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Abstract. In this work, we introduce a primitive called a dual polynomial commitment scheme
that allows linking together a witness committed to using a univariate polynomial commitment
scheme with a witness inside a multilinear polynomial commitment scheme. This yields commit-
and-prove (CP) SNARKs with the flexibility of going back and forth between univariate and
multilinear encodings of witnesses. This is in contrast to existing CP frameworks that assume
compatible polynomial commitment schemes between different components of the proof systems.
In addition to application to CP, we also show that our notion yields a version of Spartan with
better proof size and verification complexity, at the cost of a more expensive prover.

We achieve this via a combination of the following technical contributions: (i) we construct a new
univariate commitment scheme in the updatable SRS setting that has better prover complexity
than KZG (ii) we construct a new multilinear commitment scheme in the updatable setting
that is compatible for linking with our univariate scheme (iii) we construct an argument of
knowledge to prove a given linear relationship between two witnesses committed using a two-
tiered commitment scheme (Pedersen+AFQG) using Dory as a black-box. These constructions are
of independent interest.

We implement our commitment schemes and report on performance. We also implement the
version of Spartan with our dual polynomial commitment scheme and demonstrate that it out-
performs Spartan in proof size and verification complexity.


https://orcid.org/0000-0002-2909-9177
https://orcid.org/0000-0001-9542-038X
https://orcid.org/0009-0003-2539-7446

Table of Contents

T T oY Tei ey 1 AP 3
[L.1  APPLHCAtIONS| . . .« 4
L2 Our Contribulong]. . . .o oottt e 5
L3 Technical Overview]. . .. .. ..ottt e e e e e e e 5
L4 Related WOrkKl. . . ..o e 7

2 Prellminaries] . . . ..o 7
2.1 ASSUMPEIONS|. « « ¢ o v ottt ettt e e e e e 9
2.2 Commitment Schemesl .. ... . . 9
[2.3 Interactive Arguments| .......... .. ... ... 9
2. olynomial Commitment Scheme|. ... ... ... ... 10

3 nivariate Polynomial Commitment Scheme|. ... ... . ... ... .. . . 11
8.1 Setup Generation|. . . . ... ... 11
B2 Protocoll . ...t 12

[ Multilinear Commitment Schemel . ... 14
(A1 Technical Preliminariesl . . .. ..o oo 14
.2 Setup Generation]. . ... ..o 15

.................................................................... 16

5 Dual Polynomial Commitments|....... ... . 19
[p.1 DualPCS with Updatable Setup| ............ ... o oo 20
5.2 ua with Transparent Setup|. . ... ... i 21
|5.3 Application: Sﬁartan EIEI ..................................................... 22

[ATR for Grand=Produicll. . . . ..ot e e 23

16 Implementation]. . . ... e 24
6.1 Commitment Schemesl ... ... 24
[6.2  Spartan using Grand-Product AIR] ......... ... ... .o 25

enera, roach to derive Linking Soundness| . ...... ... .. .. . . i 28

[B Updatable SRS Modell. . .. ..ot 28

(C_Univariate PCS KZG-FET. . ... . e 28

28
30
34
34
37
40
40
40
41
42
42
42
42
43
1G.2 Dory Protocol| .. ... 43
|G.3  Ewvaluation Proofs using Dory|. ... ... . 45

|H Additional Results from Implementation|....... ... ... ... . 46




1 Introduction

Zero-knowledge proofs and argument systems (ZK) [GMRS85] allow proving that a statement is valid
without revealing any additional information. Succinct Non-interactive ARguments of Knowledge (zk-
SNARKS), are ZK arguments with the additional property that the size of the proof and verifier work
to check the proof is sublinear in the size of the statement. zk-SNARKS are a fundamental building
block in modern cryptographic systems where it is crucial that the verification time does not scale
with the size of the computation. A design principle for constructing SNARKSs is to start from an
information-theoretic proof system like Polynomial Interactive Oracle Proofs (PIOP)/ Algebraic Holo-
graphic Proofs (AHP) and compile them using a cryptographic compiler like a polynomial commitment
scheme.

