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Abstract. We investigate the notion of untelegraphable encryption (UTE), a quantum
encryption primitive that is a special case of uncloneable encryption (UE), where the
adversary’s capabilities are restricted to producing purely classical information rather
than arbitrary quantum states. We present an unconditionally secure construction
of UTE that achieves untelegraphable-indistinguishability security, together with
natural multi-ciphertext and bounded collusion-resistant extensions, without requiring
any additional assumptions. We also extend this to the unbounded case, assuming
pseudo-random unitaries, yielding everlasting security. Furthermore, we derive results
on UE using approaches from UTE in the following ways: first, we provide new lower
bounds on UTE, which give new lower bounds on UE; second, we prove an asymptotic
equivalence between UTE and UE in the regime where the number of adversaries in
UE grows. These results suggest that UTE may provide a new path toward achieving
a central open problem in the area: indistinguishability security for UE in the plain
model.

1 Introduction
Uncloneable encryption (UE), originally introduced by Broadbent and Lord [BL20], and
named after the no-cloning principle [WZ82, Die82], is an encryption scheme that provides
a level of security unachievable classically: no pirating adversary A, receiving a ciphertext
encoding a message m as a quantum state, can apply a quantum operation that produces
a bipartite state over registers B and C such that two local receiving adversaries, B and C,
each accessing one of these registers, can both recover information about m, even when
given the classical secret key. When m is sampled uniformly from the message space
and both B and C are required to recover the entire message, this is referred to as one-
way, or search security. A more robust notion, called indistinguishability, or decision
security, allows A to fix two messages, receive an encryption of one of them at random,
and then have B and C attempt to guess which one. Search security has been achieved
in an information-theoretic sense in [BL20], but indistinguishability security remains an
open problem. Existing positive results rely on additional assumptions such as oracles
[BL20, AKL+22], relaxed definitions [KN23, AKY25, CG24c, BC26], or new conjectures
[AB24, BBC+26].

Since its introduction, uncloneable encryption has become a fundamental building block
of quantum cryptography, supporting applications such as secure software leasing [KNY21,
BJL+21, ALP21], uncloneable zero-knowledge proofs [JK24], quantum copy-protection
[AK21, ALL+21, CLLZ21, CMP24], private-key quantum money [BL20], uncloneable
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2 Optimal Untelegraphable Encryption

decryption [GZ20, CLLZ21, SW22, KT25], quantum functional encryption [MM24]. It has
moreover inspired the study of numerous other uncloneable cryptographic primitives1.

Untelegraphable encryption (UTE), introduced in [CKNY26] (and also, independently
in [ÇG24a] under the name unbounded leakage-resilience), is a natural relaxation of
UE, inspired by the no-telegraphing principle, which asserts that, without pre-shared
entanglement, quantum information cannot be transmitted through classical channel alone
[Wer98]2. The security guarantee for UTE is as follows: any telegraphing adversary A
who receives a quantum ciphertext of a message cannot generate classical information that
would enable another adversary, the receiver B, to recover information about the message
even when given the classical secret key. The notions of search and indistinguishability
security in UTE are analogous to those defined for UE. We note that early work [BL20] has
already established indistinguishable-UE in the oracle model for unentangled adversaries,
thus implying indistinguishable-UTE in the oracle model. [CKNY26] improves this to
an unconditional construction. They further introduce the notion of collusion-resistant
UTE, in which security is preserved even when the adversary A adaptively selects multiple
pairs of messages across successive rounds. Constructions of such schemes are obtained
from pseudorandom functions, or from pseudorandom states when the number of rounds
is bounded. Finally, they present an everlasting collusion-resistant UTE scheme in the
quantum random oracle model.

A central reason for studying UTE lies in its conceptual connection to the two founda-
tional no-go theorems already mentioned: the no-cloning theorem and the no-telegraphing
theorem. These two no-go theorems are in fact informationally equivalent [NZ24]: to
construct a copy using a telegrapher, one may simply copy the intermediate classical
output produced by the telegrapher’s channel and subsequently apply the reconstruction
procedure to each of these classical copies. Conversely, to achieve telegraphing from a
cloner, if one can generate a sufficiently large number of copies to enable a full classical
characterization of the quantum state (e.g., via quantum state tomography), then this
classical description can be transmitted through the telegrapher’s channel to reconstruct
the original state. Naturally, this latter direction incurs a significantly higher computa-
tional cost. The computational separation between the no-cloning and no-telegraphing
principles has been explored in detail in [NZ24]. The informational equivalence between
the no-cloning and no-telegraphing theorems motivates our investigation of UE via UTE.

1.1 Results
Our work investigates the existence of a UTE scheme that achieves private-key untele-
graphable-indistinguishability security unconditionally, as well as its implications for UE.
In particular, we analyze different notions of indistinguishability security for quantum
encryption of classical messages (QECM) schemes, i.e. protocols that encrypt classical
messages using quantum ciphertexts and classical keys. These notions can be formalized
through multiplayer games involving pirating and receiving parties; we say that a scheme
achieves indistinguishable security if the winning advantage of the following security game
is negligible in the security parameter:

1. The adversaries decide on the strategy and a pair of messages to distinguish (m0,m1).
2. The referee samples a uniformly random bit b and sends the encryption of mb to the

pirate adversary A.
3. A applies a quantum channel map to the ciphertext states, getting a state in the

receiving adversaries’ registers. She sends these registers to the corresponding
adversaries.

1see, for instance: [ÇG24b, LLQZ22, PRV26]
2The no-telegraphing principle is also referred to as the no-classical-teleportation theorem.
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4. The receiving adversaries are given the encryption key by the referee and attempt to
guess the bit b, without communicating.

5. The adversaries win if all receivers are able to guess b correctly.

The difference between uncloneable-indistinguishable security (for UE) and untelegraphable-
indistinguishable security (for UTE) lies in the nature of the quantum channel: in UE it
may be arbitrary, while in UTE it must be quantum-to-classical (in which case the output
can be freely copied). Also, for UTE, the security game is played with one receiver rather
than two or more as for UE, but since classical information can be perfectly cloned, the
optimal winning probability is the same for any number of receivers. When A receives
t copies of the ciphertext, we obtain the notions of t-copy uncloneable-indistinguishable
security and t-copy untelegraphable-indistinguishable security, respectively.

The relationship between our study of UTE and UE manifests in three complementary
ways. First, we show that the scheme we analyze for UTE also satisfies a minimality
property when evaluated under the UE framework. Second, by leveraging a lower bound
established for UTE, we derive a new lower bound for UE. Finally, we establish a form of
asymptotic equivalence between the two security regimes.

We prove that the Haar-measure scheme(Definition 1) (see [MST21]), satisfies several
forms of untelegraphable security.

Definition 1 (Haar-measure encryption). For a logn-bit message m ∈ [n] and a Haar-
random unitary U ∈ U(d) as the key, encryption is given by

Enc(m,U) := U
(︂
|m⟩⟨m|

n×n matrix

⊗ Id/n

identity

)︂
U∗,

and decryption is performed by first applying U∗ to cancel the conjugation, and then
measuring the first register.

Results 1 to 3 below are unconditional, information-theoretic statements about Haar-
measure encryption, and thus do not rely on pseudorandom unitaries or any other com-
putational assumptions (see the full Theorem statements for details). Note that we also
study efficient versions of this encryption arising from unitary designs (see Remark 1).
This yields efficient schemes which satisfy the security bounds of Results 1 to 3.

Result 1 (Theorem 1). The Haar-measure encryption scheme for classical bits (n =
2 messages) achieves one-copy untelegraphable-indistinguishable security with winning
probability upper bounded by

1
2 + 1

2
√
d+1 .

Result 2 (Theorem 2). The Haar-measure encryption scheme for n messages achieves
t-copy untelegraphable-indistinguishable security with winning probability upper bounded by

1
2 + 7t

√
n√
d
.

We also consider the notion of collusion-resistant security, introduced by [CKNY26], in
which A may adaptively select multiple message pairs across Q successive rounds, and its
everlasting variant where adversaries are computationally bounded.

Result 3 (Theorem 3). The Haar-measure encryption scheme for n messages achieves Q-
round collusion-resistant untelegraphable-indistinguishable security with winning probability
upper bounded by

1
2 + 7Q

√
n√
d
.
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Next, Result 4 below contains two different security regimes. Its bounded-round
construction is unconditional and is instantiated using unitary designs. Its unbounded-
round construction provides everlasting security and is the only one of our main results
that assumes the existence of pseudorandom unitaries.
Result 4 (Corollary 1). The Haar-measure encryption scheme achieves unconditional
collusion-resistant untelegraphable-indistinguishable security for a polynomially-bounded
number of rounds; and everlasting security for an unbounded number of rounds, under the
assumption of pseudorandom unitaries.

This improves upon the result of [CKNY26], where collusion-resistant security relied on
pseudorandom functions (an assumption stronger than pseudorandom unitaries), bounded-
round security relied on pseudorandom states, and everlasting security relied on the QROM.
Our plain-model achievability of everlasting security in the private key model contrasts
with the result of [CKNY26] showing impossibility in the public-key model.

Then, in analogy with the informational equivalence of no-cloning and no-telegraphing
principles in specific asymptotic regimes, we show that UTE can be expressed as a limit of
UE as the number of receiving adversaries increases.
Result 5 (Theorem 4). For any UE scheme, the winning probability of the uncloneability
-indistinguishability game with s receiving adversaries converges to that of the untelegraph-
ability-indistinguishability game at rate

O
(︂

1
3√s

)︂
.

More precisely, for any fixed scheme, the additive gap between the optimal winning
probabilities in the two games tends to zero as the number s of receiving adversaries tends
to infinity.

Additionally we derive several lower bounds for the securities of the Haar-measure
scheme. Since the winning probability for UE indistinguishability is always at least that
for UTE, any lower bound for UTE also applies to UE (see Figure 1).
Result 6. [Corollary 2] The Haar-measure encryption scheme for classical bits (n =
2 messages) achieves one-copy untelegraphable-indistinguishable security with winning
probability lower bounded by

1
2 + 1√

2πd +O
(︂

1
d3/2

)︂
.

Result 7 (Corollary 4). The Haar-measure encryption scheme for n messages achieves
t-copy untelegraphable-indistinguishable security with winning probability lower bounded by

1
2 +

√
tn

6
√
πd

+O
(︂√

t 3√n
3√
d

)︂
.

In particular our result on the one-copy untelegraphable-indistinguishable security for
classical bits, of the Haar-measure scheme, is tight (to order).

Finally, we prove a minimality property of the Haar-measure scheme extending the
result of [MST21].
Result 8 (Theorem 5). For any UE or UTE scheme with n messages in dimension d, the
winning probability of the uncloneability-indistinguishability game or the untelegraphability-
indistinguishability game is lower-bounded by the corresponding winning probability of the
n-message Haar-measure encryption scheme in dimension (d− n+ 1)n.
Result 9 (Corollary 5). Writing w for the winning probability of the t-to-(t + 1) copy
uncloneability-indistinguishability game for the n-message Haar-measure scheme in di-
mension (d − n + 1)n, the winning probability of the t-to-(t + 1) copy uncloneability-
indistinguishability game for any n-message UE scheme in dimension d is lower-bounded
by

1
2 + Ω

(︂
w− 1

2
t2

)︂
.
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Figure 1: Bounds on the telegraphing value of the Haar-measure encryption of one bit,
where the outlined white region is the range of possible values. The crosshatched region
represents the upper bound of Theorem 1 and the dotted region represents the general
lower bound of Proposition 1.

Table 1: Improvements on lower bounds for uncloneable encryption

Winning probability lower bound [MST21] Our work

2 messages, dimension d 1
2 + Ω( 1

d ) 1
2 + Ω( 1√

d
)

n messages, dimension d 1
2 + Ω(nd ) 1

2 + Ω(
√︁

n
d )

t-to-(t+ 1) copies, n messages, dimension d — 1
2 + Ω(

√︂
tn
d )

The minimality of the Haar-measure scheme yields general lower bounds for UTE, and
consequently for UE (see Figure 2).

Result 10 (Corollary 6). For any UE scheme with ciphertext dimension d, the winning
probability of the uncloneability-indistinguishability game is lower bounded by

1
2 + Ω

(︂
1√
d

)︂
.

This lower bound improves upon the previously best-known bound for UE, namely
1
2 + Ω( 1

d ), established in [MST21]. The improved lower bounds on attacks against UE in
different models are summarised in Table 1.

We further study a strengthened notion of UTE security where adversarial quan-
tum channels are restricted only to entanglement-breaking channels, which strictly gen-
eralize quantum-to-classical maps. This yields novel generalised guarantees for both
untelegraphable-indistinguishable and t-copy untelegraphable-indistinguishable security
(see Lemma 1).
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Figure 2: Bounds on the cloning value of the Haar-measure encryption of one bit, where
the outlined white region is the range of possible values. The crosshatched region
represents the upper bound due to [BC26], the dotted region represents the lower bound
due to [MST21], and the checkered region represents the improved lower bound of
Proposition 1.

1.2 Technical overview

The proofs of our main results can be organised into four groups. We give here the common
ideas behind each group, while deferring the operator calculations and the precise estimates
to the corresponding sections.

Upper bounds from Haar moments. The upper bounds in Results 1 to 4 all rely on
the fact that, before the key is revealed, a Haar-random conjugation makes the outcome of
any fixed measurement nearly independent of the encrypted message. For the one-copy
encryption of a bit, we express the success probability of a telegraphing attack in terms of
the Choi operator ρ of its channel. Since a telegraphing channel is entanglement-breaking,
the normalised Choi operator is separable; by convexity, it is therefore enough to consider
pure product states. The receiver’s POVM then contributes only convex weights, and the
adversary’s success probability is bounded by∫︂

max
b∈{0,1}

Tr[ρ̃1 ŪΠmb
UT] dU,

where Πm0 and Πm1 are complementary rank-d/2 projections. Writing the maximum as the
sum of its mean and half of the absolute difference, and applying Jensen’s inequality, reduces
the problem to the second Haar moment of this difference. The second-moment twirl lies
in the span of the identity and flip operators, and an explicit Weingarten calculation gives
the bound in Theorem 1.

For t copies, an exact evaluation of the 2tth Haar moment would be cumbersome.
Instead, we compare the Haar moment operator with a simpler permutation operator,
following [SHH25]. If σ has operator norm at most 1/r, this comparison shows that, for
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every effect 0 ≤ P ≤ I and every relevant k,⃓⃓⃓⃓
⃓
∫︂

Tr[P (UσU∗)⊗k]dU − Tr[P ]
dk

⃓⃓⃓⃓
⃓ ≤ 7k2

r

Tr[P ]
dk

.

