its meet and join are
simply called the meet and join of x and y, and denoted by x Ay and = V y. A poset
for which any nonempty subset has the meet is called a complete meet-semilattice. A
poset for which any two elements have the meet and join is called a lattice. A subset
of a complete meet-semilattice has the join if it has a common upper bound, since the
join is the meet of all its common upper bounds then.

In this paper we denote the meet of xz,y € W under the strong (resp. left, right)
order by z Ay (resp. ALy, x Agry) and call it the strong meet (resp. left meet, right
meet) of {z,y}. We define x Vy,  V y and x Vg y similarly.

3.1. LATTICE PROPERTY OF THE WEAK ORDER. It is known that the weak order on
any Coxeter group or its parabolic quotient forms complete meet-semilattices (see,
for example, [2, Theorem 3.2.1]). The join of two elements in them, however, does
not always exist, but it is known that the quotient of an affine Weyl group by its
corresponding finite Weyl group forms a lattice under the weak order [28]. We here
include another proof for the type affine A case for the sake of completeness.

LEmMA 3.1. For any v,w € ng, their join v Vi w under the left weak order exists.

Proof. Since 57, is a complete meet-semilattice, it remains to show the existence

of a common upper bound of v and w under the left order. Let s(k) and sq(f ) denote
the k-Schur functions corresponding to v and w. In the expansion of their product in

the k-Schur function basis s\ s = u cgws&k), every u appearing in the right-hand

side satisfies w <y, u because sg,k) can be written as a polynomial in hq,...,h; and

by the Pieri rule hisék) is in general a linear combination of s?(,k) with y > x. By the

same reason we have v <, u. O
We proved the following corollary in the proof of the lemma above:

COROLLARY 3.2. For any v,w € §Z+1, every u appearing with a nonzero coefficient

in the right-hand side of sv s(k) u cgwsgk) satisfies u =1 vV w.

With the K-k-Pieri rule instead of the k-Pieri in hand, the same holds for the
K-Ek-Schur functions:
COROLLARY 3.3. For any v, w € §,2+1, every u appearing with a nonzero coefficient
in the right-hand side ofg (k) =>. degu satisfies u =1 vV w.
3.2. PROPERTIES OF DEMAZURE AND ANTI-DEMAZURE ACTIONS.
LEMMA 3.4. Let x € W and ¢,,v, be the Demazure and anti-Demazure actions de-
fined in Section 2.1.3.

(1) ¢p(w) 2p w and P, (w) <p w for any w € W.
(2) ¢ and ¢, are order-preserving under <. Namely, if v < w then ¢, (v) <

(W) and ¥, (v) < Py (w).
(3) For any y € W, the map (z — ¢, (y)) is order-preserving and the map (x —
¥z (y)) is order-reversing under <.

(4) Gothy—1(y) =y and Y1 ¢ (y) <y for any y € W.
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(5) ¢ preserves strong meets and ), preserves strong joins. Namely, for
v,we W,
(a) if v Aw exists then ¢, (v) A ¢ (w) exists and equals to ¢, (v A w).
(b) if vV w exists then ¥, (v) V 1, (w) exists and equals to V(v V w).

REMARK 3.5. This lemma also works for ¢ and ¢ instead of ¢, and 1,.

REMARK 3.6. For the statements on ¢,, (1) of this lemma is done in [5, Proposi-
tion 3.1(d)]; (2) and (3) in [5, Proposition 3.1(c)].

Proof. (1) is clear from the definition of ¢5 and 1. (2) is from the Lifting Property.
(3) is clear from (1) and the Subword Property. For (4), the case x = s € S is clear
from the definition of ¢, 15, and the general case follows from this and (2).

For (5a), it suffices to prove it when © = s € S. Write simply ¢ = ¢ and 1 = 1.
Assume vAw exists. We have ¢p(vAw) < ¢(v), p(w) by (2). To show that ¢p(vAw) is the
meet of ¢(v) and ¢(w), take arbitrary u with u < ¢(v), ¢(w). Then ¥ (u) < ¥(v), Y(w)
from the Lifting Property, and hence ¥ (u) < v,w, which implies (u) < v A w.
Applying ¢, we have ¢(u) = ¢(¥(u)) < ¢(v A w), and hence u < ¢(v A w). (5b) is
essentially the same as (5a). O

REMARK 3.7. The map ¢, (resp. ¢,) does not preserve strong joins (resp. meets)
in general. For example, letting W = Sy, we have s212 A s232 = s2 but ¥a(s212) A
P2 (5232) = S12 A S32 = So # 12(82), where we write s;;.. instead of s;s; - - -. Mapping
everything above via z — xwy where wy is the longest element of W, we obtain a
counterexample for ¢, preserving joins.

COROLLARY 3.8. Let u,v,z,y € W with (u)(z) and (v)(y) reduced and ux = vy (or
namely, u < ux =vy > v). Thenu > v <= = < y.

Proof. By Lemma 3.4(3) we have u > v < u ™! > v} = (2 =), (uz) <
y-1(vy) (= y). The other direction is similar. O

3.3. HALF-STRONG, HALF-WEAK MEETS AND JOINS. Analogous to the meets and
joins under the weak order, we show the existence of the minimum element (under <)
of the set

{ZEW‘I.gZ)Ly}a
and the maximum of

{zeW |z 2 2< y}.

REMARK 3.9. It seems that the existence of such elements has been known; for exam-
ple, in his Sage implementation to compute the Deodhar lift [7], Shimozono explicitly
used (1) of the following proposition. However we do not know about a reference, so
we take the opportunity to give one here. The proof of (1) of the following proposition
is by Shimozono [24].

ProrosiTION 3.10. Let z,y € W.

(1) The set {u € W | x < ¢u(y)} has the minimum element wf,l(m) under the
strong order.

(2) The set {u € W | ¢,-1(x) < y} has the minimum element 2/15,1(:1:) under the
strong order.

Proof. (1). We prove it by induction on I(y). The base case I(y) = 0 being clear, we
assume [(y) > 0. Take s € S such that y > ys. Let 2’ = ¢&(z) (= min(x, zs)) and
y = ys. Since y = 3y * s, for any u we see uxy = u * y’ * s, whence by the Lifting
Property z S usxy <= 2’ <u=y’. Hence D(z,y) = D(',y") where

D(z,y) ={ue W |z < ¢uly) (= ury)}.
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By the induction hypothesis it follows that D(z,y) = D(z,y’) has the minimum
element 1/JR;, 1 (2"), which equals to ).

o (@
(2). Let E(z,y) = {u e W | wu_l( ) < y}. It suffices to show D(z,y) = E(z,y).
By Lemma 3.4(2),(4) we have z < ¢,(y) = ¢,-1(x) < Yu-10,(y) < y and
Yu1(2) Sy = 2 < duthu—1(2) < duly)- 0

ProproOSITION 3.11. Let z,y € W.
(1) The set {z € W | x < z =L y} has the minimum element wf_l(x)y under the
strong order.
(2) The set {z €¢ W | x 21 z < y} has the mazimum element (w‘f‘_l(z))flx
under the strong order.