Polynomial Commitment Scheme (PCS). At a high level, a PCS enables a prover to initially
commit to a polynomial f of bounded degree. Later, the prover can reveal evaluations of f at chosen
points, accompanied by proofs verifying that the disclosed values align with the original commitment.
A PCS is a central cryptographic tool used to obtain a SNARK in a modular way. A SNARK resulting
from compiling an information-theoretic protocol inherits the complexity of the PCS; that is, the proof
size depends on the commitment size and evaluation proof size of the PCS. PCSs (and SNARKS) are
either in the Structured Reference String (SRS) model or in idealized models (like ROM,GGM,AGM)
or both. If the SRS is produced using secret randomness (soundness depends on the this randomness
being secret), the setup is called trusted setup. If the SRS is produced using only public coins, the setup
is called transparent. An intermediate notion is that of updatable setup, where parties can continuously
contribute to the randomness of the SRS, and an SRS is trusted as long as at least one of the updates
is honest.

Commit-and-prove SNARKs (CP-SNARKS). An important family of SNARKSs is one with a
commit-and-prove extension, called a commit-and-prove SNARKs (CP-SNARKs) [CFQI19] where the
inputs are separately committed to. A CP-SNARK allows verification of a proof through this commit-
ment, that, crucially, can be reused across proofs. The presence of these commitments allow to glue
together different proof systems that use parts of same witness. CP-SNARKSs are useful in a variety of
applications where one needs to prove composite statements using the most efficient tool for each part
of the statement. CP-SNARKs allow modularity of proof systems thus providing interoperability with
different protocols specialized for efficiently proving certain class of relations. For instance, consider a
“mixed” computation that naturally presents different components, like Boolean/arithmetic circuit for
a hash function, and algebraic representation for group operations. Using a general-purpose zkSNARK
for such a computation requires one homogeneous intermediate representation of this computation.
This incurs a high cost in performance; for example, writing a modular exponentiation as a circuit
requires number of gates that grows with the size of the modulus. A CP-SNARK takes advantage of
the native representation of different parts of the computation and does a mix-and-match of the best
proof system for each component, e.g., SNARKSs for an arithmetic circuit and a Sigma-protocol for an
algebraic relation.

Existing CP-SNARK frameworks assume compatibility of the cryptographic compilers used in the
different proof components. If one information theoretic proof component is compiled using a PCS,
then the linking proofs are designed to be compatible with the representation of the polynomials
(vectors of coefficients/ vectors of evaluations) used by the polynomial commitment scheme. That
is, the linking that is essential for a CP-SNARK works as long as the PCS match up in how they
interpret the polynomial (univariate vs multivariate, vector of coefficients vs vector of evaluations
etc.). What if we want a CP-SNARK where one component uses a polynomial represented as a vector
of coefficients and committed to using a univariate PCS (like KZG [KZG10]), and another component
represents its polynomials as a vector of evaluations and are committed to using a multilinear scheme
(like PST [PST13a] or Hyrax [WTS™18|) and these polynomials encode the same shared witness?

We put forth the notion of a dual polynomial commitment scheme, that links univariate and mul-
tilinear PCS. Specifically, a dual polynomial commitment scheme can be used to prove evaluations
of a univariate and a multilinear polynomial derived from the same witness. Towards this, we con-
struct an efficient linking proof for connecting a witness committed to using a univariate polynomial
commitment scheme with a witness inside a multivariate polynomial commitment scheme. The dual
polynomial commitment scheme allows one to go back and forth between univariate and multilinear
encodings of witnesses. To further motivate the need for such flexibility, we now outline some example
applications.