Applying this estimate for k = t and k = 2t controls the variance of every POVM
outcome around its maximally mixed value. Cauchy–Schwarz, followed by the identity∑︁
x Tr[Px] = dt, converts this variance bound into an O(t/

√
r) distinguishing advantage,

yielding Theorem 2. The collusion-resistant proof follows the same scheme. The sequence of
adaptive generalised measurements is first folded into a single POVM on all Q ciphertexts,
indexed by the complete transcript. A multivariate version of the moment estimate applies
to the resulting tensor product of orthogonal message states, and gives an O(Q/

√
r)

advantage. Finally, only moments up to order 2Q are used, so sufficiently accurate unitary
designs give bounded-round security. For everlasting security, the proof first removes
the possibly unbounded post-key decision rule from the estimate; the remaining moment
quantity is efficiently testable and can therefore be transferred from Haar-random unitaries
to pseudorandom unitaries.

Untelegraphable encryption as a many-receiver limit. The proof of Theorem 4
uses monogamy of entanglement rather than Haar integration. Starting from a 1-to-s
cloning attack with channel Φ, we pass to its Choi state and symmetrise the s receiving
registers, while retaining classical labels for their measurements. The resulting state has
identical one-receiver marginals. Since the input register has dimension d, its entanglement
of formation with all receivers is at most log d. Yang’s monogamy inequality [Yan06]
therefore implies that the convex-roof classical correlation between the input and one
receiver is at most log(d)/s.

We then choose a convex decomposition witnessing this bound. Components with
classical correlation larger than a threshold ε have small total weight. On every remaining
component, the receiver’s measurement creates a classical–quantum ensemble with Holevo
information at most ε; Pinsker’s inequality then shows that the corresponding conditional
input states are close, on average, to their marginal state. Replacing every bipartite
component by the product of its marginals produces the Choi state of an entanglement-
breaking channel, and hence a telegraphing attack. The low-correlation components are
controlled by Pinsker’s inequality, while the remaining components are controlled by their
small total weight. The operator-norm bound on the ciphertexts converts the trace-distance
approximation into a bound on the difference between the cloning and telegraphing values.
Optimising over ε gives the convergence rate of order s−1/3.

Explicit attacks and lower bounds. The lower bounds in Corollaries 2 and 4 arise
from a concrete telegraphing strategy. The telegrapher measures the ciphertext in the
computational basis and sends the outcome. Once the key U is revealed, the receiver
outputs the message whose encrypted subspace gives the larger diagonal probability at
that outcome. By Haar invariance, the success probability is the expected maximum of the
weights of two fixed rank-r blocks in a uniformly random pure state. Using the Gaussian
representation of a Haar-random vector, these block weights form a normalised collection
of Gamma random variables. In the binary case this gives the exact expression

1
2 + 1

22r+1

(︃
2r
r

)︃
,

and Stirling’s approximation yields the claimed Θ(1/
√
r) advantage. For n messages, a

distinguishing attack fixes two message blocks of rank r = d/n; the remaining coordinates
integrate out, so the same binary calculation applies. With t ciphertext copies, the attack is
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run independently on each copy and the receiver takes a majority vote. Standard binomial
estimates amplify a one-copy bias δ to order

√
t δ, which gives the stated t-copy lower

bound.

Minimality of Haar-measure encryption. The universal lower bounds follow from
the minimality theorem Theorem 5. Let Q be any correct QECM with n = |M | messages.
Perfect correctness implies that, for each key, the supports of the ciphertexts are mutually
orthogonal. After an isometric embedding into Crn, where r = dimH − n + 1, each
ciphertext can therefore be written as UkδkmU∗k , with δkm supported in the m-th block of
dimension r. We then pass through a sequence of increasingly symmetric hybrid schemes.
First, the common basis is replaced by an independent Haar-random basis. Next, each
message block is randomly permuted. Haar invariance and averaging show that neither
transformation increases the optimal attack value: every attack against a hybrid induces an
attack of at least the same value against the preceding scheme. Averaging within a block
maps every δkm to the maximally mixed state σm on that block. Hence, any attack against
the rank-r Haar-measure scheme Qr,n can be lifted to an attack against the final hybrid,
with the same averaged value, by ignoring the additional block information contained in
the key. Consequently,

cN1→s(Qr,n|F ) ≤ cN1→s(Q|F )

for all channel classes F considered here. Combining this comparison with the explicit
Haar attack gives the general UTE lower bound; since cloning attacks include telegraphing
attacks, the same bound applies to UE and yields Corollary 6. For several ciphertext
copies, the same symmetrisation is approximate rather than exact, and the higher-moment
estimate above controls the resulting error.

1.3 Open questions
1. Untelegraphable encryption constitutes a restriction of uncloneable encryption in the

sense that it imposes a strict classicality on the messages that the pirate can send
to the receiving adversaries. There are also a variety of intermediate restrictions
that can be imposed on the pirate channel, e.g., bounded storage [DFSS05] or noisy
communication [WST08]. These do not achieve the full generality of cloning attacks,
but they do give rise to a much wider range of possible attacks than telegraphing. Is
it possible to find similar upper bounds on the value to the ones we find in those
models?

2. In this work, we use untelegraphable encryption to constrain the value of uncloneable
encryption. Is it possible to use this line of reasoning to find stronger results?
For example, could we show the existence of an uncloneable bit by reducing to an
untelegraphable encryption protocol?

1.4 Organization
The remainder of this paper is organized as follows. Section 2 introduces notation,
background in quantum information theory, and formal definitions of the encryption
schemes and security notions. Section 3 defines the Haar-random scheme and proves
untelegraphable-indistinguishability security. Section 4 proves that the Haar-measure
scheme is secure against telegraphing-distinguishing attacks with collusion. Section 5
establishes the asymptotic equivalence of UTE and UE. Section 6 derives lower bounds
for Haar-measure security. Section 7 proves a minimality property of the Haar-measure
scheme and lower bounds for all UTE and UE schemes.
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2 Preliminaries

We let N denote the set of natural numbers, and write [n] for the set {0, . . . , n− 1}. The
logarithm with base b is denoted by logb(·), and in particular, we use log(·) to denote the
binary logarithm.

All Hilbert spaces considered in this work are assumed to be finite-dimensional. Given
a finite set A, write HA = CA for the Hilbert space with canonical orthonormal basis{︁
|a⟩ | a ∈ A

}︁
; in this case, A is called a register. For Hilbert spaces H and K, we denote

by B(H,K) the space of bounded linear operators from H to K. In the special case
K = H, we simply write B(H). The identity operator on H ≃ Cd is denoted by Id, where
the subscript is dropped if clear from context, and the trace over H is written as Tr[·]. An
operator M ∈ B(H) is positive semi-definite if and only if it is Hermitian (i.e., M∗ = M)
with non-negative eigenvalues, in which case we write M ⪰ 0. The Hilbert space norm is
denoted by ∥·∥. The operator norm on B(H) is also denoted ∥·∥, and the trace norm is
denoted ∥·∥Tr = 1

2∥·∥1.
A Hilbert space H will be regarded as a quantum system. A quantum state (or density

operator) on H is a positive semi-definite operator ρ ∈ B(H) with unit trace. The set of
all density operators is convex, with extreme points given by rank-one projectors |ψ⟩⟨ψ|,
where |ψ⟩ ∈ H is a unit vector, referred to as a pure state. We shall use both vector and
matrix notations for pure states interchangeably. We sometimes write ρA1···An to mean
ρ ∈ B(HA1 ⊗ · · · ⊗HAn

).
For a composite system H ≃ HA1 ⊗ · · · ⊗HAn consisting of n subsystems, the partial

trace over the i-th subsystem is denoted by TrAi
[·]. We write partial traces of states ρA1···An

as ρA1···Ai−1Ai+1···An
= TrAi

(ρ). When subsystems have different dimensions, we also
index the partial trace by the dimension being traced out. For instance, if H ≃ Cd ⊗ CD,
the notation TrD[·] refers to the partial trace over the second tensor factor.

A linear map Φ : B(H)→ B(H) is said to be completely positive if, for every k ∈ N,
the extended map Φ⊗ idk is positive (i.e., it maps positive operators to positive operators),
where idk denotes the identity map on B(Ck). The map Φ is trace preserving if Tr[Φ(ρ)] =
Tr[ρ] for all ρ ∈ B(H). A quantum channel is a map that is both Completely Positive and
Trace Preserving (cptp).

A positive operator-valued measure (povm) on H is a finite family of positive semi-
definite operators {Mi} satisfying

∑︁
iMi = I. A projection-valued measure (pvm) is

a special case of a povm in which each Mi is an orthogonal projector. A generalised
measurement on H is a finite family of linear maps {Vi : H → K} for some Hilbert space K
such that

∑︁
i V
∗
i Vi = I.

We denote by Sn the symmetric group on n elements. A unitary representation of a
finite group G is a group homomorphism G→ U(H). We make use of the representation
Vd : Sn → U((Cd)⊗n) defined via Vd(π)(|ψ1⟩ ⊗ · · · ⊗ |ψn⟩) = |ψπ−1(1)⟩ ⊗ · · · ⊗ |ψπ−1(n)⟩.
The group of d×d unitary matrices is written as U(d) = U(Cd), consisting of all matrices U
such that UU∗ = U∗U = Id.

There is a unique translation-invariant probability measure on U(d) called the Haar
measure. We denote this measure as µHaar, since d is usually clear from context. We
denote integration with respect to the Haar measure by

∫︁
· dU =

∫︁
· dµHaar(U).

A family of functions Gλ : Kλ → U(2λ) is a pseudorandom unitary if there is a
quantum polynomial-time (in λ) algorithm that implements k ↦→ Gλ(k), and any quantum
polynomial-time distinguisher can only distinguish Haar-random U from Gλ(k) with
uniformly random k with negligible advantage, given oracle and inverse oracle access to
either.
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2.1 Untelegraphable and uncloneable encryption
Untelegraphable encryption, introduced in [CKNY26], is a relaxation of uncloneable encryp-
tion [BL20]: a symmetric-key encryption scheme of classical messages in which ciphertexts
are quantum states, designed to prevent unauthorized replication of information by adver-
saries.

Parameter conventions. Throughout the paper, n = |M | denotes the total number
of messages, N = |M0| the number of messages considered in a particular attack, r the
rank of each ciphertext state in the Haar-measure scheme, and d = rn the corresponding
ciphertext dimension. We use t for the number of input ciphertext copies, s for the number
of receiving adversaries, Q for the number of rounds in a collusion attack, and k for the
order of a Haar moment or unitary design. For an arbitrary QECM with codespace H, we
write D = dimH when it is necessary to distinguish its dimension from the dimension rn
of the associated Haar-measure scheme.

Definition 2. A quantum encryption of classical messages (QECM) is a tuple Q =
(M,K, π,H, {σkm}k∈K,m∈M ), where

• M is a finite set, called the set of messages;

• K is a measurable space, called the set of keys;

• π is a probability measure on K, called the key distribution;

• H is a finite-dimensional Hilbert space, called the codespace;

• σkm are quantum states on H, called the ciphertexts.

The QECM Q is ε-correct if for each k ∈ K, there is a POVM {P km}m∈M such that for
any m ∈M , ∫︂

K

Tr(P kmσkm)dπ(k) ≥ 1− ε.

We say Q is correct if it is 0-correct.
An efficient QECM is a collection of QECMs {Qλ}λ∈N such that there exists a negligible

function η such that Qλ is η(λ)-correct and a triple of quantum algorithms:

• Gen : {1}∗ →
⋃︁
λKλ such that Gen(1λ) samples from πλ, called the key generation

algorithm;

• Enc :
⋃︁
λ{1λ} ×Mλ ×Kλ →

⋃︁
λD(Hλ) such that Enc(1λ,m, k) = σλ,km , called the

encryption algorithm;

• Dec :
⋃︁
λ{1λ} ×D(Hλ)×Kλ →

⋃︁
λMλ such that for all m ∈Mλ,

Pr
[︂
Dec(1λ, σλ,km , k) = m|k ← π

]︂
≥ 1− η(λ).

We can capture cloning and telegraphing attacks in tandem with the following general
form of attack against a QECM. Unless otherwise specified, we assume that the adversaries
are computationally unbounded.

Definition 3. Let N, t, s ∈ N and let F be a collection of quantum channels. A t-to-s
N -message cloning attack over F against a QECM Q is a tuple

A = (M0, {Bi}i∈[s], {P i,km }i∈[s],k∈K,m∈M0 ,Φ),

where
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• M0 ⊆M is a set of N messages;

• Bi is a finite-dimensional Hilbert space for each i;

• For each i ∈ [s] and k ∈ K, {P i,km }m∈M0 ⊆ B(Bi) is a POVM;

• Φ : B(H⊗t)→ B(B0 ⊗ · · · ⊗Bs−1) is a quantum channel such that Φ ∈ F .

The cloning probability of A against Q is

cNt→s(Q|A) =
∫︂
K

1
N

∑︂
m∈M0

Tr[(P 1,k
m ⊗ · · · ⊗ P s,km )Φ((σkm)⊗t)]dπ(k).

The t-to-s N-message cloning value over F of Q is cNt→s(Q|F ) = supA c
N
t→s(Q|A), where

the supremum is over all t-to-s N -message cloning attacks from F ; N is omitted when
N = |M | and F is omitted when it is the set of all channels. If N = |M |, we omit M0
in A, and if s = 1, we omit i in Bi and P i,km .

It is easy to see that if F is closed under pre- and post-composition with partial traces,
then cNt→s(Q|F ) ≤ cNt′→s′(Q|F ) for t′ ≥ t and s′ ≤ s.

We recover the various values studied in the context of uncloneable and untelegraphable
encryption as special cases of this definition.

Definition 4. Let Q be a QECM. Let M be the set of all measurement channels.

• A cloning attack against Q is a 1-to-2 |M |-message cloning attack. The cloning value
of Q is c1→2(Q). We say Q is ε-uncloneable secure if c1→2(Q) ≤ 1

|M | + ε. An efficient
QECM {Qλ}λ is η-uncloneable secure if Qλ is η(λ)-uncloneable secure for each λ. We
say {Qλ}λ is weakly uncloneable secure if limλ→∞ η(λ) = 0 and strongly uncloneable
secure if η is a negligible function.

• A cloning-distinguishing attack against Q is a 1-to-2 2-message cloning attack. The
cloning-distinguishing value of Q is c2

1→2(Q). We say Q is ε-uncloneable-indistinguishable
secure if c2

1→2(Q) ≤ 1
2 +ε. An efficient QECM {Qλ}λ is η-uncloneable-indistinguishable

secure if Qλ is η(λ)-uncloneable-indistinguishable secure for each λ. We say {Qλ}λ
is weakly uncloneable-indistinguishable secure if limλ→∞ η(λ) = 0 and strongly
uncloneable-indistinguishable secure if η is a negligible function.