Proof. (1). By (7), we have D(z,y) O {u [z <uy >r y} = {z | & <z > y};
u +— uy, where the isomorphism is under <. The minimum element v of D(x,y)
satisfies u * y = uy i.e. uy >p y, since otherwise (u * y)y~! is a smaller element of
D(z,y). Hence by Proposition 3.10(1) we have 1115_1(:5)31 =ming{z |z < z > y}.

(2). By Corollary 3.8 we have E(z,y) D {u |z > v 'z < y} > {z|z>p 2<y}k

-1

u — u~ 'z, where the anti-isomorphism is under <. For a similar reason to (1) we

have max¢{z | z =1 2z < y} = (ming E(z,y)) "1z = ( 5_1(x))’1x. O
From the proposition above, we define
rsVp Yy =yrVs x := m<1n{z eWla<z2Lyr= _1(:c)y,

TINS Y = YsAL T = mgx{z eWlx>2pz<y}r= (1/1571@))7110.

We define gV g y and xsAg y similarly.

3.4. FLIPPING LOWER WEAK INTERVALS. For any z € W, define the map

D, :[e,2] — [e,2]g; x> 2zt

and its inverse
U, e 2]r — [e, 2]y =y 'z
Proposition 3.12 below demonstrates that these maps behave well along with the

strong order on W and its meet/join operations.

PROPOSITION 3.12. Let z € W.
(1) @, and U, are anti-isomorphisms under the strong order.

(2) U(D,(x)) =1U(2) — l(x) for any x € [e, 2] and (P, (y)) = I(2) — I(y) for any
(AS [67 Z]R
(3) @, and ¥, send strong meets to strong joins. Namely,
(a) for x,y € [e,z]r such that © Ay exists and x Ny € e, 2], we have
D (xNy) =D, (z)V D,(y).
(b) for z,y € le,z|r such that x Ay exists and x Ay € [e, z]r, we have
U (xAy) =T, (x)VT,(y).
(Note that the meets and joins are not taken in [e, 2] or [e,z]gr but in W.)

Proof. (1) is done in Corollary 3.8, and (2) is obvious.

For (3), we only prove (3a) since (3b) is shown similarly. Let z,y,2 Ay € [e, z]L.
From (1) it follows that ®,(xAy) > ®.(z), ®,(y). To show the minimality of ®,(xAy),
let us take arbitrary w € W such that w > ®,(z), ®,(y). From Proposition 3.11, we
can let w' = zgAgw. Since ®,(z), . (y) € [e, z]gr N[e, w], we have &, (z), P, (y) < w'.
Since w’ <g 2, applying ¥, (= ®;1), we have z,y > ¥, (w’). Hence z Ay > ¥, (w').
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FIGURE 6. Inserting sg into RD(z !wp) and justify it to obtain a

k-code for z~1wgsg.

Applying @, we have ®,(z Ay) < w’, and hence ®,(z Ay) < w. Therefore @, (x Ay)
is the join of {®,(z), P.(y)}. O

REMARK 3.13. It seems to be true that ®, and ¥, send strong joins to strong meets. Its
proof would require that there be the strong-minimum element of {z | < z <1, y}
and the strong-maximum of {z | z <z z < y} for any z,y € W, analogous to
Proposition 3.11.

3.5. CHAIN PROPERTY FOR LOWER WEAK INTERVALS. In this section we prove the
Chain Property for the lower weak intervals [e,u]r, and [e,u]g for arbitrary Coxeter
group W and its element v € W. This is similar to that for the generalized quotients,
in that [e,u]r, = {z | = <p u} whereas W/{u} ~ {x | © > u}. Besides it is
shown in [4, Corollary 4.5] that the class of right generalized quotients and lower left
intervals coincide for finite W. When W is infinite, however, these do not, as we give
a counterexample below. Beforehand we recall [4, Theorem 4.10]: for any Coxeter
group W, the left generalized quotients and the right generalized quotients are in
bijection by U — W/U and VAW <= V, and a subset U C W is a right generalized
quotient if and only if U = W/(U\W).

EXAMPLE 3.14. Let W = §k+1 = (S0,81,---,8k). Let wy be the longest element of
Sk+1 = (S1,...,5k). From the following claim we have sowg € Sk+1/(Sk+1\Sk+1),
and thereby Si11 = [e,wo]r is not a right generalized quotient of Sy 1.

CLAIM 3.15. For any z € Syy1, the product (wo)(2) is reduced if and only if (sowo)(z)
is reduced.

Proof of Claim 3.15. The “if” direction is clear. Toward the “only if” direction, as-
sume (wp)(z) is reduced, that is, (z71)(wp) is reduced. Since 21wy >, wo, we have
RD(z7'wg) D RD(wp). Hence, since the first row of RD(wp) is {1,...,k} and the
rows of a k-code are proper subsets of {0,1,...,k}, the first row of RD(z~twyg) is
also {1,...,k}. Thus, inserting so into RD(2~1wy) from the bottom and justifying it
to the bottom with maximizing moves, we successfully obtain RD(z~1wso), the i-th
column of which is

e the k-th column of RD(ztwg) with an sg added, when i = 0,
e the i-th column of RD(2~twg) when i = 1,...,k — 1,
e empty when ¢ = k.
(See Figure 6.) In particular (z~1wg)(so) is reduced. Combining this with that
(z71){wp) is reduced, we have (z=1)(wp)(sg) is reduced, and hence so is (so)(wp)(z),
as desired. O

The proof of the following proposition is parallel to that of [4, Theorem 3.4]. Be-
forehand we recall that, for x,y € W with x > y and any fixed reduced expression
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T = 81...8m, there exists 1 < j; < jo < -+- < j; < m such that z = y(@ >y >
...>y(l) :ywhere
y(a)zslé\lSJ/\aSm

See, for example, [4, Section 3] or [3] for the details.