1.1 Applications

Commit-and-prove Lookup. There exist general compilers [CFFT21JABC™22| that take an information-
theoretic proof, like an Algebraic Holographic Proof (AHP) or Polynomial Interactive Oracle Proof
(PIOP) and compile them into a CP-SNARK using a cryptographic compiler like a PCS. Concrete
instantiations of these compilers yield frameworks that can glue together general purpose SNARKS
for an arithmetic circuit/Rank 1 constraint system (R1CS),like Marlin/Sonic/Plonk with proof sys-
tems for algebraic statements, like Sigma protocols. However, the above works do not directly handle
lookup arguments. They can be extended in a straightforward way to lookups, but they are not general
since they are limited to lookup arguments that use the same PCS as the compiler or a “compatible”
one. For example, the Lasso [STW24] lookup argument can be extended to give CP-lookup but can
only be linked to Spartan [Set20]; and Plookup [GW20] can be extended to be CP-lookup linked to
Plonk [GWCI19]. We briefly discuss why lookup arguments are useful and it is desirable to have general
CP-SNARKS that allow linking to lookups. A lookup argument, at a high level, allows a prover to con-
vince a verifier that v; = ¢, for all ¢ given committed vectors t. 1 and ¥. Circuit based representations
are inefficient in expressing certain relations, like bit-decomposition. Lookups are used as custom gates
in SNARKSs (for instance plookup[GW20], Arya|BCG™18|) where “SNARK-unfriendly” operations like
bit-decomposition, range proof etc. are performed via a table lookup instead of a circuit representa-
tion using addition/multiplication gates. This rich and growing body of work on lookup arguments
culminated in the notion of lookup singularity[Whi|] where SNARK front ends produce circuit repre-
sentations consisting of only lookups. Lasso [STW24] and Jolt [AST24] together achieve this lookup
singularity: (i) a circuit that executes an instruction at each step (SNARK-unfriendly gates like OR,
XOR, AND etc) is modeled as a single lookup into a large lookup table (ii) efficient lookup into large
tables via table decomposition. Jolt uses Lasso for step (ii) which uses sumcheck arguments and hence
requires a multilinear PCS. Thus, while Lasso naturally admits commit-and-prove, this is restricted
to SNARKSs that encode the witness in a multivariate PCS to match the PCS used in the lookup
argument of Lasso. In the spirit of commit-and-prove, our goal is to include lookup as a gadget in the
toolbox of CP-SNARKSs and modularly build complex schemes by mixing and matching lookup with
other widely deployed circuit-based SNARKSs. Via our dual polynomial commitment scheme, we can
construct a CP-SNARK that combines general purpose SNARKs with lookup arguments, regardless
of how the underlying PCS work (univariate/multilinear).

Let us consider the following scenario: The verifier would like to check that a4,...,a, which are
certain intermediate values in a computation are all in a large range, like, in {0, 1,...,232—1}. Checking
m values are in the range < 2V requires O(mN) R1CS constraints on an O(mN) length witness. Using
STARK, this incurs a cost of at least 3m FFTs of length O(N) resulting in a prover complexity of
O(mN log N) field operations. This cost stems from expensive operations involving bit-decomposition
due to the range checks inside the circuit. This cost is avoided by moving the range checks “outside” the
SNARK circuit to lookups. Now, there is a need to “tie” the aq,...,a,, that were used in the lookup
to the intermediate values of the computation. That is, given commitments to ai, ..., a,,, the lookup
argument proves each a; is in the desired range, a general-purpose zkSNARK proves the computation,
and this combination is sound only if the verifier is convinced that the each a; used in the lookup
argument is indeed the output of the sub-computation up to the range check and the input to the sub-
computation after the range check. This gluing step is straightforward if the polynomial commitment
scheme used in the lookup argument and the rest of the SNARK is the same (like Lasso [STW24] and
Spartan [Set20], or Caulk [ZBK™22] and Plonk [GWC19]). This falls short of the goal of commit-and-
prove which is generality: plug-and-play different gadgets for different sub-computations. In particular,
if one were to use a SNARK like Groth16 (based on KZG, a univariate PCS) and a lookup argument
like Lasso (based on multilinear PCS), then the approach described above will not work as-is. Our
constructions overcome the technical difficulty in establishing consistency of witnesses used in the
SNARK and the lookup argument encoded via a univariate PCS and a multilinear PCS respectively.
Grand Product and Efficient Spartan. We design a new special-purpose proof system for proving
grand product relations that could be of independent interest. One concrete benefit of our grand
product argument is that it yields an efficient version of Spartan obtained as a CP-SNARK using
our dual polynomial commitment scheme. The polynomials that encode the intermediate computation
states of the grand product computation are committed to using our univariate PCS KZG-FFT. This
grand product argument can be put together with the rest of the Spartan proof that uses a multilinear
PCS relying on the linking soundness guarantee of the dual PCS. The resulting SNARK, Spartan
AIR, has concretely better proof complexity and verifier complexity, albeit at the cost of worse prover