• A telegraphing attack is a 1-to-1 |M |-message cloning attack over M . The telegraphing
value of Q is c1→1(Q|M ). We say Q is ε-untelegraphable secure if c1→1(Q|M ) ≤ 1

|M |+ε.
An efficient QECM {Qλ}λ is η-untelegraphable secure if Qλ is η(λ)-untelegraphable
secure for each λ. We say {Qλ}λ is weakly untelegraphable secure if limλ→∞ η(λ) = 0
and strongly untelegraphable secure if η is a negligible function.

• A telegraphing-distinguishing attack is a 1-to-1 2-message cloning attack over M . The
telegraphing-distinguishing value of Q is c2

1→1(Q|M ). We say Q is ε-untelegraphable-
indistinguishable secure if c2

1→1(Q|M ) ≤ 1
2 + ε. An efficient QECM {Qλ}λ is η-

untelegraphable-indistinguishable secure if Qλ is η(λ)-untelegraphable-indistinguishable
secure for each λ. We say {Qλ}λ is weakly untelegraphable-indistinguishable secure
if limλ→∞ η(λ) = 0 and strongly untelegraphable-indistinguishable secure if η is a
negligible function.

Observe that c2
t→s(Q|M ) = c2

t→s′(Q|M ) for any s and s′, since the outputs of measure-
ment channels in M can be prepared into an arbitrary number of copies.
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Definition 5. An efficient attack against an efficient QECM {Qλ}λ is a collection of
attacks {Aλ = (Mλ

0 , {Bλi }, {Pλ,i,km },Φλ)}λ such that Aλ is an attack against Qλ, and the
attacks can be implemented in polynomial time in λ.

An efficient QECM {Qλ}λ is uncloneable-indistinguishable secure against efficient adver-
saries if for every efficient attack {Aλ}λ against {Qλ}λ where Aλ is a cloning-distinguishing
attack, c2

1→2(Qλ|Aλ) = 1
2 + negl(λ). An efficient QECM {Qλ}λ is untelegraphable-indis-

tinguishable secure against efficient adversaries if for every efficient attack {Aλ}λ against
{Qλ} where Aλ is a telegraphing-distinguishing attack, c2

1→1(Qλ|Aλ) = 1
2 + negl(λ).

An efficient QECM {Qλ}λ is everlasting uncloneable-indistinguishable secure against effi-
cient adversaries if for every collection of attacks {Aλ}λ where Aλ is a cloning-distinguishing
attack against Qλ and Φλ can be efficiently implemented (but not necessarily the mea-
surements Pλ,i,km ), c2

1→2(Qλ|Aλ) = 1
2 + negl(λ). An efficient QECM {Qλ}λ is everlasting

untelegraphable-indistinguishable secure against efficient adversaries if for every collection
of attacks {Aλ}λ where Aλ is a telegraphing-distinguishing attack against Qλ and Φλ can
be efficiently implemented, c2

1→1(Qλ|Aλ) = 1
2 + negl(λ).

In [CKNY26], a further security notion was also considered, which is not captured by
the above framework.

Definition 6. A telegraphing-distinguishing attack with collusion A against a QECM
Q = (M,K, π,H, {σkm}k,m) consists of Q ∈ N rounds, a finite set X of telegraphing
messages, a probability distribution p(·|x, k) on {0, 1} for all x ∈ X and k ∈ K, Hilbert
spaces Hi for i ∈ [Q+ 1] where H0 = C, generalised measurements {V im0,m1

: Hi ⊗H →
Hi+1}(m0,m1)∈M2,m0 ̸=m1 for i ∈ [Q], and a POVM {Px}x∈X ⊆ B(HQ ⊗H). The value of
A against Q is

t(Q|A) =
∫︂
K

1
2
∑︂

b∈{0,1}
x∈X

m
(1)
0 ,m

(1)
1 ,...,

m
(Q)
0 ,m

(Q)
1

p(b|x, k) Tr
[︂
Px · V Q−1

m
(Q)
0 ,m

(Q)
1
· · · (V 0

m
(1)
0 ,m

(1)
1

(V 0
m

(1)
0 ,m

(1)
1

)† ⊗ σk
m

(1)
b

) · · ·

V Q−1
m

(Q)
0 ,m

(Q)
1
⊗ σ(Q)

m
(Q)
b

]︂
dπ(k)

An efficient QECM {Qλ}λ is collusion-resistant untelegraphable-indistinguishable secure if for
any efficient telegraphing-distinguishing attack with collusion {Aλ}λ, t(Qλ|Aλ) ≤ 1

2 +negl(λ).
An efficient QECM {Qλ}λ is everlasting collusion-resistant untelegraphable-indistin-

guishable secure if for any collection of telegraphing-distinguishing attacks with collusion
{Aλ}λ such that the V λ,im0,m1

and Pλx are efficiently implemented, t(Qλ|Aλ) ≤ 1
2 + negl(λ).

It follows directly from the above definitions that collusion-resistant untelegraphable-
indistinguishable security is a stronger security notion than multi-copy untelegraphable-
indistinguishable security, in the sense that t(Q) ≥ cNQ→1(Q|M ).

Telegraphing attacks admit an alternate characterisation owing to the fact that the
message the telegrapher sends is classical.

Lemma 1. Let Q = (M,K, π,H, {σkm}) be a QECM. If A = (M0, B, {P km},Φ) is a 1-to-1
N -message cloning attack where Φ is an entanglement-breaking channel, then there exists
a set X, probability distributions p(·|x, k) over M0 for all x ∈ X and k ∈ K, and a POVM
{Px}x∈X ⊆ B(H) such that

cN1→1(Q|A) =
∫︂
K

1
N

∑︂
m∈M0

∑︂
x∈X

p(m|x, k) Tr[Pxσkm]dπ(k).

Conversely, for any set X, subset M0 ⊆ M of size N , probability distributions p(·|x, k)
over M0 for all x ∈ X and k ∈ K, and POVM {Px}x∈X ⊆ B(H), there exists a 1-to-1
N-message cloning attack A = (M0, B, {P km},Φ) such that Φ is a measurement channel
and the same equality holds.
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It follows that, if E is the set of entanglement-breaking channels, then cN1→1(Q|E ) =
cN1→1(Q|M ).

Proof. Let A = (M0, B, {P km},Φ) be a 1-to-1 N -message cloning attack against Q where Φ
is entanglement-breaking. Then, there exists a POVM {Px}x∈X and states σx such that
Φ(ρ) =

∑︁
x∈X Tr[Pxρ]σx. Let p(m|x, k) = Tr[P kmσx]. Therefore, we have that

cN1→1(Q|A) =
∫︂
K

1
N

∑︂
m∈M0

Tr[P kmΦ(σkm)]dπ(k)

=
∫︂
K

1
N

∑︂
m∈M0

∑︂
x∈X

Tr[P kmσx] Tr[Pxσkm]dπ(k)

=
∫︂
K

1
N

∑︂
m∈M0

∑︂
x∈X

p(m|x, k) Tr[Pxσkm]dπ(k).

For the converse, letB = CX , P km =
∑︁
x∈X p(m|x, k) |x⟩⟨x|, Φ(ρ) =

∑︁
x∈X Tr[Pxρ] |x⟩⟨x|.

By construction, this is a 1-to-1 N -message cloning attack over M against Q, and by the
same argument, the same equality holds.

Uncloneable-indistinguishable security provides a stronger guarantee for a QECM
scheme than untelegraphable-indistinguishable security. In particular, if a QECM scheme
achieves uncloneable-indistinguishable security, then the cloning probability c2

1→2(Q) is
negligible. Since c2

1→1(Q|M ) ≤ c2
1→2(Q), then the scheme also satisfies untelegraphable-

indistinguishable security.
However the two notions are not equivalent: there exist schemes that satisfy untelegraph-

able-indistinguishable security but not uncloneable-indistinguishable security. Consider
a QECM scheme that is 2-copy untelegraphable-indistinguishable secure for a collection
of ciphertexts {ρ}. Then, the modified 1-copy untelegraphable-indistinguishable secure
scheme with ciphertexts of the form {ρ ⊗ ρ} fails to achieve uncloneable-indistinguishable
security, as an attack can trivially apply the identity channel to win with certainty (see
[CKNY26] for a separation between UTE and UE with unbounded polynomial number of
adversaries, under the classical oracle model).

3 The security of Haar-measure encryption
The Haar-random QECM scheme was introduced by [MST21] as a potential candidate
for achieving uncloneable-indistinguishable security without computational assumptions.
While a proof of strong uncloneable-indistinguishable security for this scheme remains
an open question—[BC26] established a weaker variant with inverse-logarithmic success
probability—in this work, we demonstrate that this scheme satisfies both untelegraphable-
indistinguishable security and t-copy untelegraphable-indistinguishable security.
Definition 7. Let r, n ∈ N. The rank-r Haar-measure encryption of n messages is the
QECM Qr,n = ([n],U(rn), µHaar,Crn, {UσiU∗}U∈U(rn),i∈[n]), where σi = 1

r

∑︁r(i+1)−1
j=ri |j⟩⟨j|.

We call the rank-r Haar-measure encryption of 2 messages the rank-r Haar-measure en-
cryption of a bit

We can also express σi = 1
r |i⟩⟨i| ⊗ Ir, following from the isomorphism Crn ∼= Cn ⊗ Cr.

Remark 1. The Haar-random QECM scheme can be made computationally efficient, for
unitaries of dimension 2#qubits, by replacing the Haar-random unitary with a unitary
sampled from a t-design. As will become evident from the proof below, achieving t-copy
telegraphing security requires the use of a unitary 2t-design. Such designs admit efficient
implementations, as demonstrated in [MPSY24]. An explicit construction based on a
unitary 2-design is presented in [BC26].



14 Optimal Untelegraphable Encryption

The telegraphing-distinguishing value of an attack A = ({m0,m1}, B, {P km}k∈K,m∈M0 ,Φ)
against the Haar-random QECM scheme is given by Definition 3 as

c2
1→1(Q|A) =

∫︂
U(rn)

1
2

1∑︂
b=0

Tr[PUmb
· Φ(Uσmb

U∗)]dU.

where the integral is taken over normalized Haar measure of the unitary group. Let ρ denote
the positive operator corresponding to the cptp map Φ defined via the Choi–Jamiołkowski
isomorphism as: ρ := (id⊗Φ)

∑︁
ij |ii⟩⟨jj|. In terms of ρ, the telegraphing-distinguishing

value can be rewritten as

c2
1→1(Q|A) =

∫︂ 1
2

1∑︂
b=0

Tr[ρ((Uσmb
U∗)T ⊗ PUmb

)]dU =
∫︂ 1

2

1∑︂
b=0

Tr[ρ((Ūσmb
UT)⊗ PUmb

)]dU.

3.1 One copy untelegraphable-indistinguishable security
We first establish the case of 1-copy untelegraphable-indistinguishable security for Haar-
measure encryption of a single classical bit, using unitaries of dimension d = 2#qubits.
The full generalization to arbitrary message lengths and multiple-copy will be addressed
subsequently.

Theorem 1. The rank-d/2 Haar-measure encryption of classical bits (i.e. 2 messages)
achieves strong untelegraphable-indistinguishable security, with telegraphing-distinguishing
value upper bounded as

c2
1→1(Q|M ) ≤ 1

2 + 1
2
√
d+1 .

Proof. Let Πi be the projection Πi := |i⟩⟨i| ⊗ Id/2, such that the ciphertexts become
σi = 2

d ·Πi The telegraphing-distinguishing value is given by:

c2
1→1(Q|M ) = sup

A

∫︂ 1
2

1∑︂
b=0

Tr[ρ((Ūσmb
UT)⊗ PUmb

)]dU

= sup
A

∫︂ 1∑︂
b=0

Tr[ 1
dρ · ((ŪΠmb

UT)⊗ PUmb
)]dU,

where the supremum is taken over all telegraphing-distinguishing attacks. Since 1
d ρ is now

a normalised density operator, the optimisation can be relaxed by substituting ρ̃ = 1
dρ

and optimising over all quantum states:

c2
1→1(Q|M ) ≤ sup

Ã

∫︂ 1∑︂
b=0

Tr[ρ̃ · ((ŪΠmb
UT)⊗ PUmb

)]

Since the CPTP map Φ corresponding to the telegraphing attack is entanglement-breaking,
its Choi matrix ρ as well as the associated state ρ̃ are necessarily separable. As the
optimization is over the convex set of separable states ρ̃, the supremum is attained at the
extremal points of this set, namely the pure product states ρ̃ = ρ̃1 ⊗ ρ̃2. Consequently, we
may write

c2
1→1(Q|M ) ≤ sup

Ã

∫︂ 1∑︂
b=0

Tr[ρ̃1 ⊗ ρ̃2 · ((ŪΠmb
UT)⊗ PUmb

)]

= sup
Ã

∫︂ 1∑︂
b=0

Tr[ρ̃2 · PUmb
]⏞ ⏟⏟ ⏞

:=q(U,mb)

Tr[ρ̃1 · (ŪΠmb
UT)]dU,
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Since the q(U,mb) are non-negative reals and sum to 1 over b, then by convexity
1∑︂
b=0

q(U,mb) · Tr[ρ̃1 · (ŪΠmb
UT)] ≤ max

b

{︃
Tr[ρ̃1 · (ŪΠmb

UT)]⏞ ⏟⏟ ⏞
:=Mb

}︃
.

Applying the identity max{a, b} = a+b
2 + |a−b|

2 yields:

c2
1→1(Q|M ) ≤ sup

Ã

1
2

∫︂
M0 +M1dU + 1

2

∫︂
|M0 −M1|dU.

Now observe that Π0 + Π1 = Id; thus we have∫︂
M0 +M1dU =

∫︂
Tr[ρ̃1 · (Ū(Π0 + Π1)UT)]dU = 1,

so that:

c2
1→1(Q|M ) ≤ sup

Ã

1
2 + 1

2

∫︂
|M0 −M1|dU ≤ 1

2 + 1
2

√︄∫︂
(M0 −M1)2dU,

where the final inequality follows from Jensen’s inequality. To evaluate the second moment,
we write:

(M0 −M1)2 = Tr
[︃(︂
ρ̃1 ⊗ ρ̃1

)︂
·
(︂
Ū ⊗ Ū

)︂(︂
Π0 −Π1

)︂⊗2(︂
UT ⊗ UT

)︂]︃
.

Applying the Weingarten calculus for the second moment (see e.g. [Mel24, Cor. 13]), we
obtain: ∫︂ (︂(︂

Ū ⊗ Ū
)︂(︂

Π0 −Π1

)︂⊗2(︂
UT ⊗ UT

)︂
dU = cI · I + cF · F,

where I and F denote respectively the identity and flip (swap) operator on Cd⊗Cd, defined
by I(|a⟩ ⊗ |b⟩) = |a⟩ ⊗ |b⟩ and F(|a⟩ ⊗ |b⟩) = |b⟩ ⊗ |a⟩. The corresponding Weingarten
coefficients cI and cF are given by:

cI =
Tr[(Π0 −Π1)⊗2 · I]− 1

d Tr[(Π0 −Π1)⊗2 · F]
d2 − 1 = −1

d2 − 1 ,

cF =
Tr[(Π0 −Π1)⊗2 · F]− 1

d Tr[(Π0 −Π1)⊗2 · I]
d2 − 1 = d

d2 − 1 .