PRrROPOSITION 3.16. Let u,x,y € W with zu,yu < u and zu < yu. Note that xu <
yu = 27 ' >yl = x>y for zu,yu <y u. Fir a reduced expression for
T =51...5, and take yO, ... y® as right above. Then y“u <, u for any a.
Proof. Suppose to the contrary that there exists a such that y(®u €, u. Since yMu =
yu <1, u, we can take such a that y(“u £ w and y*Du <;, u.

Since zu <p, u, we have s;,11...5,u < u. Hence there exists p < j, such that
(9) spzu & u and  zu < u,
where we put

2= Spgl e84y Sjuiy e Sms
where there may be more indices omitted between s,1; and §;, (including s,41),
according to the omissions in y(®) = s;...5; ...5;, ...8,. Since y*u < u, we
have
(10) spzu<pu and Zu <y u,
where we put

3:sp+1...gz...(§l-:...sm.

We have zu < s,zu by (9) and Zu > s,2u by (10). Besides, since y(®) > y(@+1) it
follows z > Z, and thereby zu < Zu. Hence we have s,zu = Zu by the Lifting Property
and length arguments. Therefore s,z = Z < z, which contradicts the fact that s,z is
a consecutive subword of a reduced expression for y(®). 0

As a corollary, we have the Chain Property for weak lower intervals:

THEOREM 3.17. For any u € W, the interval [e,u]r, (resp. [e,ulr) under the left
(resp. right) weak order has the Chain Property.

Proof. The statement for left lower intervals follows from Proposition 3.16 and that
{x € W | 2u < u} = [e,u"1] for u € W, which follows from zu <; u <= 27! <
u <= x <z u~'. The statement for right intervals is proved parallely. (]

4. PROPERTIES OF THE WEAK STRIPS

Hereafter we restrict our attention to §k+1 rather than general Coxeter groups and
let W = §k+1 and W° = §13+1- In Section 2.2 we put I = Zg+1 = {0,1,...,k} and
let d4 denote the cyclically decreasing element corresponding to A C I.

In this section we prove some properties on weak strips. First we define for any
ueWw,

Zyy={veW|v=dau>pufor3ACI},
Zyy ={ACT|dyu>pu} = {ACT|daue Z, ),
Zy_={veW|v=d'u<,ufor 3IAC I},
Z,_={AcCI|dy'u<pu}y={ACT|d'ueZ, }.
It is an immediate observation from the Subword Property that
e The map (Z;,+’ C) — (Zu+,<); A~ dau is an isomorphism of posets.

e The map (7, ,C) — (Zu,—,<); A = d;'u is an anti-isomorphism of
posets.
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838281 A {1,2,3}
S281A :9‘351)\ {1,2} .{1,3}
N YN LD N
s3A {1} {3}
N v IS4
%]
Zi 2,04
FIGURE 7. The posets Zg . (= Z,,7 1) and 2,0, (= g ) for

u = wy where k = 3 and A\ = (3,2,1) € P3 (and wy is the longest
element of Sy). Left weak covers are represented as solid lines, and
strong covers are solid or dotted lines. A solid edge between v and w
is labelled with 7 if v = s;w.

Since if u € W° and v <, u then v € W°, for u € W*° we have
Zy,— ={v | u/vis a weak strip}.

On the other hand, the set Z, ; does not coincide with the set of v such that v/u is
a weak strip. More precisely, for u € W*° we have by definition

v/u is a weak strip <= ve€ Z, 4 and v e W°.

Recalling that v € W° <= vw{ > w{ where J = {1,...,k} and wy is the longest
element of W; = Si11, by Lemma 2.1 we have

v/u is a weak strip <= vwy € Z

uwo +
!/
<= v =dsu with A € Zuwé,,Jr.
In other words, defining
Zy o ={v|v/uis a weak strip},
Zucj+ ={AC I|dau/uis a weak strip} = {A C I |dau € Z; ,},
we have
Zar 2 Zywd 4 5 v = vy,
Zu? = Z;w -

EXAMPLE 4.1. Figure 7 illustrates the same example as Example 2.10.

From the example above, we would expect these properties:

(i) Z; . is closed under intersection and union.

ii) Z,, 4 has the maximum element.
(iii) Zu,+ and Z;, ;. have the Chain Property. (See Section 4.3 for the details.)
)

(i), (ii), (iii) are proved in Sections 4.1, 4.2, 4.3, respectively.
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4.1. INTERSECTION AND UNION. In this section we prove the following proposition
as the compilation of Lemmas 4.5, 4.9 and 4.10.

PROPOSITION 4.2. For u € W, we have
(1) AABeZ,, and AUB#1 = AUBeZ, .
(2) ABeZ,, = ANBeZ, .
(3) A,Be Z{L,_,’_ = danpu = (dau) A (dpu).
(4) A,B€ Z), _ = dyfgu=(dy'u)V (dz'u).

In this section we say A, B C I are strongly disjoint if for any i € A and j € B
it holds that i — j # 0,41, and x,y € W are strongly commutative if any Coxeter
generator s; appearing in a reduced expression of x and any s; appearing in that of y
satisfy ¢ — j £ 0, 1. The next lemma is straightforward.

LEMMA 4.3. Let A, BC I and xz,y e W.

(1) If A, B are strongly disjoint, then da,dp are strongly commautative.

(2) For the decomposition A = A; U --- U A, into connected components,
Ai,..., Ay are pairwise strongly disjoint and da,,...,da, —are pairwise
strongly commutative.

(3) Fora’ <z andy' <y, if x,y are strongly commutative then so are ', y’.

(4) If x,y are strongly commutative, then x,y are commutative and l(xy) = l(x)+

I(y).

LEMMA 4.4. Let x,y,z € W with x,y strongly commutative. Then
(1) z2<p 2yz <= 2z < z2,y2.
(2) z 2L 2yz <= z > x2,Yz.

Proof. We only prove (1) since (2) is shown similarly.

The “only if” direction immediately follows by the definition of the weak order and
commutativity of x,y. We prove the “if” direction by induction on I(z) + I(y). It is
clear when [(z) = 0 or I(y) = 0. In particular the case I(z) 4+ I(y) < 1 is done and we
may assume [(x) + [(y) > 2 and I(x),l(y) > 0.

Step A: the case l(x) +1(y) =2, t.e. l(z) =1l(y) =1. Wecan writez = s; andy = s;
with s; # s, s;5; = s;5; from the strong commutativity. We have s;z, ;2 >, 2z by the
assumption. Hence z € W/W7y; jy, where Wy, ;1 = (si,55) = {e, si,8;,5:5;}. Therefore
8iS;Z 2 2.