No Of Constraints| Eval Prover (sec) Eval Verifier (sec) Proof size (KB)
Spartan|Spartan AIR|Spartan|Spartan AIR|Spartan|Spartan AIR
2'° 17.37 97.76 0.97 0.58 69.28 35.64

2'8 32.55 936.24 1.22 0.62 82.16 39.07
Table 1: Metrics comparing Spartan and Spartan-AIR. Spartan denotes Spartan with grand-product check
using [GKRO8/Thal3], and Spartan AIR denotes spartan with grand-product check using the AoK from Sec-
tion The ratio of sparsity to constraints in the R1CS matrices is maintained to one.

complexity (Table . We believe this is a worthwhile trade-off in some applications. One example is
the use of a folding-based recursive proof system like Nova [KST22] on the blockchain. Here, most
of the time, the system does folding based recursion, and a layer-1 verifier checks the final folded
instances which are only infrequently proven after many folding steps. When Nova’s folding scheme is
applied to Spartan, the large proof-sizes and verifier complexity requires wrapping the Spartan verifier
of the relaxed instances inside a more verifier-friendly SNARK like Groth16 [Grol6]. While Grothl6
is verifier efficient, it’s SRS is circuit dependent and not updatable. In contrast, using our approach,
we can obtain better proof size and verifier complexity directly for the Spartan proof while retaining
transparent SRS.

zkRollups. Combining lookups with other SNARKSs is also relevant in the context of rollups. Blockchain
rollups are a scaling solution that move expensive computation off-chain to layer two chains. Here, the
network participants only need to verify succinct proofs attesting to the correctness of the off-chain
computation. This approach allows verifying the L2 state resulting from several rolled up transactions
as part of one transaction verified on the main chain. Commit-and-prove provides better rollup so-
lutions by allowing signature verification to be done using suitable SNARKSs and checking validity of
transactions using table lookups. While this is an important general application of commit-and-prove
lookup, we do not provide details of an end-to-end rollup solution in this work.

1.2 Owur Contributions

1. We propose a univariate polynomial commitment scheme KZG-FFT where the prover need not
perform expensive FFT operations. It is variant of the KZG scheme where we commit to the
vector of evaluations over the FFT domain instead of the coefficient vector. Interpolating the
witness vector to obtain evaluations is not done by the prover, instead the setup phase creates the
SRS after applying the corresponding linear transformation. We then show how to make the SRS
universal and updatable.

2. We propose a new multilinear polynomial commitment scheme KZG-FOURIER that is suited for
linking with our univariate scheme KZG-FFT.

3. We define the notion of a dual polynomial commitment scheme (DualPCS) that allows commit-
ting to a witness both as a univariate and a multilinear polynomial. We provide two candidate
instantiations of dual polynomial commitment scheme: one in the updatable SRS setting that uses
KZG-FFT and KZG-FOURIER, and another in the transparent setting. We implement our schemes
in Rust and show setup/prover/verifier time for growing witness sizes.

4. We present an argument of knowledge to prove a given linear relationship between two witnesses
committed using a two-tiered commitment scheme (Pedersen+AFG) that uses Dory as a black-
box. We use this argument in our instantiation of a transparent DualPCS. In our instantiation, we
preprocess an FFT matrix that determines the linear relationship we need for our DualPCS.

5. We construct a new argument of knowledge for proving grand product relations. This is an instan-
tiation of existing proof system using our KZG-FFT commitment scheme as the PCS. However,
our DualPCS enables us to switch to multilinear representation and use the grand product ar-
gument with Spartan or Lasso yielding smaller proof sizes. We report implementation results of
performance of the version of Spartan using our grand product argument.