The operator Π0 −Π1 is a traceless Hermitian unitary operator on Cd. Using the swap
trick Tr[(A⊗B) · F] = Tr[A ·B], we conclude:∫︂

(M0 −M1)2
dU = −1

d2 − 1 Tr [ρ̃1]2 + d

d2 − 1 Tr
[︂
ρ̃2

1

]︂
≤ 1
d+ 1 ,

where we have used the facts that Tr[ρ̃1]2 = 1 and Tr[ρ̃2
1] ≤ 1 for all quantum states ρ̃1.

Hence, we obtain the claimed upper bound: 1
2 + 1

2
√
d+1 .

3.2 Many copy untelegraphable-indistinguishable security
The above proof relies on the exact expression of the second unitary moment opera-
tor, derived via Weingarten calculus. In contrast, the proof of t-copy untelegraphable-
indistinguishable security requires the analysis of higher-order moments. While exact
evaluations are feasible for low-order moments, they become intractable as the order
increases. To address this, we approximate the higher-order moments using the following
lemma.
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Lemma 2 ([SHH25, Lem. 1]). Let Φk and Ψk be two hermitian-preserving maps from
B(Cdk ) to B(Cdk ) defined by

Φk(X) :=
∫︂
U(d)

U⊗kX U∗⊗k dU
weingarten

calculus

=
∑︂

π,σ∈Sk

Wg(π91σ, d) Tr
[︂
Vd(σ)−1X

]︂
· Vd(π)

Ψk(X) := 1
dk

∑︂
π∈Sk

Tr
[︂
Vd(π)91X

]︂
· Vd(π),

where Sk denotes the symmetric group on k elements, Wg(·, ·) the Weingarten function,
and Vd(π) is defined as the tensor permutation of (Cd)⊗k associated with π ∈ Sk. If
d >
√

6k7/4, then we have the inequalities(︃
1− k2

d

)︃
Ψk ⪯ Φk ⪯

(︃
1 + k2

d

)︃
Ψk,

where ⪯ is the order on hermitian-preserving maps given by Φ ⪯ Ψ if (id⊗Φ)(P ) ≤
(id⊗Ψ)(P ) for all positive semidefinite P .

The value of a t-copy telegraphing-distinguishing attack against the Haar-random
QECM scheme A = ({m0,m1}, X, {Px}x∈X , {p(0|x, k), p(1|x, k)}x∈X,k∈K) is given by Def-
inition 3 and Lemma 1 as:

c2
t→1(Q|A) =

∫︂
U(rn)

1
2
∑︂

b∈{0,1}

∑︂
x∈X

p(b|x, U) Tr[Px · (Uσmb
U∗)⊗t]dU.

where the integral is taken over normalized Haar measure of the unitary group. We can
now prove the t-copy untelegraphable-indistinguishable security for rank-r Haar-measure
encryption of n messages, using unitaries of dimension rn = 2#qubits.

Theorem 2. The rank-r Haar-measure encryption of n messages achieves strong unte-
legraphable-indistinguishable security, with t-copy telegraphing-distinguishing value upper
bounded as

c2
t→1(Qr,n|M ) ≤ 1

2 + 7t√
r
.

Lemma 3. Let P ∈ B(Cdk ) such that 0 ≤ P ≤ I, and let σ ∈ B(Cd) be a state such that
∥σ∥ ≤ ε. Suppose k2 ≤ 1

ε , then⃓⃓⃓⃓
⃓
∫︂

Tr
[︂
P · (UσU∗)⊗k

]︂
dU − Tr[P ]

dk

⃓⃓⃓⃓
⃓ ≤ Tr[P ]

dk
7k2ε.

It follows from the lemma that
⃦⃦⃦∫︁
U(d)(UσU

∗)⊗kdU − I
dk

⃦⃦⃦
Tr
≤ 7k2ε, and that if σ := 1

rΠ
for Π ∈ B(Cd) a rank r projector and k2 ≤ r, then⃓⃓⃓⃓

⃓
∫︂

Tr
[︂
P · (UσU∗)⊗k

]︂
dU − Tr[P ]

dk

⃓⃓⃓⃓
⃓ ≤ Tr[P ]

dk
7k2

r
.

Proof. First, using Lemma 2, since k2 ≤ 1
ε ≤ d, we see that

∫︂
Tr
[︂
P · (UσU∗)⊗k

]︂
dU ≤

(︄
1 + k2

d

)︄
1
dk

∑︂
π∈Sk

Tr
[︁
P · Vd(π)

]︁ #π∏︂
i=1

Tr(σni(π)),
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where #π is the number of cycles in the cycle decomposition of π and (n1(π), . . . , n#π(π))
is the cycle shape. We have that Tr(σn) ≤ Tr(∥σ∥n−1σ) = ∥σ∥n−1. Using this and the
upper bound Re Tr[P · Vd(π)] ≤ Tr[P ],∫︂

Tr
[︂
P · (UσU∗)⊗k

]︂
dU ≤

(︄
1 + k2

d

)︄
Tr[P ]
dk

∑︂
π∈Sk

#π∏︂
i=1

Tr(σni(π))

≤

(︄
1 + k2

d

)︄
Tr[P ]
dk

∑︂
π∈Sk

ε
∑︁#π

i=1
(ni(σ)−1)

≤

(︄
1 + k2

d

)︄
Tr[P ]

(︃
ε

d

)︃k ∑︂
π∈Sk

ε−#π.

Then we use that ∑︂
π∈Sk

x#π =
k∑︂
i=0

[︁
k
i

]︁
xi = xk̄,

where
[︁
k
i

]︁
denotes the unsigned Stirling numbers of the first kind, and xk̄ is the rising

factorial
xk̄ := x(x+ 1) · · · (x+ k − 1).

Then∫︂
Tr
[︂
P · (UσU∗)⊗k

]︂
dU ≤

(︄
1 + k2

d

)︄
Tr[P ]

(︃
ε

d

)︃k
ε−1(ε−1 + 1) · · · (ε−1 + k − 1)

≤

(︄
1 + k2

d

)︄
Tr[P ]
dk

(︂
1 + ε

)︂
· · ·
(︂

1 + (k − 1)ε
)︂

≤

(︄
1 + k2

d

)︄
Tr[P ]
dk

k−1∏︂
i=0

(︃
1 + iε

)︃
.

Then using the assumption k2 ≤ ε−1

k−1∏︂
i=0

(︃
1 + iε

)︃
≤
(︃

1 + kε

)︃k
≤ 1 +

(︃
1 + 1

k

)︃k
k2ε ≤ 1 + ek2ε.

Thus we have the upper bound∫︂
Tr
[︂
P · (UσU∗)⊗k

]︂
dU ≤

(︄
1 + k2

d

)︄
Tr[P ]
dk

(︂
1 + ek2ε

)︂
≤ Tr[P ]

dk

(︂
1 + (2e+ 1)k2ε

)︂
.

On the other hand, using Lemma 2, we can lower bound∫︂
Tr
[︂
P · (UσU∗)⊗k

]︂
dU ≥

(︄
1− k2

d

)︄
1
dk

∑︂
π∈Sk

Tr
[︂
Vd(π)91 · σ⊗k

]︂
Tr
[︁
P · V (π)

]︁

≥

(︄
1− k2

d

)︄
Tr(P )
dk

⎛⎝2−
∑︂
π∈Sk

Tr
[︂
Vd(π)∗σ⊗k

]︂⎞⎠
≥

(︄
1− k2

d

)︄
Tr(P )
dk

(︂
2− (1 + kε)k

)︂
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≥ Tr(P )
dk

(︄
1− k2

d

)︄(︂
1− ek2ε

)︂
≥ Tr(P )

dk

(︂
1− (e+ 1)k2ε

)︂
.

Proof of Theorem 2. Let A = ({m0,m1}, B, {P km},Φ) be a t-copy telegraphing attack
against Qr,n. Using Lemma 1, there exists a finite set X, probability distributions p(·|x, U)
on [2] for all x ∈ X and U ∈ U(rn), and a POVM {Px}x∈X such that

c2
t→1(Q|A) =

∫︂ 1
2r

∑︂
b∈{0,1}

∑︂
x∈X

p(b|x, U) Tr[Px · (UΠmb
U∗)⊗t]dU,

where Πi := |i⟩⟨i| ⊗ Ir. We want to upper-bound this value. To achieve this, it suffices to
establish an upper bound on the following quantity:

D :=
⃓⃓⃓⃓

1
r

∫︂ ∑︂
x

p(0|x, U) · Tr
[︂
Px ·

(︁
U Πm0 U

∗)︁⊗t]︂ dU
− 1

r

∫︂ ∑︂
x

p(0|x, U) · Tr
[︂
Px ·

(︁
U Πm1 U

∗)︁⊗t]︂ dU ⃓⃓⃓⃓.
First using the triangle inequality,

D =
⃓⃓⃓⃓
⃓ 1
r

∫︂ ∑︂
x

p(0|x, U) ·
(︄

Tr
[︂
Px ·

(︁
U Πm0 U

∗)︁⊗t]︂− Tr[Px]
dt

)︄
dU

− 1
r

∫︂ ∑︂
x

p(0|x, U) ·
(︄

Tr
[︂
Px ·

(︁
U Πm1 U

∗)︁⊗t]︂− Tr[Px]
dt

)︄
dU

⃓⃓⃓⃓
⃓

≤

⃓⃓⃓⃓
⃓ 1
r

∫︂ ∑︂
x

p(0|x, U) ·
(︄

Tr
[︂
Px ·

(︁
U Πm0 U

∗)︁⊗t]︂− Tr[Px]
dt

)︄
dU

⃓⃓⃓⃓
⃓

+
⃓⃓⃓⃓
⃓ 1
r

∫︂ ∑︂
x

p(0|x, U) ·
(︄

Tr
[︂
Px ·

(︁
U Πm1 U

∗)︁⊗t]︂− Tr[Px]
dt

)︄
dU

⃓⃓⃓⃓
⃓,

where we write d := rn. Therefore, for any mb, we can bound by Cauchy-Schwarz as⃓⃓⃓⃓
⃓ 1
r

∫︂ ∑︂
x

p(0|x, U) ·
(︄

Tr
[︂
Px ·

(︁
U Πmb

U∗
)︁⊗t]︂− Tr[Px]

dt

)︄
dU

⃓⃓⃓⃓
⃓

≤
∑︂
x

⃓⃓⃓⃓
⃓ 1
r

∫︂
p(0|x, U) ·

(︄
Tr
[︂
Px ·

(︁
U Πmb

U∗
)︁⊗t]︂− Tr[Px]

dt

)︄
dU

⃓⃓⃓⃓
⃓

≤
∑︂
x

⌜⃓⃓⃓
⎷∫︂ p(0|x, U)2dU ·

∫︂ ⎛⎝Tr
[︄
Px ·

(︃
U
(︂

1
r ·Πmb

)︂
U∗
)︃⊗t]︄

− Tr[Px]
dt

⎞⎠2

dU

≤
∑︂
x

⌜⃓⃓⃓
⎷∫︂ ⎛⎝Tr

[︄
Px ·

(︃
U
(︂

1
r ·Πmb

)︂
U∗
)︃⊗t]︄

− Tr[Px]
dt

⎞⎠2

dU.
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The inner term expands to⎛⎝Tr
[︄
Px ·

(︃
U
(︂

1
r ·Πmb

)︂
U∗
)︃⊗t]︄

− Tr[Px]
dt

⎞⎠2

= Tr
[︄

(Px ⊗ Px) ·
(︃
U
(︂

1
r ·Πmb

)︂
U∗
)︃⊗2t

]︄

− 2Tr[Px]
dt

Tr
[︄
Px ·

(︃
U
(︂

1
r ·Πmb

)︂
U∗
)︃⊗t]︄

+ Tr[Px]2
d2t .

Then, using Lemma 3 for sufficiently large d,∫︂
Tr
[︄

(Px ⊗ Px) ·
(︃
U
(︂

1
r ·Πmb

)︂
U∗
)︃⊗2t

]︄
dU ≤ Tr[Px ⊗ Px]

d2t

(︄
1 + 7(2t)2

r

)︄

= Tr[Px]2
d2t

(︄
1 + 28 t

2

r

)︄
,

and

Tr
[︄
Px ·

(︃
U
(︂

1
r ·Πmb

)︂
U∗
)︃⊗t]︄

≥ Tr[Px]
dt

(︄
1− 7 t

2

r

)︄
.

Putting these together,

∫︂ ⎛⎝Tr
[︄
Px ·

(︃
U
(︂

1
r ·Πmb

)︂
U∗
)︃⊗t]︄

− Tr[Px]
dt

⎞⎠2

dU

≤ Tr[Px]2
d2t

(︄
1 + 28 t

2

r

)︄
− 2Tr[Px]2

d2t

(︄
1− 7 t

2

r

)︄
+ Tr[Px]2

d2t

≤ 42 t
2

r

Tr[Px]2
d2t ,

and get ⃓⃓⃓⃓
⃓ 1
r

∫︂ ∑︂
x

p(0|x, U) ·
(︄

Tr
[︂
Px ·

(︁
U Πmb

U∗
)︁⊗t]︂− Tr[Px]

dt

)︄
dU

⃓⃓⃓⃓
⃓ ≤ 7t√

r
.

As this holds for both b, then D ≤ 14t√
r
.

Now we can write the t-copy telegraphing-distinguishing value c2
t→1(Q|A) as

c2
t→1(Q|A) = 1

2 Pr
[︂
b′ = 0|b = 0

]︂
+ 1

2 Pr
[︂
b′ = 1|b = 1

]︂
,

where b′ is the random variable corresponding to the adversary’s guess of b. Then

c2
t→1(Q|A) ≤ 1

2 Pr
[︂
b′ = 0|b = 1

]︂
+ 1

2 Pr
[︂
b′ = 1|b = 1

]︂
+ 1

2D

≤ Pr
[︃(︂
b′ = 0 ∧ b = 1

)︂
∨
(︂
b′ = 1 ∧ b = 1

)︂]︃
+ 1

2D

≤ 1
2 + 1

2D.
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4 Collusion-resistant security

In this section, we adapt the techniques of Section 3 to the setting of collusion-resistant
security. In doing so, we find that the same bounds hold on telegraphing-distinguishing
attacks with collusion. We use this to strengthen some results of [CKNY26] by removing
or weakening computational assumptions.