Step B: the case l(x) +1(y) > 2. From the commutativity of x,y we may assume
l(y) = I(z); in particular I(y) > 1. Take a reduced expression of y = s;, ... s;, and put
Y =8i ... 8,_,, 2 = s;2. Since z <, yz and s;, <r, y, we have z <r, z’. Now we can
obtain 2z’ <y xy'z’, which implies z < 2’ <y, zy'2’ = xyz as desired, by applying
the induction hypothesis for (z,y,2) := (z,v’, 2’), having its assumption satisfied as
follows:
e 1,1 are strongly commutative.
Proof. From Lemma 4.3(3).
o 2 <y
Proof. Since z <, yz and s;, <p, y, by Lemma 2.1(1) we have 2’ = s;,z <,
yz=1vy'72.
o 2 <y 2.
Proof. Since I(z) + I(y) > l(z) + I(s;,), we can obtain z <z z2z’ by applying
the induction hypothesis for (x,y, 2) := (z, s;,, ), having that its assumption
described below is clearly satisfied:
— z and s;, are strongly commutative.
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— 2 < x2.
— 2 <L 8,2
Besides s;, <p, z8;,, hence we have 2’ <y xz’ by Lemma 2.1(1). O

LEMMA 4.5. Let w € W and A, B C I with w <y, daw,dpw.

(1) w <1, danpw.
(2) The element danpw is the strong meet of daw and dpw.

REMARK 4.6. The same statement with all dx replaced with ux is proved similarly.

REMARK 4.7. It does not generally hold that if w <p zw,yw and x A y exists then
w <y, (z A y)w; a counterexample is W = Sy, © = S21, y = S23, W = Sa.

Proof. (1): Within this proof we say x € W satisfies (x) if w <, zw.

Decomposing A, B into connected components A = A; U --- U A, and B = By U
U By, we have AN B = |, ;(A; N Bj). Each nonempty A; N B; has at most two
connected components, each component C' of which satisfies d4, = xdc for some
r € W ordp, =ydc for some y € W as easily seen. Having that both da (>, da,)
and dp (> dp,) satisfy (x) and that lower bounds in < inherit (), we see each
dc satisfies (). Besides (4; N B;) N (Ay N Bj:) = (4, N Ay) N (Bj N By/) is empty
unless (¢,7) = (¢, 4'), we thus have AN B decomposes as AN B = C; LU ---UC; into
connected components, where each d¢, satisfies (x). Now it follows from Lemma 4.4 (1)
that danp = d¢, ... d¢, satisfies (x), as desired.

(2): By the Subword Property we have danp = da A dp. From the assumption
and (1), we have ¢%(dx) = dxw for X = A, B, AN B. Hence by Lemma 3.4(5) we
have danpw = daw N dpw. O

COROLLARY 4.8. Let A € Py, and kM), k@) be weak strips over \. Write k¥ = da A
for each i with A, C I. Then da,na, A s a weak strip over X\ and is the meet of
D, k3 in the poset Py with the strong order: K™ A k3 = dg Aa,\.

Proof. Let wy € W?® be the affine Grassmannian permutation correspond-
ing to A, and wy the longest element of Syy;. By Lemma 2.1, the condition
dar/X\ is a weak strip is equivalent to dawywy > wx wp. From this and
Lemma 4.5(1) we see da,na,A\/A is a weak strip. From Lemma 4.5(2) we have
da,na,wy = (da,wx) A (da,wy) in W. Since W° C W is a subposet, this is also the
meet in W° ~ Py. O

LEMMA 4.9. Let w € W and A, B C I with d;llw,dglw <r w.
(1) dappw <z w.
(2) The element dgrlij is the strong join of dglw and délw.

Proof. (1) is proved parallelly to Lemma 4.5 (1), making use of Lemma 4.4 (2) instead
of Lemma 4.4(1).

Next we show (2). We have d'w,dz'w,d;}zw € [e,w]r by (1). The map
®,, in Lemma 3.12 sends d;lw, d;;lw, d;%Bw to da,dp,danp respectively. Since
dan = da N dp, sending them back via ¥,,, we have d:xrle“’ = (dzlw) Vv (d;lw) by
Lemma 3.12(3).

LEMMA 4.10. Let w € W and A, B C I with AUB # 1.
(1) If dau,dpu >, u, then daupu >y, u.
(2) If d;lu,dglu <y u, then deBu <z u.
Proof. We only give a proof of (1) since that of (2) is quite similar.

Assume dau,dpu >1 u. Take the decomposition A = A; U ---U A, and B =
By U---U B, into connected components. Since d4, <1, da, we have da,u >, u for
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any 4, and similarly dp,u > u for any j. Since AUB = (... (AUB1)U...)UB,, we
only need to prove it when B is connected. Assume B is connected. It is also easy to
see, from Lemma 4.3 and Lemma 4.4 (1), that it suffices to prove it when A, B and
AU B are connected. We therefore assume A, B and A U B are connected. The case
A C B or B C A being clear, we assume A ¢ B and B ¢ A; namely we let A = [, j|
and B = [p,q] with p <i < ¢+ 1< j+ 1 without loss of generality, where we employ
an ordering r+1 < -+ <k <0< -+ <r—10f I \{r} with an arbitrarily fixed
element r € I ~\ (AU B). Since dg = 84...8p =L Si—1..-Sp = dp-a and dpu >, u,
we have dp._au >, u. Hence we may replace B by B\ A (= [p,i — 1]).

Let B' = B~ {i—1} = [p,i—2] and v = dp/u. Since dp' <y, dp and dpu >, u, it
follows that v’ >, w. Since s;_1%' = dgu >, v and dau’ = dadp/u >, u, the latter
of which is from Lemma 4.4 (1), it easily follows that s;_ju’ > v and dau’ >p o/
from Lemma 2.1.

Toward a contradiction, suppose daupu %1 u. Then we have das;_1u’ #1 u' since
daupu = das;—1u’ and u <g, . Since s;—1u’ >, v/, there exists a € [i,j] such that
xs;_1u’ > v’ and sqxs;_1u’ 2 u', which implies s,xs;_1u’ < xs;_1u’, where we
write = 8q_1S4_2...8;+15;. On the other hand, since dau’ > v’ we have s zu’ >
u' and zu’ > u'. Besides we have xs;_ju’ > zu’ from the Subword Property. Hence
the Lifting Property implies that zu' < sgxs;_1u’, which is actually an equality
since both sides have the same length. Therefore we have (sq—184-2...8i+18; =)
T = 8428;—1 (= 848q—1 - .- 8iSi—1), which is absurd. O

REMARK 4.11. Unlike the “cap” case, it does not always hold that daypu = (dau) V
(dpu) in (1), or dy! gu = (d;'u) A (dz'u) in (2).