1.3 Technical Overview

DuaL POLYNOMIAL COMMITMENT (DualPCS). We put forth the notion of a DualPCS that links
a witness encoded in univariate and multilinear polynomial commitment schemes. Given a witness
vector, the commit algorithm produces two commitments, obtained by viewing the witness as (i) the



evaluations of a univariate polynomial over the FFT domain, and (ii) a multilinear polynomial encoding
over the boolean hypercube. The encoding and the choice of domains are motivated by existing PIOPs
that interpret the witness in this way. Like in a regular PCS, there are evaluation protocols that allow
opening each of these commitments to claimed evaluations of the underlying polynomial. In addition, a
DualPCS comes with a linking proof that guarantees that the univariate and multilinear commitments
refer to the same witness. The notion of DualPCS handles any external “linking” proof needed in
general-purpose CP-SNARKSs and solves the challenge of native compatibility articulated in [CEG24].
Our first DualPCS candidate KZG-FFT-FOURIER is in the updatable SRS setting. The protocol crucially
relies on a linear isomorphism between the space of multilinear polynomials and univariate polynomials.
The isomorphism maps the Lagrange bases of multilinear polynomials over the boolean hypercube to
the Lagrange basis of univariate polynomials over the multiplicative subgroup generated by primitive
roots of unityﬂ Leveraging this isomorphism makes an explicit linking proof unnecessary since given a
witness vector, the commitments to encoding via (i) and encoding via (ii) are the same, resulting in no
linking overhead. We now provide an overview of the univariate scheme KZG-FFT and the multilinear
scheme KZG-FOURIER that make up the DualPCS KZG-FFT-FOURIER.

Univariate scheme KZG-FFT. We begin by outlining the ideas behind the KZG PCS [KZG10] which
is our starting point. The KZG scheme works as follows: the commitment to a univariate polynomial
f(Y) is the encoding of the evaluation of the polynomial at a secret point. The encoding used is
exponentiation in a bilinear group, which makes the commitment one group element: C' := ¢/("). In
order to enable the prover to compute this, the setup produces a structured reference string (srs)
consisting of encodings of powers of the secret point 7. The prover can use the additive homomorphism
of the encoding to compute g/(7) without knowing 7 using the coefficient vector of f and srs = {g7 }.

This srs is also updatable: new randomness 7; can be sampled and srs’ = {gT”} can be computed
where 7/ = 7 - 71, using srs and 7. Now, to provably open the committed polynomial at a random
point z, the prover produces a proof for the claim f(z) = v as follows. It computes the quotient
polynomial ¢(Y) := (f(Y) —v)/Y — z and provides a commitment to ¢(Y) as the proof; 7 = g4(7).
The verifier now checks the polynomial division by checking the above equation at the random point
7. The verifier uses the bilinear map to check e(C'-g~,¢g) = e(m,¢” - g~ %). Now, the way typical PIOPs
(underlying SNARKSs like Marlin/Plonk) encode the witness is by interpolating a polynomial f such
that the witness vector agrees with f on a “nice domain”. That is, let w € F™ be the witness vector,
then the prover first constructs a witness-carrying polynomial f(Y) = Eie[n] w; L;(Y') where the nice
domain is typically the multiplicative subgroup generated by primitive root of unity, H, and L;(Y")
are the Lagrange bases for H. The univariate polynomial f(Y) is then committed to using a PCS like

KZG where the commitment Cy = grictn T = IL; 97" where (ai,...,a,) is the coefficient vector of
f. Our starting point is to have the commitment Cy be a commitment directly to the evaluation vector
w; that is, Cy = [], g;"". This is accomplished by having the setup produce srs = {g; = g*'} where
a={aq,...,a,} is related to the secret point of evaluation 7 via the FFT matrix. The commitment
is still evaluation of the polynomial at a secret point (just like in KZG). The prover uses the witness
vector w and commits to it as ¢/(") where f agrees with w without having to explicitly obtain the
coefficients of f. In order to make the srs updatable, we let the commitment be ¢/(7) for 7 = 2", for a
uniformly random r € F, and 2" is the degree of f. The downside now is that the srs is not universal
since it depends on the degree of the polynomial being committed to. In order to achieve universality,
we let the commitment be ¢/(™) for 7 = 72" where 2" is the bound on the universal srs and 2% is
the degree bound claimed by the prover. The idea behind the evaluation protocol for the PCS remains
the same as in KZG: commit to the quotient polynomial and check polynomial division at 7. We show
that this scheme satisfies extractability in the AGM assuming N-DLOG. This SRS is also updatable
which is more desirable than a fully trusted setup.