Lemma 4. Let P ∈ B(Cdk ) such that 0 ≤ P ≤ I, and let σ1, . . . , σn ∈ B(Cd) be orthogonal
states such that ∥σi∥ ≤ ε. Let k =

∑︁n
i=1 ki and suppose k2 ≤ 1

ε . Then

⃓⃓⃓⃓
⃓
∫︂

Tr
[︂
P · (Uσ1U

∗)⊗k1 ⊗ · · · ⊗ (UσnU∗)⊗kn

]︂
dU − Tr[P ]

dk

⃓⃓⃓⃓
⃓ ≤ Tr[P ]

dk
7k2ε.

Proof. First, using Lemma 2, since k2 ≤ 1
ε ≤ d, we see that

∫︂
Tr
[︂
P · (Uσ1U

∗)⊗k1 ⊗ · · · ⊗ (UσnU∗)⊗kn

]︂
dU

≤

(︄
1 + k2

d

)︄
1
dk

∑︂
π∈Sk

Tr
[︁
P · Vd(π)

]︁
Tr
[︂
Vd(π)−1(σ⊗k1

1 ⊗ · · ·σ⊗kn
n )

]︂
.

Now, write the cycle decomposition of π as π = (i1,1 . . . i1,n1) · · · (i#π,1 . . . i#π,n#π
) and

let f : {1, . . . , k} → {1, . . . , n} be the function such that σ⊗k1
1 ⊗· · ·σ⊗kn

n = σf(1)⊗· · ·⊗σf(k).
Then,

Tr
[︂
Vd(π)−1(σ⊗k1

1 ⊗ · · ·σ⊗kn
n )

]︂
=

#π∏︂
j=1

Tr
[︂
σf(ij,1) · · ·σf(ij,nj

)

]︂

=

⎧⎨⎩0 ∃ j, l,m. f(ij,l) ̸= f(ij,m)∏︁#π
j=1 Tr

[︂
σ
nj

f(ij,1)

]︂
else

≤ εk−#π.

Note also that Tr
[︂
Vd(π)−1(σ⊗k1

1 ⊗ · · ·σ⊗kn
n )

]︂
≥ 0. Therefore, using the upper bound

Re Tr[P · Vd(π)] ≤ Tr[P ], and hence∫︂
Tr
[︂
P · (Uσ1U

∗)⊗k1 ⊗ · · · ⊗ (UσnU∗)⊗kn

]︂
dU

≤

(︄
1 + k2

d

)︄
Tr[P ]
dk

∑︂
π∈Sk

Tr
[︂
Vd(π)−1(σ⊗k1

1 ⊗ · · ·σ⊗kn
n )

]︂

≤

(︄
1 + k2

d

)︄
Tr[P ]

(︃
ε

d

)︃k ∑︂
π∈Sk

ε−#π.

So, proceeding exactly as in Lemma 3, we get the upper bound∫︂
Tr
[︂
P · (Uσ1U

∗)⊗k1 ⊗ · · · ⊗ (UσnU∗)⊗kn

]︂
dU ≤ Tr[P ]

dk

(︂
1 + (2e+ 1)k2ε

)︂
.
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For the lower bound, we proceed the same way, getting∫︂
Tr
[︂
P · (Uσ1U

∗)⊗k1 ⊗ · · · ⊗ (UσnU∗)⊗kn

]︂
dU

≥

(︄
1− k2

d

)︄
1
dk

∑︂
π∈Sk

Tr
[︂
Vd(π)91 · (σ⊗k1

1 ⊗ · · ·σ⊗kn
n )

]︂
Tr
[︁
P · Vd(π)

]︁

≥

(︄
1− k2

d

)︄
Tr(P )
dk

⎛⎝2−
∑︂
π∈Sk

Tr
[︂
Vd(π)−1(σ⊗k1

1 ⊗ · · ·σ⊗kn
n )

]︂⎞⎠
≥ Tr(P )

dk

(︂
1− (e+ 1)k2ε

)︂
.

Theorem 3. Let

A = (Q,X, {p(b|x,U)}b∈{0,1},k∈U(rn),x∈X , {Hi}i∈[Q+1], {V im0,m1
}i∈[Q];m0 ̸=m1∈M , {Px}x∈X)

be a telegraphing-distinguishing attack with collusion against Qr,n. Then,

t(Qr,n|A) ≤ 1
2 + 7 Q√

r
.

Proof. Write M (2) =
{︂

(m0,m1) ∈M2 | m0 ̸= m1

}︂
and let Px,m(1),...,m(Q) = ((V 0

m(1))† ⊗
I) · · · ((V Q−1

m(Q) )† ⊗ I)Px(V Q−1
m(Q) ⊗ I) · · · (V 0

m(1) ⊗ I) for x ∈ X and m(1), . . . ,m(Q) ∈ M (2).
{Px,m(1),...,m(Q)}x∈X;m(1),...,m(Q)∈M(2) is a POVM on (Crn)⊗Q, and the value of A against
Qr,n is

t(Qr,n|A) =
∫︂
U(rn)

1
2

∑︂
x∈X
b∈{0,1}

m(1),...,m(Q)∈M(2)

p(b|x, U) Tr[Px,m(1),...,m(Q)(Uσ
m

(1)
b

U∗ ⊗ · · · ⊗ Uσ
m

(Q)
b

U∗)]dU.

Now, we bound the quantity

D :=
⃓⃓⃓⃓
⃓
∫︂ ∑︂

x,

m(1),...,m(Q)

p(0|x, U) Tr[Px,m(1),...,m(Q)

× (Uσ
m

(1)
0
U∗ ⊗ · · · ⊗ Uσ

m
(Q)
0
U∗ − Uσ

m
(1)
1
U∗ ⊗ · · · ⊗ Uσ

m
(Q)
1
U∗)]dU

⃓⃓⃓⃓
⃓.

As in Theorem 2, the value t(Qr,n|A) ≤ 1
2 + 1

2D. Then, using the triangle inequality, we
can upper bound

D ≤

⃓⃓⃓⃓
⃓
∫︂ ∑︂

x,

m(1),...,m(Q)

p(0|x, U)
(︄

Tr

⎡⎣Px,m(1),...

(︂⨂︂
i

Uσ
m

(i)
0
U∗
)︂⎤⎦− Tr[Px,m(1),...]

dQ

)︄
dU

⃓⃓⃓⃓
⃓

+

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
∫︂ ∑︂

x,

m(1),...,m(Q)

p(0|x, U)

⎛⎜⎝Tr

⎡⎣Px,m(1),...

(︂⨂︂
i

Uσ
m

(i)
1
U∗
)︂⎤⎦− Tr[Px,m(1),...,m(Q) ]

dQ

⎞⎟⎠dU
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓.
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Applying Cauchy-Schwarz as in Theorem 2,⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
∫︂ ∑︂

x,

m(1),...,m(Q)

p(0|x, U)CU,x,m(1),...,m(Q)dU

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

≤
∑︂
x,

m(1),...,m(Q)

⃓⃓⃓⃓∫︂
p(0|x, U)CU,x,m(1),...,m(Q)dU

⃓⃓⃓⃓

≤
∑︂
x,

m(1),...,m(Q)

√︄∫︂
p(0|x, U)2dU ·

∫︂
C2
U,x,m(1),...,m(Q)dU

≤
∑︂
x,

m(1),...,m(Q)

√︄∫︂
C2
U,x,m(1),...,m(Q)dU,

where

CU,x,m(1),...,m(Q) := Tr[Px,m(1),...,m(Q)(Uσ
m

(1)
b

U∗ ⊗ · · · ⊗ Uσ
m

(Q)
b

U∗)]−
Tr[Px,m(1),...,m(Q) ]

dQ
.

Fix x,m(1), . . . ,m(Q) and write P = Px,m(1),...,m(Q) and σ = σ
m

(1)
b

⊗· · ·⊗σ
m

(Q)
b

. Expanding,(︄
Tr
[︂
PU⊗Qσ(U∗)⊗Q

]︂
− Tr[P ]

dQ

)︄2

= Tr
[︂
(P ⊗ P )U⊗2Q(σ ⊗ σ)(U∗)⊗2Q

]︂
− 2Tr[P ]

dQ
Tr
[︂
PU⊗Qσ(U∗)⊗Q

]︂
+ Tr[P ]2

dQ
.

Taking the integral and using Lemma 4, we get∫︂ (︄
Tr
[︂
PU⊗Qσ(U∗)⊗Q

]︂
− Tr[P ]

dQ

)︄2

dU

≤ Tr[P ⊗ P ]
d2Q

(︄
1 + 7(2Q)2

r

)︄
− 2Tr[P ]

dQ
Tr[P ]
dQ

(︄
1− 7Q2

r

)︄
+ Tr[P ]2

dQ

≤ Tr[P ]2
d2Q 42Q

2

r
.

(1)

Using this,

∑︂
x,

m(1),...,m(Q)

√︄∫︂
C2
U,x,m(1),...,m(Q)dU

≤
∑︂
x,

m(1),...,m(Q)

Tr[Px,m(1),...,m(Q) ]
dQ

√
42 Q√

r
≤ 7 Q√

r
.

Hence, D ≤ 14 Q√
r
, giving the result.

Corollary 1. (i) For any polynomial p, there exists an efficient QECM that is collusion-
resistant untelegraphable-indistinguishable secure against any attack {Aλ}λ with num-
ber of rounds bounded as Qλ ≤ p(λ).
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(ii) If pseudorandom unitaries exist, there exists an efficient QECM that is everlasting
collusion-resistant untelegraphable-indistinguishable secure.

This corollary strengthens some results of [CKNY26]. First, their construction of
a collusion-resistant untelegraphable-indistinguishable secure relies on pseudorandom
functions, which may be a stronger assumption that pseudorandom unitaries. Next, to
construct the weaker notion of a QECM that is secure against attacks with the number of
rounds bounded by a fixed polynomial, [CKNY26] require pseudorandom states whereas we
do it unconditionally — nevertheless their construction has succinct keys, where we require
polynomial-length keys. Finally, we are able to achieve everlasting security under standard
computational assumptions, whereas [CKNY26] require a quantum random oracle model.

Proof. Note first that in Theorem 3, only Equation (1) depends on the measure being the
Haar measure. As such, if we replace the question distribution with a different distribution
on the unitaries that has the same (or similar) behaviour in (1), then we can get the same
(or similar) upper bound on the value. We show the results for messages of a fixed bit
length ℓ ∈ N, but they extend identically to messages of polynomially-varying length in λ.

(i) Let Qq,ℓ,d be the QECM that is identical to Q2q,2ℓ except that the key distribution
is the uniform distribution on unitaries corresponding to circuits of depth d on
n = ℓ + q qubits. Due to [Haf22], random circuits in depth f(n, t) = O(nt5+o(1))
are t-designs. Let Qλ = Qλ,ℓ,f(λ+ℓ,2p(λ)). Then, {Qλ}λ is an efficient QECM by
construction. Since the distribution on keys is a 2p(λ)-design, Equation (1) holds as
long as Qλ ≤ p(λ) and hence for any collection of attacks {Aλ}λ such that Qλ ≤ p(λ),
t(Qλ|Aλ) ≤ 1

2 + 7 Qλ

√
2λ

= 1
2 + negl(λ).

(ii) Let Gλ be a pseudorandom unitary in dimension 2λ. Let Qλ be the same as Q2λ,2ℓ

except that the key distribution is Gλ(k) on uniform input. Then {Qλ}λ is an efficient
QECM. Let {Aλ}λ be a telegraphing-distinguishing attack with collusion against
{Qλ}λ such that the measurements V λ,im0,m1

and Pλx are implemented efficiently. In
Theorem 3, everything before Equation (1) does not depend on the key distribution.
In particular, we can still find an upper bound independent of p(b|x, U) since the
key distribution need not look Haar-random to the second-stage adversary. Hence
sampling p(b|x, U) need not be efficient, which step allows for everlasting security.
Also, replacing the Haar measure with the pseudorandom unitary, the upper bound
in (1) will increase at most negligibly because the integrand depends polynomially
on the unitary. More precisely, in this context,

D :=
⃓⃓⃓⃓
⃓
∫︂
K

∑︂
x,

m(1),...,m(Q)

p(0|x,Gλ(k)) Tr[Px,m(1),...,m(Q)

× (Gλ(k)σ
m

(1)
0
Gλ(k)∗ ⊗ · · · ⊗Gλ(k)σ

m
(Q)
0
Gλ(k)∗

−Gλ(k)σ
m

(1)
1
Gλ(k)∗ ⊗ · · · ⊗Gλ(k)σ

m
(Q)
1
Gλ(k)∗)]dk

⃓⃓⃓⃓
⃓

quantifies the advantage of Aλ. Using the bounds of Theorem 3, this is bounded as

D ≤ 2
∑︂
x,

m(1),...,m(Q)

√︄∫︂
K

C2
Gλ(k),x,m(1),...,m(Q)dk.
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However, this upper bound can be efficiently approximated by a quantum algorithm.
As such, by pseudorandomness,

D ≤ 2
∑︂
x,

m(1),...,m(Q)

√︄∫︂
C2
U,x,m(1),...,m(Q)dU + negl(λ).

Therefore, we get the upper bound t(Qλ|Aλ) ≤ 1
2 + 7 Qλ

√
2λ

+ negl(λ) = 1
2 + negl(λ)

5 Untelegraphable encryption as a limit of uncloneable
encryption

In this section, we show that the cloning value of a QECM tends to the telegraphing value
as the number of adversaries increases. To do so, we use information theoretic tools from
work of Brandão [Bra08], where they were used to study QMA(2) proof systems.

Definition 8. The entanglement entropy of a pure state ψAB = |ψ⟩⟨ψ|AB is E(ψ) =
S(ψA) = S(ψB).

The entanglement of formation of a state ρAB is EF (ρ) = min{pi,|ψi⟩}i

∑︁
i piE(ψi),

where the minimisation is over ensembles of pure states such that ρ =
∑︁
i pi |ψi⟩⟨ψi|.

The Henderson-Vedral measure of a state ρAB is

C←(ρ) = max
{pi,ρi}

S(ρA)−
∑︂
i

piS(ρi),

where the maximisation is over ensembles such that there exists a POVM {Pi}i on register
B such that pi = Tr(PiρB) and ρi = 1

pi
TrB((I ⊗ Pi)ρAB).

The convex roof of the Henderson-Vedral measure of a state ρAB is

G←(ρ) = min
{pi,ρi}

∑︂
i

piC
←(ρi),

where the minimisation is over ensembles of states such that ρ =
∑︁
i piρi.

Lemma 5 (Yang’s monogamy inequality [Yan06]). Let A,B1, . . . , BN be registers and let
ρAB1···BN

be a quantum state. Then,

EF (ρA;B1···BN
) ≥

N∑︂
i=1

G←(ρABi
).

Theorem 4. Let Q = (M,K, π,H, {σkm}k,m) be a QECM, and suppose η ≥
∫︁
K
∥σkm∥dπ(k)

for all m ∈M . Then, writing d = dimH

cN1→s(Q) ≤ cN1→1(Q|M ) + 3ηd
(︃

log d
N2s

)︃1/3
.