A counterexample for (1) is given by W = S5, u = e, A = {1} and B = {2}.
4.2. NON-APPEARING INDICES.

ProOPOSITION 4.12.

(1) For any w € W, there exists i, € I such that i, ¢ A for any A C I with
d;lw < w.

(2) For any w € W°, there exists i), € I such that i, ¢ A for any A C I with
daw > w and dgw € W°.

Proof. (1). For any A C I, we have

d;lw <L w <= da<pw

<~ uUa <L w!

— RlI(us) C RI(w™),

and the last condition is equivalent to A being included by the first row of RI(w™1).
Hence we can take i, from the complement of the first row of RI(w™1!).

(2). By Lemma 3.1 we may take z := \/ {daw | A C I s.t. dgw > w, dgw € W°},
the left join of all weak strips over w. Take any A C I such that dqw >; w and
daw € W°. Since w,daw < z, we have zw™! >p z(daw)~! = zw~lua, which is
equivalent to wz~! >1 dawz~!. Hence, similarly to the proof of (1) we have that A
is a subset of the first row of RD((wz~1)~1) = RD(2w™!), which is a proper subset
of I and independent of A, and therefore we can take i}, from its complement. O

REMARK 4.13. The index i), in (2) above is in fact uniquely determined as fol-
lows: a bounded partition A € Py, corresponding to a 0-dominant affine permutation
wy € W°, has the unique weak strip of size k, namely (k) U. Since the corresponding
core ¢((k) U ) has k more boxes in the first row than c¢(\) does, the only possibility

for i% is what is determined by the following equivalent descriptions:
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o c((E)UuXN) . i+
BIE., © ’
31041:2:3: 13
0 1\2|3@__1_5_2_:_?»__ 2]
1
¢(N) N i, 0] 3]
c(A) and c((k) U X) RI(wy) = A\“3

FIGURE 8. An example where k = 3, A = (3,2,1) and ¢(\) = (5,2,1).
The dotted shape on the left figure represents ¢((k) U A), and the
solid one does ¢(A). In this case w(pyux = s35251WA = dfy 233w\ and
therefore iff, = 0.

e The residue of the rightmost box in the first row of ¢(\).

e The negative of the residue written in the leftmost box in the last row of
RI(wy) = A“k.

e m — 1, where wy = ug4,, ...ua, is the maximal increasing decomposition
for wy. (Note that A, ={i,i+1,...,m —2,m — 1} for some 1.)

REMARK 4.14. We cannot drop the assumption on 0-dominantness of dqw in (2) of
the proposition. For example, let k = 3 and w = s3s0. Then w = uy3 g} is the maximal
increasing decomposition and hence i}, should be 0, but dioyw = 508350 =L W.

COROLLARY 4.15. Let u € W.
(1) Z,,  has the mazimum element under C. Hence, Z, y has the mazimum
element under <.
(2) Z,, _ has the mazimum element under C. Hence, Z, — has the minimum
element under <.

Proof. By Proposition 4.2(1) and Proposition 4.12. O

4.3. CHAIN PROPERTY. Recall that an order ideal of a poset P is a subset X C P
such that if x € X and y <  then y € X, and an order filter of P is a subset X C P
such that if x € X and y > x then y € X.

PROPOSITION 4.16. The sets Zy, 4 and Z,,— have the Chain Property. Namely, for any
x,Y € Zy+ such that x < y, there exists a sequence T = 20 <20 <. <20 =y
such that z() ¢ Zy,+ for any i.

Proof. First we note a few immediate observations:

e For a poset P and a subposet Q@ C P, if A C P is an order ideal then AN Q
is an order ideal of Q.

e If a subset X of a Coxeter group W has the Chain Property and Y C X is
an order ideal, then Y also has the Chain Property.

Let D ={das | A C I}. Since D C W is an order ideal, the set {d4 | da <g u} =
DNe,u]g is an order ideal of [e, u]r and hence has the Chain Property since so does
le,u]r as proved in Theorem 3.17. Hence Z,, _ also has the Chain Property since it is
the image of {d4 | da <g u} under the anti-isomorphism ¥, : [e,ulp — [e,u]r;z —

z lu.

Similarly, the set {da | dau > u} = DN (W/{u}) has the Chain Property since it
is an order ideal of W/{u}, which has the Chain Property [4, Corollary 3.5]. Hence,
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since Z, 4+ is the image of {d4 | dau > u} under the isomorphism (-u): W/{u} —
[u,00) L, we conclude that Z, 4 has the Chain Property. O

From the isomorphism (Z, 4, <) ~(Z;, ;, C) and the anti-isomorphism (Z,, —, <) =
anti
(2,

w,—» C), we have the Chain Property for Z,, ,:

COROLLARY 4.17. The sets Z,, . and Z,, _ have the Chain Property. Namely, for any
A,B € Z,, , with A C B, there exists a sequence A = cCOccWec...cch=8B
such that C1) ¢ Zy, 4 for any i.

5. PROOF OF THE PIERI RULE FOR §§k)

This section is devoted for the proof of Theorem 1.3 and 1.4.
5.1. OUTLINE. Recall the K-k-Pieri rule (Definition 2.19): for v € W° and 0 < i < k,

(11) ggk)hi: Z (— )1 (I(daxv)— l(v)) (k)

daxv”
ACI,|A|=i
daxveEW?®

Let w = wy € W° be the affine Grassmannian element corresponding to A. Sum-
ming (11) up over v € W° Nle,w] and ¢ € {0,1,...,r}, we have

(B, * ) k
W= Y Y (g

v<w ACLIAl<r
veEW® daxveW?®

and its coefficient of g(k) (for u € W°) is

(12) ENEIR) = S (cpMi-a-iw),

vSw ACI,|A|Lr
VEW?® wu=da*v

We shall illustrate, in the example below, that if the summation above is not empty
then there are exactly one larger number of pairs (v, A) with (—1)I41=((W=l®) — 1]
than those with (—1)!41=((wW =) — _1 and consequently the value of the summation
in (12) is equal to 1.