As a stand-alone univariate commitment scheme, the prover in KZG-FFT is not required to perform
expensive FFT operations in order to obtain the coefficient representation since this work has already
been done apriori by setup. This improves prover performance compared to KZG.

Multilinear scheme KZG-FOURIER. Our new multilinear PCS relies on a new linear map and poly-
nomial decomposition. The linear isomorphism U, : F<1[Xo, ..., Xn—1] = F<n[Y] maps the Fourier
basis of the space of multilinear polynomials in n variables to the FFT basis of the space of univariate

3 We refer to the Lagrange bases of multilinear polynomials over the boolean hypercube as the Fourier basis;
and the Lagrange bases of univariate polynomials over the multiplicative subgroup generated by primitive
roots of unity as the FFT basis.



polynomials of degree at most 2". The map is given by H;’;Ol X4+ (1 —X5)- (1 —15) = Li(Y),
for i € [0,2"], where i; € {0,1} is the jth component of the bit decomposition of i, and L;(Y") are
the Lagrange bases over H. The commit algorithm interprets the witness vector as evaluations of a
multilinear polynomial f over the Fourier basis, and equivalently as the evaluations of a univariate
polynomial f’ over the FFT domain of size 2. Committing to f is done by committing to f’ using
KZG-FFT. The evaluation protocol relies on polynomial decomposition that has been used in prior
works as well [PST13al. For an n-variate polynomial f, and z € F™, there exist polynomials ¢;(X) such
that, f(X)—f(z) = Zie[n] (X;—2)q;(X). The verifier in the evaluation protocol checks this polynomial
identity underneath the linear map U,,. That is, if the evaluation claim is f(z) = y, then the protocol
has the verifier check that Uy, (f(X)) =Un(y) = >_;cn) Un(Xi - ¢i) — Un(zi - ¢;)). We now note that the
above check is a univariate identity which is checked at a randomly chosen point. Towards this, the
prover aids the verifier by sending commitments and openings of certain univariate polynomials using
KZG-FFT. For soundness, we use several properties of the linear map in order to enable checking the
above equation, and finally rely on Schwartz-Zippel.

TRANSPARENT DualPCS. We construct another DualPCS candidate with transparent setup, dory-link,
that uses the Dory proof system [Lee21]. The commit algorithm works as follows: given a witness
vector w € F", the AFG commitment scheme is used to commit to two vectors a € G", f € G"
where a = (g7*,...,¢g¥") and f = (g{l,...,gj;")7 (f1,... fn) is the coefficient vector of f € F[Y] that
agrees with a over domain H. The evaluation protocols are simply Dory proofs of evaluation, since the
commitments are already amenable to Dory. The linking proof needs to establish the linear relation
between the representations a, f of the same underlying witness w. This is done by preprocessing the
FFT matrix that describes the linear relation and constructing a SNARK for the linking proof.

1.4 Related Work

CP-SNARKs. Recent works like Lunar [CFFT21] and Eclipse [JABC™22] present general compilers from
information-theoretic objects to CP-SNARKSs with a universal and updatable SRS. While the under-
lying information-theoretic objects can be compiled using any PCS, Eclipse assumes Pedersen vector
commitments and Lunar assumes KZG commitments for the linking gadgets of the CP-SNARKSs. Thus
they are limited as a framework to only those proof systems that use compatible commitment schemes.

These compilers can be extended to obtain commit-and-prove lookups, but will be limited to lookup
arguments like Caulk [ZBK™22], Baloo [ZGK™22], CQ [EFG22] that are KZG-based.