From here, it is direct to see that lims→∞ cN1→s(Q) = cN1→1(Q|M ). As a corollary, we

also find that if ∥σkm∥ ≤ η for all k,m, then cNt→s(Q) ≤ cNt→1(Q|M ) + 3(ηd)t
(︂
t log d
N2s

)︂1/3
. For

example, in the case of Q = Qr,n we can take η = 1
r , so

cNt→s(Qr,n) ≤ cNt→1(Qr,n|M ) + 3nt
(︃
t log d
N2s

)︃1/3
≤ 1
N

+ 14t
N
√
r

+ 3nt
(︃
t log d
N2s

)︃1/3
.
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Proof. Let A = (M0, {Bi}i, {P i,km }i,k,m,Φ) be a 1-to-s N -message cloning attack against Q.
First, we can write the cloning probability in an entanglement-based picture:

cN1→s(Q|A) =
∫︂
K

1
N

∑︂
m∈M0

Tr[(P 1,k
m ⊗ · · · ⊗ P s,km )Φ(σkm)]dπ(k)

=
∫︂
K

1
N

∑︂
m∈M0

d∑︂
i,j=1

Tr[(P 1,k
m ⊗ · · · ⊗ P s,km )Φ( |i⟩⟨i|σkm |j⟩⟨j|)]dπ(k)

=
∫︂
K

1
N

∑︂
m∈M0

d∑︂
i,j=1

Tr[(σ̄km ⊗ P 1,k
m ⊗ · · · ⊗ P s,km )( |i⟩⟨j| ⊗ Φ( |i⟩⟨j|))]dπ(k)

=
∫︂
K

1
N

∑︂
m∈M0

Tr[(dσ̄km ⊗ P 1,k
m ⊗ · · · ⊗ P s,km )J(Φ)]dπ(k),

where J(Φ) is the Choi state of Φ. By embedding into larger Hilbert spaces, we can assume
Bi = B for all i. Let

ρABs = 1
s!
∑︂
τ∈Ss

(I ⊗ VB(τ))J(Φ)(I ⊗ VB(τ))∗ ⊗ |τ(1) · · · τ(s)⟩⟨τ(1) · · · τ(s)|

and let P km =
∑︁
i P

i,k
m ⊗ |i⟩⟨i|. This achieves a labelled symmetrisation of the adversaries’

registers, so

cN1→s(Q|A) =
∫︂
K

1
N

∑︂
m∈M0

Tr[(dσ̄km ⊗ (P km)⊗s)ρABs ]dπ(k).

Now, we know that EF (ρA;Bs) ≤ log d, where d = dimH and ρ is symetric under
permutations of the B registers, so log d ≥ sG←(ρAB). Let {pi, ρi}i be the optimis-
ing ensemble in the definition of the convex roof of the Henderson-Vedral measure, so∑︁
i piC

←(ρi) ≤ log d
s . Fix ε > 0 and let I =

{︁
i | C←(ρi) ≥ ε

}︁
. Then,

log d
s
≥
∑︂
i∈I

piε.

Else, if i /∈ I, C←(ρi) ≤ ε. Consider the ensemble {pikm, ρikm}m induced by the mea-
surement P km. We must have S(ρi,A) −

∑︁
m pikmS(ρikm) ≤ ε. This is equal to the

divergence D(
∑︁
m pikmρikm ⊗ |m⟩⟨m| ||ρi,A ⊗

∑︁
m pikm |m⟩⟨m|), so Pinsker’s inequality

implies
∑︁
m pikm∥ρi,A − ρikm∥Tr ≤

√︁
ε
2 . Now, let τAB =

∑︁
i piρi,A ⊗ ρi,B , which is a Choi

state of some channel Ψ, and let B = (M0, B, {P km}k,m,Ψ) be a 1-to-1 N -message cloning at-
tack against Q. Since Ψ is an entanglement-breaking channel, cN1→1(Q|B) ≤ cN1→1(Q|M ). On
the other hand, let Ã = (M0, B, {P km},Φ) be a 1-to-1 N -message cloning attack against Q.
By construction cN1→s(Q|A) ≤ cN1→1(Q|Ã), and we also have⃓⃓⃓

cN1→1(Q|Ã)− cN1→1(Q|B)
⃓⃓⃓

≤
∫︂
K

1
N

∑︂
m∈M0

⃓⃓⃓
Tr[(dσ̄km ⊗ P km)ρAB ]− Tr[(dσ̄km ⊗ P km)τAB ]

⃓⃓⃓
dπ(k)

≤
∫︂
K

1
N

∑︂
m∈M0

∑︂
i

pi

⃓⃓⃓
Tr[(dσ̄km ⊗ P km)ρi]− Tr[(dσ̄km ⊗ P km)(ρi,A ⊗ ρi,B)]

⃓⃓⃓
dπ(k)

=
∫︂
K

1
N

∑︂
i

pi
∑︂
m∈M0

pikm

⃓⃓⃓
Tr[dσ̄kmρikm]− Tr[dσ̄kmρi,A]

⃓⃓⃓
dπ(k)
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=
∑︂
i

pi

∫︂
K

d

N

∑︂
m∈M0

pikm∥σkm∥∥ρikm − ρi,A∥Trdπ(k)

≤
∑︂
i∈I

pi(2ηd) +
∑︂
i/∈I

pi
ηd

N

√︃
ε

2

≤ 2ηd log d
sε

+ ηd

N

√︃
ε

2 .

Taking ε =
(︂

4
√

2N log d
s

)︂2/3
gives the upper bound 3ηd

(︂
log d
N2s

)︂1/3
. Hence, we get that

cN1→1(Q|M ) ≥ cN1→1(Q|B) ≥ cN1→1(Q|Ã)− 3ηd
(︃

log d
N2s

)︃1/3
≥ cN1→s(Q|A)− 3ηd

(︃
log d
N2s

)︃1/3
.

Taking the supremum over attacks A gives the wanted result.

6 Lower bounds
In this section, we study lower bounds on telegraphing attacks against the Haar measure
encryption.

6.1 Encryption of a bit
Consider the following telegraphing attack for the rank-r Haar-measure encryption of
a bit: A = (B, {P km},Φ), where B = H = C[2r], Φ is measurement in the compu-
tational basis Φ(ρ) =

∑︁2r−1
i=0 |i⟩⟨i| ρ |i⟩⟨i|, and let PUb =

∑︁
i∈Gb,U

|i⟩⟨i|, where G0,U ={︁
i ∈ [2r] | ⟨i|Uσ0U

∗|i⟩ ≥ ⟨i|Uσ1U
∗|i⟩
}︁

and G1,U = [2r]\G0,U .

Proposition 1. The winning probability of the attack A above is

c1→1(Qr,2|A) = 1
2 + 1

22r+1

(︃
d

r

)︃
.

Lemma 6. Let f : Sn−1 → R be a function. Then∫︂
Rn

f

(︄
v

∥v∥

)︄
e−∥v∥

2
dnv = 1

2Γ(n/2)
∫︂
Sn−1

f(Ω)dn−1Ω

∫︂
Rn

f

(︄
v

∥v∥

)︄
e−∥v∥

2
∥v∥2dnv = n

4 Γ(n/2)
∫︂
Sn−1

f(Ω)dn−1Ω,

where the integrations are with respect to the unnormalised Lebesgue measures.

Proof. We can express the integrations in spherical coordinates, that is the change of
variables v = rΩ, where r ≥ 0 and Ω is a unit vector to get dnv = rn−1drdn−1Ω. As such,
we get in the first case that∫︂

Rn

f

(︄
v

∥v∥

)︄
e−∥v∥

2
dnv =

∫︂
Sn−1

∫︂ ∞
0

f(Ω)e−r
2
rn−1drdn−1Ω.

With the change of variables t = r2,
∫︁∞

0 e−r
2
rn−1dr = 1

2
∫︁∞

0 tn/2−1e−tdt = Γ(n/2)
2 , as

wanted. The other case is similar. There,∫︂
Rn

f

(︄
v

∥v∥

)︄
e−∥v∥

2
∥v∥2dnv =

∫︂
Sn−1

∫︂ ∞
0

f(Ω)e−r
2
rn+1drdn−1Ω,
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and with the same change of variables
∫︁∞

0 e−r
2
rn+1dr = 1

2
∫︁∞

0 tn/2e−tdt = Γ(n/2+1)
2 =

n
4 Γ(n/2).

Proof of Proposition 1. The winning probability of the strategy is

c1→1(Qr,2|A) =
∫︂ 1

2
∑︂
b

Tr
[︂
Φ(U 1

rΠbU
∗)Pb|U

]︂
dU

= 1
d

∫︂ ∑︂
b

∑︂
x∈Gb,U

⟨x|UΠbU
∗|x⟩ dU

= 1
d

∑︂
x

∫︂
max
b
⟨x|UΠbU

∗|x⟩ dU

=
∫︂

max
b
⟨0|UΠbU

∗|0⟩ dU,

by Haar invariance, where d = 2r. Now, U∗|0⟩ is just a uniformly random pure
state, so this is just the normalised integral over the set of pure states c1→1(Qr,2|A) =∫︁

maxb ⟨ψ|Πb|ψ⟩ dψ =
∫︁

maxb
∑︁(b+1)r−1
i=br |ψi|2dψ. This is now equivalent to the integral

over the real 2d−1-sphere c1→1(Qr,2|A) = Γ(d)
2πd

∫︁
S2d−1 maxb

∑︁(b+1)d−1
i=bd Ω2

i d
2d−1Ω, since 2πd

Γ(d)
is the volume of the 2d− 1-sphere. Using the lemma,

c1→1(Qr,2|A) = Γ(d)
2πd

2
dΓ(d)

∫︂
R2d

max
b

(b+1)d−1∑︂
i=bd

v2
i

∥v∥2 e
−∥v∥2

∥v∥2d2dv

= 1
πdd

∫︂
R2d

max
b

(b+1)d−1∑︂
i=bd

v2
i e
−∥v∥2

d2dv

Now, let the vectors v0 = (v0, . . . , vd−1) and v1 = (vd, . . . , v2d−1). Then, using a change of
variables to spherical coordinates

c1→1(Qr,2|A) = 1
πdd

∫︂
Rd

∫︂
Rd

max
b
∥vb∥2e−∥v

0∥2−∥v1∥2
ddv0ddv1

= 1
πdd

∫︂
Sd−1

∫︂ ∞
0

∫︂
Sd−1

∫︂ ∞
0

max
b

(rb)2e−(r0)2−(r1)2
(r0)d−1dr0dd−1Ω0(r1)d−1dr1dd−1Ω1

= 1
πdd

(︄
2πd/2

Γ(d/2)

)︄2 ∫︂ ∞
0

∫︂ ∞
0

max
b

(rb)2e−(r0)2−(r1)2
(r0)d−1dr0(r1)d−1dr1

= 4
d(d/2− 1)!2

∫︂ ∞
0

∫︂ ∞
0

max
b

(rb)2e−(r0)2−(r1)2
(r0)d−1(r1)d−1dr0dr1.

Next, take the change of variables s = (r0)2 and t = (r1)2. We find that

c1→1(Qr,2|A) = 1
d(d/2− 1)!2

∫︂ ∞
0

∫︂ ∞
0

max{s, t}e−s−tsd/2−1td/2−1dsdt

= 2
d(d/2− 1)!2

∫︂ ∞
0

∫︂ t

0
e−s−tsd/2−1td/2dsdt.

Now,
∫︁ t

0 s
d/2−1e−sds = γ(d/2, t) = (d/2−1)!−(d/2−1)!e−t

∑︁d/2−1
q=0

tq

q! , the lower incomplete
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gamma function. Therefore,

c1→1(Qr,2|A) = 2
d(d/2− 1)!

∫︂ ∞
0

td/2e−t(d/2− 1)!

⎛⎝1− e−t
d/2−1∑︂
q=0

tq

q!

⎞⎠dt
= 1

(d/2)!

∫︂ ∞
0

td/2e−t −
d/2−1∑︂
q=0

1
q! t

d/2+qe−2tdt

= 1
(d/2)!

⎛⎝(d/2)!−
d/2−1∑︂
q=0

1
q!

(d/2 + q)!
2d/2+q+1

⎞⎠
= 1−

d/2−1∑︂
q=0

(︃
d/2 + q

q

)︃
1

2q+d/2+1 .

To simplify this formula, the Beta function is B(a, b) =
∫︁ 1

0 t
a−1(1 − t)b−1dt and the

regularised incomplete Beta function is Ip(a, b) = 1
B(a,b)

∫︁ p
0 t

a−1(1 − t)b−1dt. Ip(a, b)
satisfies the relations Ip(a, b) = I1−p(b, a), and for integers m,n, Ip(m,n − m + 1) =∑︁n
j=m

(︁
n
j

)︁
pj(1 − p)n−j and Ip(m,n) =

∑︁∞
j=m

(︁
n+j−1

j

)︁
pj(1 − p)n [DLMF, (8.17)]. Also,

Ip(1, b) = 1− (1− p)b, giving that

d/2−1∑︂
q=0

(︃
d/2 + q

q

)︃
1

2q+d/2+1 = 1
2d/2+1 + I1/2(1, d/2 + 1)− I1/2(d/2, d/2 + 1)

= 1− I1/2(d/2, d/2 + 1).

Hence,

c1→1(Qr,2|A) = I1/2(d/2, d/2 + 1) =
d∑︂

j=d/2

(︃
d

j

)︃
1
2d .

We have that
∑︁d
j=0

(︁
d
j

)︁
= 2d and

∑︁d
j=d/2

(︁
d
j

)︁
=
∑︁d/2
j=0

(︁
d
j

)︁
. Hence,

2d =
d∑︂

j=d/2

(︃
d

j

)︃
+
d/2−1∑︂
j=1

(︃
d

j

)︃
= 2

d∑︂
j=d/2

(︃
d

j

)︃
−
(︃
d

d/2

)︃
,

and hence

c1→1(Qr,2|A) = I1/2(d/2, d/2 + 1) = 1
2d

(︄
2d−1 + 1

2

(︃
d

d/2

)︃)︄
= 1

2 + 1
2d+1

(︃
d

d/2

)︃
.

Corollary 2. c1→1(Qr,2|A) = 1
2 + 1√

2πd +O
(︂

1
d3/2

)︂
.

Proof. By Stirling’s approximation
√

2πn
(︂
n
e

)︂n
e

1
12n+1 ≤ n! ≤

√
2πn

(︂
n
e

)︂n
e

1
12n [Rob55], so

(︃
2n
n

)︃
= (2n)!

(n!)2 ≤

√
4πn

(︂
2n
e

)︂2n
e

1
24n

2πn
(︂
n
e

)︂2n
e

2
12n+1

= 4n√
πn

e
1

24n−
2

12n+1 ≤ 4n√
πn

,

https://dlmf.nist.gov/8.17
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and

(︃
2n
n

)︃
= (2n)!