EXAMPLE 5.1. Let k = 3 and u = s319 = wy € gj where A = (2,1) € Ps. Table 1 lists
the pairs (v, A) such that d 4 xv = u, organized according to the size of A. Apparently
there are the same number of pairs (v, A) with |[A] = ' and (—1)AI=0@)=lv) =
+1, and those with |A| = ' and (— )‘A|*(l(“)*l(”)) = —1, for each fixed ' > 0.
Furthermore, introducing the condition v < w for w = s219, say, we see that the set
of the pairs (v,A) with da v = and v < w is {(s10, {3}), (50,{1,3}), (s10,{1,3})},
and that the number of such pairs (v, A) with |A| =’ and (—1)IAI=0W=l@) — 1]
and those with |A| = ¢/ and (—1)IA1=((W)=Uv) — _1 coincide whenever 7/ # 1, and
differ by 1 when 7’/ = 1.

According to the observation above, for u € W° and A C I we let
Xaw={veWldaxv=u}={veW]|¢pq,(v)=u},
Yau=XauNlew),

and
X4, ={BCI|d5'ue Xau}
Vie={BCI|dz'ueYau.}.
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H:':D 53210 50310 ﬁj:] 52310 E:] s
1230

mﬂ / m\
[ s1 830
Ny
[ so
0
oe

FIGURE 9. The poset of 4-cores (and corresponding elements in 5‘} )
up to those of size 4. The left weak covers are represented by solid
lines, and the strong covers are dotted or solid lines. A solid edge
labelled with i corresponds to the left multiplication by s;.

(v, A) (_1)\A\f(l(u)fl(v))

|A| =0 (83107 @) +1
Al =1 (s30,{1}) +1
(s310,{1}) —1

(s10,{3}) +1

(s310,{3}) -1

Al =2 (s0,{1,3}) +1
<8107{1,3}> -1
(830,{1,3}) —1

(8310, {1,3}) +1

TABLE 1. The list of (v, A) such that d4 * v = u, where u = s310.

Note that, for any v € X4, Lemma 3.4 (1) implies v <z, u, and hence it follows from
u € W° that v € W°. Hence

(13) @) = 3 S (—Ml-=iw),

|A|<rvEYA W

The flow of the proof is as follows:

Step 1. Every element of X4, has the form dz'u with B C A, and thereby X4 ,, is
anti-isomorphic to the subposet X7, , of [@, A] by dglu — B.

Step 2. The poset X, , C [@, A] has the minimum element B and is a boolean poset;
X, = [B, Al
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B — d;u

m m
@,1)D> Z, _ ~ Z,_C le,u]L
’ anti
V] U U U
(9, Al D X}, = Xaw C le,ulr N [dy u, ]
U U
Yi, =~ Yau, = XauNlew]
’ anti

FIGURE 10. Relation between Z, _, Z

s XA s Xa s Yaus YA -

Step 3. The subset Y4, of X4, being an order ideal, its image YAH under X 4,
X'y ,, is an order filter of X, ,. Moreover Y}, , is closed under intersection, reflecting
join-closedness of Y4 .. Hence Y} , is also a boolean poset. Therefore, the value of
the summation over v € Y4, in (13) is 0 unless |Yy4 ,| = 1 since its summands cancel
out, and 1 if |Yy4 ,| = 1.

Step 4. If u < dpw for some B C I with |B| = r and dgw >, w, then there uniquely
exists A such that |Yy4 ,| = 1, and hence the value of the right-hand side in (13) is 1.
If there does not exist such B, then neither does such A, and hence (13) is 0.

REMARK 5.2. The set X4, is a fiber of the Demazure action ¢g4,. In Step 2 (Corol-
lary 5.14) this fiber is shown to be a boolean poset. Meanwhile, for the longest element
wy of a finite parabolic subgroup W, any fiber of its Demazure action ¢,,, is a par-
abolic coset Wx, whence isomorphic to W;. More generally it might be interesting
to find fibers of the Demazure action ¢,, of an arbitrary element w.

5.2. PROOF OF THEOREM 1.3 AND 1.4. We fix u € W°.

5.2.1. Step 1. We fix A C I. Since Y4, C X4 4, the summation over v in (13) is 0
when X4, = @. We hence assume X4, # @, since otherwise such A does not
contribute to the value of the right-hand side of (13). Take arbitrary v € X4 ,. From
Lemma 2.2 and the definition of X 4, we have

(1) v,dzlu <z u,

(2) dy'u < v
From Proposition 3.12(1) and (1) above, (2) is equivalent to

(3) wv™t <da.
The Subword Property and (3) imply uv~! = dp, or equivalently v = dg,lu, for some
B C A. We have A, B € Z,, _ from (1).

The argument above is restated as follows (see also Figure 10):

LEMMA 5.3.
(1) Xau#92 = AcZ, .
(2) Xau C [dy u,ul.
(3) (X4, C) and (Xau, <) are anti-isomorphic by B — dg'u.
(4) X, C[2,4].
(5) X4, CZ, .

Proof. Tt remains to show that the mapping B — d;u in (3) is order-reversing, which
follows from Proposition 3.12(1) and the Subword Property. O
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"',o g

01

301

4501

34501

FiGure 11. Each vertex labelled with 4;...4,, represents
Siy .- S, u € Z, _. Left covers are represented by solid edges,
and strong covers are dotted or solid edges.

5.2.2. Step 2 and 3. Let us start with an example to describe the situation.

EXAMPLE 5.4.Let k =5, A = (5,3,2,1), p = (5,2,2,2), v = wy and w = w,, (see
Figure 11). When A = {5,0, 1}(2), for example, X 4, = Y4, = {s14, S014, S51U, S501U}
and Xy, = Vi, = [{1},{5,0,1}]. Similarly, when A = {3,5,1} we see X} , =
(9,{3,5,1}] and Y} ,, = [{1}, {3,5, 1}].

LEMMA 5.5. X4 and Ya are convex under the strong order. Namely, if v < v’ < v”
and v,v" € X4 (resp. Ya) then v’ € X4 (resp. Ya).
Proof. Tt follows from Lemma 3.4 (2). O

REMARK 5.6. It is not a very immediate consequence of Lemma 5.5 that X, , and
Y} ., are convex in the boolean poset [&, I], yet it is shown to be true in Corollary 5.14.

In this section we write {i1,...,%,}< to denote the set {i1,..., 4, } for which the
condition that (i1,...,4,,) is cyclically increasing is imposed.
LEMMA 5.7.

(1) B,Ce X, = BNnCeX},.
(2) B,CeY,,, = BNCeY,,.

Proof. We prove (1) by induction on |A|. The base case A = @ is clear. Assume |A| =
m > 0. Write A = {i1,...,im }<. We need to show ¢a, (dzhou) = uif ¢pa,(d5'u) = u
and ¢q, (d5'u) = u for B,C C A. Note that BN C € Z, _ by Lemma 5.3(5). Let
A/ = AN {il},B/ =B~ {il}, Cl =C~ {il}, BH = BU{Zl} and C// = CU{ll} Note
that ¢q, = ¢;,, ... i, = ba,, ds, -

(1n this example we follow the cyclic ordering 3 <4 <5< 0 < 1on I\ {2}, as we see i, =2,
i.e. every element of Zjl’f is a subset of I \ {2}.
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1 : - S : -
;dB/mC/“ Bhcll
1 i1 . S i1 .
. dpnct deru . gt deru
dpru iv  dgu i1
. i1 dalu ) i1 dalu
dB u dé//u
(When i; € BN C) (When i; ¢ B and iy € C)
F1cure 12. For Lemma 5.7
CLAamM 5.8.

(1) ¢i,(dp'u) = dgiu and ¢4, (dg'u) = dglu.

(2) B",C" e Z, _.
Proof of Claim 5.8. We only give a proof of the statement for B since that for C' is
the same.

Case 1. When i; € B, we see dgiu = dg'u = s;,dg/u < dg'u, and hence both (1)
and (2) are clear.

Case 2. When iy ¢ B, we claim that sild;u < d,}lu; suppose, on the contrary,
si,dgtu > dg'u. Then we have s;, dg'u €1, u since I(s;, dgu) > l(u) — I(s;,dgz"). On
the other hand, u = @a, (d5'u) = da,, (s, d5'u) since s;,dg'u > dz'u, and therefore
sildglu <z uw by Lemma 2.2, which is in contradiction.

Therefore s;,dz'u < dz'u. Now (1) is clear since dy'u = dpu, and (2) follows

from dhu = s;,dp u. O
CLAIM 5.9. ¢4, (dghou) = dgiociu.
Proof of Claim 5.9. By Claim 5.8 (2) and Proposition 4.2 (2), we have B"NC" € Z, _,
that is, u >1 dgrcnu. Since B’ N C" = (B'NC') U {i1}, we have dghcn =
si,dpine: > dgiaer, and hence dghnonu = s dgiecu < dplou by Lemma 2.1.
Noting that BN C = B'NC’ or B” N C”, in either case ¢;, (dphou) = dginciu. O
Cramv 5.10. B'NC’" € X}, .

Proof of Claim 5.10. By Claim 5.8 (1) and that B € X}, ,,, we have u = ¢4, (dz'u) =
gbdA,qSil(dglu) = (bdA,(d];lu), and hence B’ ¢ Xf4,7u. Similarly ¢" € X}, ,. Hence
B'nC" € X}, ,, by the induction hypothesis. O

Now we have
aa(dpncu) = da,, 6, (dpncu)
= ¢a,, (dginc) (by Claim 5.9)
=u. (by Claim 5.10)
Hence (1) is proved. (2) follows from (1) and the definition of join and Y4 ,. O
LEMMA 5.11. Let A, A" € Z;, _ with A’ C A and |[AN A’ =1. Then A" € Xy ,,.
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FiGURE 13. For Lemma 5.11

Proof. Let A= {il,.. zm}< and A" = {i1, ..., lky ooy im <
Since u >, dA, U= 8§, - Sip .- 8i, Uy

® i (Si; - Sip 1S, slmu) = Si,1 e Sip_1Sigyq - Sipu for 1< <k,
® i (8- 8i,u) = 8, ...5,u fork<j<m.
Since u >, dA U= 8 ...8, U,
® O (Sipy - Si W) = Sip iy - Sip U
Hence
—1
¢dA (dA' u) = ¢ivn s ¢ik+1¢ik¢ik—l s ¢i1 (Sil s Sig1Sigg - e Simu)
= ¢im e ¢ik+1¢ik (Sik+1 e Simu)
- ¢im s ¢ik+1 (Sik+1 s Simu)
= u. ]

LEMMA 5.12. LetA {21,.. vimy< € Z,, _ and B € Xy . By Lemma 5.3(4) we can

write B = {iy,... zh,.. zﬂ,.. yim } for some 1 < jy < -+ < j; <m. Let Al =
{ij,,,+1>ij,,,+27'~-aim—1azm} and B(a) BﬁA(“) {’LJ +17"'7ijn,+17"'7ijla"'aim}
for each a € {1,...,l}. Then, for each 1 < a <1,
1
ise pau < dB(“

Proof. We carry out induction on | = |A \ B|, with trivial base case [ = 0. Assume
I > 0. From Lemma 5.3(5), we have u >, dglu = S ...sijl_ld;(ll)u, and hence
d;}l)u =1 S, ...sijl_ld;(ll)u by Lemma 2.1. Hence

u = ¢a, (dp' )
= d 1) Pijy Py 1 - - Dir (Siy - - Sy, - 1dB(l)u)
(14) = ¢d (1)@71( B(l)u)
We now claim sledB(l)u < d;(l)u' suppose to the contrary that sznd;(ll)u >

)u £ u since l(SzndBu)U) > l(u) — l(si”dB(lU) On

,u, which implies

dB<1)u. Then we have ShldB(l

the other hand, si“ngl)u > dB<1)U implies ¢;; (dB(l)u) =5 dB(1
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u

Yol |
dB<a> u
Yja— Yja

Lj+1 .
dBmu
Lj1—1 L

dglu
FIiGURE 14. For Lemma 5.12

bd, ) (sihd;}l)u) = u by (14), which implies s;; d
is in contradiction.

Therefore sijldg(ll)u < d;}l)u, that is, ¢ (dg,(ll)u) = d;}l)u, and hence
ba, ) (d];(11>u) = wu by (14). Hence, since |[A®) ~ BY| = |A ~ B| — 1, we ob-
tain s;; d;(la)u < dé}a)u for a = 2,...,1 by the induction hypothesis applied for

(A,B) := (AM, BM), O

g(ll)u <r u by Lemma 2.2, which

LEMMA 5.13. Let A, B € Z],
1) Be X},

with B C A. The following are equivalent:

,—

)
)

) ANHi} e Z, _ foranyiec AN B.
5) A\{i}éXg,uforanyieA\B.
)
)

Proof. (2)(4)<(6). (6)=(4) and (6)=(2) are obvious. (2)=(4)=-(6) is from
1

(1)=(2). We use the notations A and B in Lemma 5.12. From Lemma 5.12 we
have {i;,} UB@ ¢ Z,, _ for any a, and hence B U {ij;, } = ({i;,} U B@)YUBeZ,_
by Proposition 4.2(1).