(n!)2 ≥

√
4πn

(︂
2n
e

)︂2n
e

1
24n+1

2πn
(︂
n
e

)︂2n
e

2
12n

= 4n√
πn

e
1

24n+1−
2

12n ≥ 4n√
πn

(︃
1− 1

6n

)︃
.

Therefore, 1
2 + 1√

2πd

(︂
1− 1

3d

)︂
≤ c1→1(Qr,2|A) ≤ 1

2 + 1√
2πd , giving the wanted asymptotic

formula.

6.2 Extension to more copies
To extend to t copies, we can apply the same strategy A of the previous section independently
t times by measuring in a uniformly random basis for each copy. Then, the player chooses
their output by choosing the most common bit, guessing uniformly random if 0 and 1 are
equally common. Formally, A(t) = (B(t), {P (t),U

m },Φ(t)), where B(t) = B⊗t, Φ(t) = Φ⊗t,
and P (t),U

m =
∑︁

m1,...,mt

MAJ(m1,...,mt)=m
PUm1

⊗ · · · ⊗ PUmt
. Then, if p is the winning probability of

one round,

ct→1(Qr,2|A(t)) =

⎧⎨⎩
∑︁t
ℓ= t+1

2

(︁
t
ℓ

)︁
pℓ(1− p)t−ℓ t odd∑︁t

ℓ= t
2 +1

(︁
t
ℓ

)︁
pℓ(1− p)t−ℓ + 1

2
(︁
t
t/2
)︁
(p(1− p))t/2 t even

Lemma 7. Let p = 1
2 + δ. Suppose that t ≥ 4 and δ ≤ 1

2
√
t−1 . Then,

1
2 + 1

3
√
tδ ≤ ct→1(Qr,2|A(t)) ≤ 1

2 +
√
tδ.

Proof. First, consider the case where t is odd. We will again use properties of the regularised
incomplete beta function [DLMF, (8.17)]. First, ct→1(Qr,2|A(t)) = Ip( t+1

2 , t+1
2 ). Using the

property Ix(a, a) = 1
2I4x(1−x)(a, 1/2) for x ∈ [0, 1/2], we find that

ct→1(Qr,2|A(t)) = 1− I1−p( t+1
2 , t+1

2 )
1− 1

2I4p(1−p)( t+1
2 , 1

2 )
= 1

2 + 1
2I1−4p(1−p)( 1

2 ,
t+1

2 ).

Now, note that 1− 4p(1− p) = 4δ2, so

ct→1(Qr,2|A(t)) = 1
2 + 1

2
Γ( t+1

2 + 1
2 )

Γ( t+1
2 )Γ( 1

2 )

∫︂ 4δ2

0
t−

1
2 (1− t)

t−1
2 dt

≥ 1
2 + 1

2

(t+1)!
2t+1

(︁
t+1

2

)︁
!

√
π(︂

t−1
2

)︂
!
√
π

∫︂ 4δ2

0
t−

1
2 (1− 4δ2)

t−1
2 dt

= 1
2 + 1

2t+2
t+ 1

2

(︃
t+ 1
t+1

2

)︃
(1− 4δ2)

t−1
2 2
√

4δ2

≥ 1
2 + (1− 4δ2)

t−1
2 (t+ 1) 1√︂

π t+1
2

(︄
1− 1

3(t+ 1)

)︄
δ

≥ 1
2 + 1

2

√︃
2
π

14
15
√
t+ 1δ

≥ 1
2 + 1

3
√
tδ.

https://dlmf.nist.gov/8.17
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In the same way we can upper bound

ct→1(Qr,2|A(t)) ≤ 1
2 + 1

2t+2
t+ 1

2

(︃
t+ 1
t+1

2

)︃∫︂ 4δ2

0
t−

1
2 dt

≤ 1
2 + 1

2
t+ 1

2
1√︂
π t+1

2

2
√

4δ2

= 1
2 +

√︃
2
π

√
t+ 1δ

≤ 1
2 +
√
tδ

Now, in the case that t is even,

ct→1(Qr,2|A(t)) = Ip( t2 + 1, t2 ) + 1
2

(︃
t

t/2

)︃
(p(1− p))t/2

= Ip( t2 ,
t
2 )− (p(1− p))t/2Γ(t)

t
2 Γ(t/2)2 + 1

2

(︃
t

t/2

)︃
(p(1− p))t/2

= Ip( t2 ,
t
2 )

∈
[︃

1
2 + 1

3
√
tδ,

1
2 +
√
tδ

]︃
,

by the above calculation with t+ 1 replaced by t.

6.3 Extension to more messages
We can use essentially the same strategy for the Haar-random encryption of longer messages.
Let A = (B, {PUm},Φ) be the telegraphing attack against Qr,n where B = H = Crn, Φ is
measurement in the computational basis, and PUm =

∑︁
i∈Gm,U

|i⟩⟨i| where Gm,U is the set{︂
i | ∀m′ < m. ⟨i|UσmU∗|i⟩ > ⟨i|Uσm′U∗|i⟩ ∧ ∀m′ > m. ⟨i|UσmU∗|i⟩ ≥ ⟨i|Uσm′U∗|i⟩

}︂
.

Proposition 2. The winning probability for the strategy A above is

c1→1(Qr,n|A) =
∞∑︂

q1,...,qn−1=r

(︃
q1 + . . .+ qn−1 + r

q1, . . . , qn−1, r

)︃
n−(q1+...+qn−1+r+1).

Proof. The winning probability can be simplified to

c1→1(Qr,n|A) =
∫︂ 1
n

∑︂
m

Tr
[︂
Φ(U 1

rΠmU
∗)PUm

]︂
dU

= 1
d

∫︂ ∑︂
m

∑︂
i∈Gm,U

⟨i|UΠmU
∗|i⟩ dU

=
∫︂

max
m
⟨0|UΠmU

∗|0⟩ dU,

where d = rn and Πm = |m⟩⟨m| ⊗ Ir = rσm. As in the one-bit case, U∗|0⟩ is just a
uniformly random pure state, so the winning probability can be expressed as an integral
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over the real 2d− 1-sphere:

c1→1(Qr,n|A) = Γ(d)
2πd

∫︂
S2d−1

max
m

2r(m+1)−1∑︂
j=2rm

Ω2
jd

2d−1Ω

= 1
πdd

∫︂
R2d

max
m

2r(m+1)−1∑︂
j=2rm

|vj |2e−∥v∥
2
d2dv.

We rewrite the integration as an integration over n vectors vm = (v2rm+1, . . . , v2r(m+1)),
and then change to spherical coordinates:

c1→1(Qr,n|A) = 1
πdd

∫︂
R2r

· · ·
∫︂
R2r

max
m
∥vm∥2e−

∑︁
m
∥vm∥2

dv1 · · · dvn

= 1
πdd

(︄
2πr
Γ(r)

)︄m ∫︂ ∞
0
· · ·
∫︂ ∞

0
max
m

(rm)2e−
∑︁

m′ (rm′
)2

(r1)2r−1dr1 · · · (rn)2r−1drn

= 1
d(r − 1)!m

∫︂ ∞
0
· · ·
∫︂ ∞

0
max
m

tme
−
∑︁

m′ tm′ tr−1
1 dt1 · · · tr−1

n dtn,

via the change of variables tm = (rm)2. Now, we can split the integration over n subsets
Dm =

{︁
(t1, . . . , tn) | tm ≥ tm′∀m′

}︁
. By symmetry, we have that

c1→1(Qr,n|A) = m

d(r − 1)!m
∫︂ ∞

0

∫︂ tn

0
· · ·
∫︂ tn

0
tne
−
∑︁

m
tmtr−1

1 dt1 · · · tr−1
m dtn

= 1
r!(r − 1)!m−1

∫︂ ∞
0

(︄∫︂ t

0
sr−1e−sds

)︄n−1

tre−tdt.

Again,
∫︁ t

0 s
r−1e−sds = γ(r, t) = (r − 1)!e−t

∑︁∞
q=r

tq

q! , so

c1→1(Qr,n|A) = 1
r!

∫︂ ∞
0

⎛⎝e−t ∞∑︂
q=r

tq

q!

⎞⎠n−1

tre−tdt

= 1
r!

∞∑︂
q1,...,qn−1=r

1
q1! · · · qn−1!

∫︂ ∞
0

tq1+...+qn−1+re−ntdt

=
∞∑︂

q1,...,qn−1=r

(q1 + . . .+ qn−1 + r)!
q1! · · · qn−1!r! n−(q1+...+qn−1+r+1).

6.4 Untelegraphable-indistinguishable security
We can study a telegraphing-distinguishing attack similar to the telegraphing attack of the
previous section, which allows us to find a more concrete lower bound on the Haar measure
encryption, with a closed-form expression. Consider the telegraphing-distinguishing attack
A = ({m0,m1}, B, {PUb },Φ) against the Haar-measure encryption of n messages, where
m0,m1 are arbitrary distinct messages, B = H = C[rn], Φ is measurement in the computa-
tional basis, and PUb =

∑︁
i∈Gb,U

|i⟩⟨i|, where G0,U =
{︁
i | ⟨i|Uσm0U

∗|i⟩ ≥ ⟨i|Uσm1U
∗|i⟩
}︁

and G1,U = [2r]\G0,U .

Proposition 3. The telegraphing-distinguishing probability of the attack A above is

c2
1→1(Qr,n|A) = 1

2 + 1
22r+1

(︃
2r
r

)︃
= 1

2 + 1
2
√
πr

+O

(︃
1
r3/2

)︃
.
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Proof. The proof begins identically to the one-bit case, but with d/2 replaced with r. First,

c2
1→1(Qr,n|A) =

∫︂ 1
2
∑︂
b

Tr
[︂
Φ(U 1

rΠmb
U∗)PUb

]︂
dU

= 1
2r

∫︂ ∑︂
b

∑︂
i∈Gb,U

⟨i|UΠmb
U∗|i⟩ dU

= n

2

∫︂
max
b
⟨0|UΠmb

U∗|0⟩ dU

= nΓ(d)
4πd

∫︂
S2d−1

max
b

2(b+1)r−1∑︂
i=2br

Ω2
i d

2d−1Ω

= 1
2rπd

∫︂
R2d

max
b

2(b+1)r−1∑︂
i=2br

v2
i e
−∥v∥2

d2dv.

Now, we rewrite the integration as an integration over 3 vectors v0 = (v0, . . . , v2r−1),
v1 = (v2r, . . . , v4r−1), v2 = (v4r, . . . , v2d−1), and then integrate v2:

wdist(Φ, P ) = 1
2rπd

∫︂
R2d−4r

∫︂
R2r

∫︂
R2r

max
b=0,1

∥vb∥2e−∥v
0∥2−∥v1∥2−∥v2∥2

d2rv0d2rv1d2d−4rv2

= 1
2rπdπ

d−2r
∫︂
R2r

∫︂
R2r

max
b=0,1

∥vb∥2e−∥v
0∥2−∥v1∥2

d2rv0d2rv1.

This is equal to the winning probability of the one-bit game with d = 2r, giving the result
by Proposition 1 and Corollary 2.

Corollary 3. The telegraphing value of the rank-r Haar-measure encryption of n messages
is lower-bounded as

c1→1(Qr,n|M ) ≥ 1
n

+ 1
n
√
πr

+O

(︃
1

nr3/2

)︃
This follows by applying the argument of [BL20, Theorem 12]. Essentially, to adapt

the attack to a telegraphing attack, it proceeds in the same way and on output b from the
telegraphing-distinguishing attack, the adversary outputs mb. Then, if the original message
is not m0 or m1, the attack always loses; but if the original message was m0 or m1, then
the attack succeeds with the same probability as the telegraphing-distinguishing attack.
As such, the new attack wins with probability 2

n times the telegraphing-distinguishing
probability.

To finish this section, note we can combine this theorem with the results of Section 3
to get upper and lower bounds on the telegraphing-distinguishing value that are tight in
the order of r.

Corollary 4. The t-copy telegraphing-distinguishing value of the rank-r Haar-measure
encryption of n messages is bounded as

1
2 + 1

6

√︃
t

πr
+O

(︄
t1/2

r3/2

)︄
≤ c2

t→1(Qr,n|M ) ≤ 1
2 + 7t√

r
.

This corollary follows by combining Proposition 3, Lemma 7, and Theorem 2
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7 Minimality of the Haar measure game
7.1 One-copy minimality
In this section, we extend the minimality result of [MST21] to the context of general
cloning attacks, which will allow us to get minimality for telegraphing attacks as well as
cloning attacks to an arbitrary number of receivers.

Theorem 5. Let Q = (M,K, π,H, {σkm}k,m) be a correct QECM and let F be a class
of channels that is closed under Φ ↦→ Φ(V · V ∗) for every isometry V . Then for r =
dimH − |M |+ 1 and n = |M |, cN1→s(Qr,n|F ) ≤ cN1→s(Q|F ).

For example, the classes of all channels, of measurement channels, and of entanglement-
breaking channels satisfy the conditions of the theorem.

Proof. We can assume without loss of generality that M = [n]. We proceed via a sequence
of hybrid QECMs Q(i). First, we enlarge the dimension of the ciphertext. Let V : H → Crn
be an isometry and let σ̃km = V σkmV

∗. Since F is closed under preconjugation by isometries,
it is clear cN1→s(Q(1)|F ) ≤ cN1→s(Q|F ).

Next, note that as Q(1) is correct,
∑︁
m rk(σ̃km) =

∑︁
m rk(σkm) ≤ dimH, so since

rk(σ̃km) ≥ 1,

rk(σ̃km) ≤ dimH −
∑︂
m′ ̸=m

rk(σ̃km′) ≤ dimH − (n− 1) = r.

Knowing this, we can write σ̃km = Ukδ
k
mU
∗
k , where Uk is unitary and δkm is diagonal with

support contained in span
{︁
|i+ r(m− 1)⟩ | i ∈ [r]

}︁
. Then, π induces a distribution π′ on

U(rn)×Dn
rn, where Drn ⊆ D(Crn) is the set of diagonal density matrices, as∫︂
U(rn)×Dn

rn

f(U, δ1, . . . , δn)dπ′(U, δ1, . . . , δn) =
∫︂
k

f(Uk, δk1 , . . . , δkn)dπ(k).