(1)=(7). We already proved (1)=(2)<(6). Hence, since A, B € X/, , and [B, A] C
Z,,_, by Lemma 5.5 we have [B, A] C X, .

u’
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(1) (3)=(5)< (7). It is obvious that (7)=(3),(5). From Lemma 5.7(1) we have
(3)=(1) and (5)=(1). Besides we already proved (1)=(7).

(4)=(5). By Lemma 5.11. O
We write (X = [, cx 2 for a set X of sets.

COROLLARY 5.14. We have X}y ,, = [N Xy ., Al if X}, # D, and Y} , = [ Y} ., Al
if Yo, # @. In particular, Xy, and Y}, are isomorphic to boolean posets, and
therefore so are X4, and Ya 4.

Proof. Assume Y} , is nonempty. Then Y} , has the minimum element C' = (Y},
by Lemma 5.7(2). By Lemma 5.13(1)=(7) we have [C, A] C X}, ,,. Moreover, since
Y4 is an order ideal of X4 , we have YAU is an order filter of Xg’u, and therefore
[C,A] C Y}, The opposite inclusion Y} , C [C, A] is implied by minimality of C'.
Therefore Y} ,, = [C, A].

It is proved similarly that X/, , = [ X}, ,,, A] whenever X, , # @. O

Therefore we have

(15) 3 (cpM-te—te) - 5 (1)1 )

vEYA u Bey)

- Z (—1)lAI=IB]
Bey,

1YL= 1,

~]o otherwise,

)1 if |Yanul =1,
10 otherwise.

5.2.3. Step 4. Next we discuss which A satisfies the condition |Yy4 ,| = 1.

Since Z,,— C [e,u]y is an order filter, so is Z, — N[e,w] C [e, u]L N [e, w]. Hence, if
(wsAp u =) max([e,u]r N[e,w]) ¢ Z,,—, then Z, _ N[e,w] = &, and hence Y4 , = &
for any A since Y4, = Xa,Nle,w] C Z,,— N[e, w]. We hence assume wsAp u € Z,, _
and write wgAp u = d:‘iu with Ag € Z;, _. Write fof = Z,,— N [e,w]. Note that

<
wgAL u = max Z".

ExXAMPLE 5.15. Recall Example 5.4. In that case max(Z,,_ N [e,w]) = sju and hence
Ao = {1}. It is easily checked that Xy, = {u,s1u} and Y{1y,, = {s1u}.

LEMMA 5.16. |[Ya,| =1 < A= A.

Proof. (= ). Clearly d;‘gu € Y4, . On the contrary, take any v € Yy, ,. Then
v = dj'u for some B € Y, Since Yy C X'y, C [, Ag], we have B C Ag. On the

other hand, since v € Ya, = Xa,,0 N[e,w] C quf, we have v < max Zfﬁ =dylu,
and hence B D Ag. Therefore B = Ajp.

(<) . IfA¢ Z, ,then [Ya.| <|Xau|=0from Lemma 5.3(1). We hence assume
A€ Z, . Thend;'ue Z, .

If d;lu £ w, then Y4, = @ since d;lu is the minimum element of X4, and
Yau=XauN[e w]isan order ideal of X 4 .

u,—

hence Ay C A. Suppose Ag & A. By Corollary 4.17 there exists an A" € Z;, _ such

_ . _ < _ _
Hence we assume dAlu < w. Since dA;u = max Z ", we have dAlu < dA;u7 and
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that Ag C A’ C A and |A~\ A’| = 1. By Lemma 5.11 and that d;,lu < dzgu < w we
have d;‘,lu €Ya,. Hence Y, D {d;lu, d;‘,lu}. O

Therefore, substituting (15) and the result of Lemma 5.16 into the right-hand side
of (13) and noting that |Ag| = I(u) — l(wsAL u), we have

9P (@ Ph,) =

) 1 fwgApue Z, _ and I(u) — l(wsAL u) <,
0 otherwise.

Finally, we show the following:

LEMMA 5.17. The following are equivalent:

(1) wsArLu € Z, — and l(u) — l(wsAp u) < 7.
(2) There exists A such that |A| <7 and u =1 dy'u < w.
(3) There exists A such that |A| < r and u < daw >p w.
(4) There exists A such that |A| =r and u < daw > w.

Proof. (1)(2). Clear.

(3)=(4). (4)=(3) is obvious. (3)=(4) follows from the fact that Z;, | has the Chain
Property and the maximum element of size k, which corresponds to the maximum
element of Z,, 4.

(2)=(3). Assume u >, d;'u < w. Then u = ¢4, (d u) < ¢a, (w) by Lemma 3.4(2).
Besides, we have ¢4, (w) = dpw >1 w for some B C A by Lemma 2.2, and |B| <
|A] < 7.

(3)=>(2). Proved similarly to (2)=-(3), with Lemma 2.3 instead of Lemma 2.2. [
Now we finished, from Lemma 5.17 (1)< (4), the proof of Theorem 1.3:

35 = g,
u

summed over u € W° such that u < daw for some A C I with |A] = r and daw >, w.
Theorem 1.4 follows from Theorem 1.3, Corollary 4.8, and the Inclusion-Exclusion
Principle.

6. PROOF OF THE k-RECTANGLE FACTORIZATION FORMULA

This section is devoted for the proof of Theorem 1.5.
The idea of the proof is similar to that of Proposition 2.18; we consider a linear
map © : Ay — A extending g( ) 952 )U)\, having that {ﬁg\k)})\epk forms a

basis of A). It suffices to show © is a A()-homomorphism, since it implies §%€)U \ =
@@f\k)) = g&k)@(l) = ﬁg\k)@(ﬁgc)) §§\k)gR) Since {h hi<ick generate Ay, we only
need to show

(16) O(hg\") = hOE").

Let da, A, da, A, ... bethe list of all weak strips over A of size r. Applying Theorem 1.4
to both sides of (16), we have

~(k) ~(k
(LHS) <Zg§A N ZQ;A)WAM-F“')

a<b
N ~(k)
(17) *Z%u(m N 2 I ua ) T
a<b
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and by Lemma 2.16 (3) we have
T~k
(RHS) = 1G4

_ ~(k) ~(k)
(18) - ngAath(RtU/\) a ng(Aa+t)ﬁ(Ab+t)(RtU>\) o
a a<b
Since (Ag +t)N(Ap+t)N--- = (AaNAyN---) +t, by Lemma 2.16(1) we have
(17) = (18).

Now Theorem 1.5 is proved.
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