Let µ be the marginal of π′ on Dn
rn, let π′δ1,...,δn

be the conditional distribution of π′
on U(rn) given δ1, . . . , δn, and define σU,δ1,...,δn

m = UδmU
∗. Define the QECM Q(2) =

([n],U(rn)×Dn
rn, µHaar×µ,Crn, {σU,δ1,...,δn

m }(U,δ1,...,δn),m). This is again a correct QECM.
Let A = (M0, {Bi}i, {P i,U,δ1,...,δn

m }i,U,δ1,...,δn,m,Φ) be a 1-to-s N -message cloning attack
over F against Q(2). For each U ∈ U(rn), define the 1-to-s N -message cloning attack over
F against Q(1) as AU = (M0, {Bi}, {P

i,UUk,δ
k
1 ,...,δ

k
n

m }i,k,m,ΦU ), where ΦU (ρ) = Φ(UρU∗).
Using Haar invariance, denoting

CU,m,δ1,...,δn = Tr[(P 1,U,δ1,...,δn
m ⊗ · · · ⊗ P s,U,δ1,...,δn

m )Φ(UδmU∗)],

we find that,

cN1→s(Q(2)|A) =
∫︂
U(rn)

∫︂
Dn

rn

1
N

∑︂
m∈M0

CU,m,δ1,...,δndµ(δ1, . . . , δn)dU

=
∫︂
U(rn)

∫︂
Dn

rn

∫︂
U(rn)

1
N

∑︂
m∈M0

CU,m,δ1,...,δn
dπ′δ1,...,δn

(V )dµ(δ1, . . . , δn)dU

=
∫︂
U(rn)

∫︂
U(rn)×Dn

rn

1
N

∑︂
m∈M0

CUV,m,δ1,...,δn
dπ′(V, δ1, . . . , δn)dU

=
∫︂
U(rn)

∫︂
K

1
N

∑︂
m∈M0

CkUUk,m,δk
1 ,...,δn

dπ(k)dU

=
∫︂
U(rn)

cN1→s(Q(1)|AU )dU ≤ cN1→s(Q(1)|F ),
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so cN1→s(Q(2)|F ) ≤ cN1→s(Q(1)|F ).
Now, for any permutation τ of [rn], write Vτ for the action on Crn given by Vτ |i⟩ = |τ(i)⟩.

Let S ⊆ Srn be the set of permutations that preserves the intervals [r(m − 1) +
1, . . . , rm] for each m ∈ [n]. We have that S ∼= Sn

r . Let υ be the uniform dis-
tribution S and define the correct QECM Q(3) = ([n],U(rn) × Dn

rn × S, µHaar × µ ×
υ,Crn, {σUVτ ,δ1,...,δn

m }(U,δ1,...,δn,τ),m). Let A = (M0, {Bi}i, {P i,U,δ1,...,δn,τ
m }i,U,δ1,...,δn,τ,m,Φ)

be a 1-to-s N -message cloning attack over F against Q(3). Then for each τ ∈ S,
Aτ = (M0, {Bi}i, {P

i,UV ∗
τ ,δ1,...,δn,τ

m }i,U,δ1,...,δn,m,Φ) is a 1-to-s N -message cloning attack
over F against Q(2), so, denoting similarly to above

CU,m,δ1,...,δn,τ = Tr[(P 1,U,δ1,...,δn,τ
m ⊗ · · · ⊗ P s,U,δ1,...,δn,τ

m )Φ(UVτδmV ∗τ U∗)],

cN1→s(Q(3)|A) =
∫︂
U(rn)

∫︂
Dn

rn

∫︂
S

1
N

∑︂
m∈M0

CU,m,δ1,...,δn,τdυ(τ)dµ(δ1, . . . , δn)dU

=
∫︂
S

∫︂
U(rn)

∫︂
Dn

rn

1
N

∑︂
m∈M0

CUV ∗
τ ,m,δ1,...,δn,τdµ(δ1, . . . , δn)dUdυ(τ)

=
∫︂
S

cN1→s(Q(2)|Aτ )dυ(τ) ≤ cN1→s(Q(2)|F ),

and hence cN1→s(Q(3)|F ) ≤ cN1→s(Q(2)|F ).
To finish, note that if δm is supported on span {|r(m− 1) + 1⟩, . . . , |rm⟩},∫︂

S

σUVτ ,δ1,...,δn
m dυ(τ) = U

∫︂
VτδmV

∗
τ dυ(τ)U∗ = UσmU

∗.

Now, let A = (M0, {Bi}i, {P i,Um }i,U,m,Φ) be a 1-to-s N -message cloning attack over F
against Qr,n. Define the 1-to-s N -message cloning attack over F against Q(3) A′ =
(M0, {Bi}i, {P i,Um }i,U,δ1,...,δn,τ,m,Φ). Then,

cN1→s(Qr,n|A) =
∫︂
U(rn)

1
N

∑︂
m∈M0

Tr[(P 1,U
m ⊗ · · · ⊗ P s,Um )Φ(UσmU∗)]dU

=
∫︂
S

∫︂
Dn

rn

∫︂
U(rn)

1
N

∑︂
m∈M0

Tr[(P 1,U
m ⊗ · · · ⊗ P s,Um )Φ(σUVτ ,δ1,...,δn,τ

m )]dUdπ(δ1, . . . , δn)dυ(τ)

= cN1→s(Q(3)|A′).

Taking suprema, we get that

cN1→s(Qr,n|F ) ≤ cN1→s(Q(3)|F ) ≤ cN1→s(Q(2)|F ) ≤ cN1→s(Q(1)|F ) ≤ cN1→s(Q|F ).

7.2 t-copy approximate minimality
In this section, we show that an approximate form of the minimality of the Haar-measure
encryption also holds for attacks using multiple copies of the encrypted state.

Theorem 6. Let Q = (M,K, π,H, {σkm}k,m) be a correct QECM, let ε > 0 such that∫︁
∥σkm∥dπ(k) ≤ ε for each m, and let F be a class of channels that is closed under

Φ ↦→ Φ(V · V ∗) for every isometry V . Then for r = dimH − |M | + 1 and n = |M |,
cNt→s(Qr,n|F ) ≤ cNt→s(Q|F ) + 7t2ε.
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Proof. The proof proceeds similarly to the proof of Theorem 5. First, we enlarge the
dimension via an isometry V : H → Crn. Let Q(1) = ([n],K, π,Crn, {σ̃km}k,n), where
σ̃km = V σkmV

∗. It is clear that cNt→s(Q(1)|F ) = cNt→s(Q|F ). Next, noting that rk σ̃km ≤ r,
there exist unitaries Uk and diagonal density matrices δkm supported on span{|r(m− 1) +
1⟩, . . . , |rm⟩} such that σ̃km = Ukδ

k
mU
∗
k .

Then, π induces a distribution π′ on U(rn)×Dn
rn, where Drn ⊆ D(Crn) is the set of

diagonal density matrices, as∫︂
U(rn)×Dn

rn

f(U, δ1, . . . , δn)dπ′(U, δ1, . . . , δn) =
∫︂
k

f(Uk, δk1 , . . . , δkn)dπ(k).

Let µ be the marginal of π′ on Dn
rn, let π′δ1,...,δn

be the conditional distribution of π′
on U(rn) given δ1, . . . , δn, and define σU,δ1,...,δn

m = UδmU
∗. Define the QECM Q(2) =

([n],U(rn)×Dn
rn, µHaar×µ,Crn, {σU,δ1,...,δn

m }(U,δ1,...,δn),m). This is again a correct QECM.
Let A = (M0, {Bi}i, {P i,U,δ1,...,δn

m }i,U,δ1,...,δn,m,Φ) be a t-to-s N -message cloning attack over
F against Q(2). For each U ∈ U(rn), define the 1-to-s N -message cloning attack over F

against Q(1) as AU = (M0, {Bi}, {P
i,UUk,δ

k
1 ,...,δ

k
n

m }i,k,m,ΦU ), where ΦU (ρ) = Φ(U⊗tρ(U∗)⊗t).
Using Haar invariance, denoting

CU,m,δ1,...,δn = Tr[(P 1,U,δ1,...,δn
m ⊗ · · · ⊗ P s,U,δ1,...,δn

m )Φ((UδmU∗)⊗t)],

we find that

cNt→s(Q(2)|A) =
∫︂
U(rn)

∫︂
Dn

rn

1
N

∑︂
m∈M0

CU,m,δ1,...,δndµ(δ1, . . . , δn)dU

=
∫︂
U(rn)

∫︂
Dn

rn

∫︂
U(rn)

1
N

∑︂
m∈M0

CU,m,δ1,...,δn
dπ′δ1,...,δn

(V )dµ(δ1, . . . , δn)dU

=
∫︂
U(rn)

∫︂
U(rn)×Dn

rn

1
N

∑︂
m∈M0

CUV,m,δ1,...,δn
dπ′(V, δ1, . . . , δn)dU

=
∫︂
U(rn)

∫︂
K

1
N

∑︂
m∈M0

CUUk,m,δk
1 ,...,δ

k
n
dπ(k)dU

=
∫︂
U(rn)

cNt→s(Q(1)|AU )dU ≤ cNt→s(Q(1)|F ),

so cNt→s(Q(2)|F ) ≤ cNt→s(Q(1)|F ).
Next, let G ∼= U(r)n be the subgroup of U(rn) that preserves the σm under conjugation.

Define the correct QECM

Q(3) = ([n],U(rn)×Dn
rn ×G,µHaar × µ× µHaar,Crn, {σUV,δ1,...,δn

m }(U,δ1,...,δn,V ),m).

Let A = (M0, {Bi}i, {P i,U,δ1,...,δn,V
m }i,U,δ1,...,δn,τ,m,Φ) be a t-to-s N -message cloning attack

over F against Q(3). Then for V ∈ G, AV = (M0, {Bi}i, {P i,UV
∗,δ1,...,δn,V

m }i,U,δ1,...,δn,m,Φ)
is a t-to-s N -message cloning attack over F against Q(2), so denoting

CU,m,δ1,...,δn,V = Tr[(P 1,U,δ1,...,δn,V
m ⊗ · · · ⊗ P s,U,δ1,...,δn,V

m )Φ((UV δmV ∗U∗)⊗t)]

cNt→s(Q(3)|A) =
∫︂
U(rn)

∫︂
Dn

rn

∫︂
G

1
N

∑︂
m∈M0

CU,m,δ1,...,δn,V dV dµ(δ1, . . . , δn)dU

=
∫︂
G

∫︂
U(rn)

∫︂
Dn

rn

1
N

∑︂
m∈M0

CUV ∗,m,δ1,...,δn,V dµ(δ1, . . . , δn)dUdV

=
∫︂
G

cNt→s(Q(2)|AV )dV ≤ cNt→s(Q(2)|F ),
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and hence cNt→s(Q(3)|F ) ≤ cNt→s(Q(2)|F ).
To finish, we make use of Lemma 3. Fix m, and let T : Cr → Crn be the isometry

T |i⟩ = |i+ r(m− 1)⟩. Then, for (δ1, . . . , δn) in the support of µ, δm is supported on the
image of T . Hence we have that

(T ∗)⊗t
∫︂
G

(V δmV ∗)⊗tdV T⊗t =
∫︂
U(r)

U⊗t(T ∗δmT )⊗tU⊗tdU.

Let ρ = T ∗δmT . By Lemma 3, we have that⃦⃦⃦⃦
⃦
∫︂
U(r)

(UρU∗)⊗tdU − I

rt

⃦⃦⃦⃦
⃦

Tr

≤ 7t2∥ρ∥.

Extending outside the image of T (where all the states are 0), we find that⃦⃦⃦⃦
⃦
∫︂
G

(V δmV ∗)⊗tdV − σ⊗tm

⃦⃦⃦⃦
⃦

Tr

≤ 7t2∥δm∥.

Now, let A = (M0, {Bi}i, {P i,Um }i,U,m,Φ) be a t-to-s N -message cloning attack over F
against Qr,n. Define the t-to-s N -message cloning attack over F against Q(3) A′ =
(M0, {Bi}i, {P i,Um }i,U,δ1,...,δn,V,m,Φ). Then,

cNt→s(Qr,n|A) =
∫︂
U(rn)

1
N

∑︂
m∈M0

Tr[(P 1,U
m ⊗ · · · ⊗ P s,Um )Φ((UσmU∗)⊗t)]dU

=
∫︂
G

∫︂
Dn

rn

∫︂
U(rn)

1
N

∑︂
m∈M0

Tr[(P 1,U
m ⊗ · · · ⊗ P s,Um )Φ(σUV,δ1,...,δn,V

m )]dUdµ(δ1, . . . , δn)dV

+
∫︂
Dn

rn

1
N

∑︂
m∈M0

7t2∥δm∥dµ(δ1, . . . , δn)

= cNt→s(Q(3)|A′) + 7t2ε.

Taking suprema, we get that cNt→s(Qr,n|F ) ≤ cNt→s(Q(3)|F ) + 7t2ε.

Using Theorem 6 along with Corollary 3.3 from [MST21], we can get an approximate
version of the minimality for t-to-t+ 1-copy security uncloneable encryption.

Corollary 5. Let Q = (M,K, π,H, {σkm}k,m) be a correct QECM and write r = dimH −
|M |+ 1 and n = |M |. Then, if cNt→t+1(Qr,n) = 1

N + δ, then cNt→t+1(Q) ≥ 1
N + δ

56Nt2+1 .

Proof. Let ε = maxm∈M
∫︁
K
∥σkm∥dπ(k). Then, by Corollary 3.3 from [MST21], c2

1→2(Q) ≥
1
2 + ε

16 . Now, using [BL20, Theorem 12] as in Corollary 3, cN1→2(Q) ≥ 2
N c2

1→2(Q) ≥ 1
N + ε

8N .
This also provides a lower bound for cNt→t+1(Q) by using the strategy where the first t− 1
players get a copy of the ciphertext state and win perfectly, and the final two players play
with the 1-to-2 cloning attack. Hence, if ε ≥ δ

7t2+ 1
8N

, then cNt→t+1(Q) ≥ 1
N + δ

56Nt2+1 .
On the other hand, we know by Theorem 6 that cNt→t+1(Q) ≥ 1

N + δ − 7t2ε. Hence, we
get the other case: if ε ≤ δ

7t2+ 1
8N

, then cNt→t+1(Q) ≥ 1
N + δ

56Nt2+1 .

7.3 Implications of minimality
We can put together the results of this section with the lower bounds of Section 6 to get
lower bounds that hold for any QECM.
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Corollary 6. Let Q = (M,K, µ,H, {σkm}k,m) be a correct QECM. Then, writing d =
dimH,

cN1→1(Q|M ) ≥ 1
N

+ 1
N
√︁
π(d− |M |+ 1)

+O

(︄
1

N(d− |M |+ 1)3/2

)︄

cN1→2(Q) ≥ 1
N

+ 1
N
√︁
π(d− |M |+ 1)

+O

(︄
1

N(d− |M |+ 1)3/2

)︄

cNt→t+1(Q) ≥ 1
N

+ 1
57N2

√︁
πt3(d− |M |+ 1)

+O

(︄
1

N2(t(d− |M |+ 1))3/2

)︄
.

In particular, previous work has shown that the cloning-distinguishing value is lower-
bounded as c2

1→2(Q) = 1
2 + Ω

(︂
1
d

)︂
[MST21], which we strengthen to c2

1→2(Q) = 1
2 + Ω

(︂
1√
d

)︂
.
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