PCS. Our multilinear PCS KZG-FOURIER is reminiscent of the techniques in [BCHO22] and [KT23]
in that the central idea is to leverage a linear homomorphism from the F-linear space of multilinear
polynomials to the F-linear space of univariate polynomials. The difference is the linear homomorphism
itself: in [KT23], the Fourier basis of the multilinear polynomial is mapped to the monomial basis of
the univariate polynomial. In [BCHO22]|, the monomial basis of the multilinear polynomial is mapped
to the monomial basis of the univariate polynomial. In our scheme, the Fourier basis of the multilinear
is mapped to the Fourier basis of the univariate polynomial. As a consequence, our multilinear PCS
renders itself to be efficiently linked to our KZG-FFT scheme.

Dual PCS. Recent concurrent work [CFG24] constructs a compiler that, given any univariate-based
lookup argument, converts it into a lookup argument compatible with MLE-based SNARKSs. The com-
piler could be applied to univariate and multilinear PCS combinations (like KZG+Gemini, PST+Zeromorph)
to yield DualPCS candidates. Such schemes require an additional linking proof; and this incurs prover
and verifier costs for a sum-check protocol, and opening multilinear and the univariate polynomials at
the end of the sum-check. The verifier complexity for the sum-check is logarithmic whereas additional
evaluation proofs for KZG, Gemini, PST, and Zeromorph increases the number of pairings performed
by the verifier. This is in contrast to our KZG-FFT-FOURIER scheme where there is no additional
linking proof. We discuss the techniques of [CEG24] in relation to our work in Appendix

2 Preliminaries

Notations and Facts. F denotes a prime field of order p, and N denotes the set of natural numbers.
We denote by A\ a security parameter, by negl a negligible function. For any integer ¢ > 0, there
exists n € N, such that V > n, negl(z) < 1/n¢, and if a function is not negligible then we call it
non-negligible.



We denote vectors by boldface letters, and inner product between a and b by (a,b). If a € FV|
then a; denotes the i-th component of the vector for i € [0, N —1]. We use r +— F to denote r sampled
independently and uniformly at random from F. Primitive root of unity of order IV is denoted by wy.
We state a well-known fact regarding primitive roots of unity next.

Fact 1 For N € N, if N is divisible by 2 then wy/s = w3, Further, wy, is unique and is equal to —1.

The N x N Fast Fourier Transform (FFT) matrix whose (i, j)-th entry is w4/ for 4,5 € [0, N — 1] is
denoted M,,, . We note down a well-known fact regarding the FFT matrices.

Fact 2 For N € N, MZN = M, , and further if N is a power of 2 then M;J\} = %Mw;fl.

We use Hy to denote the set {wl,whk, .-, wﬁ,’_l}. We refer to Hy as the FFT domain of size N.
Similarly, let p’ € F be such that p, p’ are coprime integers. Then we refer to the set {p"-wQ,p’-wk, ...,
P -wN '} as the offset of the FFT domain of size N.

F . x[Y] denotes the F-linear space of univariate polynomials with degree at most N, and {Y°, ... Y~V~1}
is its standard basis. Let f € F-y[Y]. Then f(Hy) € FV denotes the evaluation vector of f(Y) over
Hy, that is the i-th coordinate of f(Hy), denoted f(Hy); = f(w%) for i € [0, N —1]. If N is clear from
the context then we drop N from the subscript and simply write f(H). If a € F¥ and f € F.y[Y] sat-
isfies a = f(H) then we say a agrees with f over the FFT domain of size N. Let Y = (Y°,..., YN ~1)
be an N length vector constituting of the standard basis of Fx[Y], and U = % -M -1-Y, where

YN
n = log N. Since Mw;71 is invertible, {Ui(n)}ie[O,N—l] is an F-linear basis of F. y[Y], where U; is the
i-th component of U™, We refer to U™ as the FFT basis of F_x[Y]. It is easy to see that the FFT
basis is equal to the Lagrange basis with points from Hy.

Similarly, F<q[Xo,...,X,,—1] denotes the F-linear space of multilinear polynomials in n variables,
and {Lén), s Lg’i)_l} be the standard Fourier basis of F<1[X, ..., X,,—1]. Specifically, if i € [0,2" —1],
and i; € {0, 1} for j € [0, n—1] is the j-th least significant bit of ¢ (when ¢ is viewed as an n bit number)
then

n—1

LW =TI - x5 (1 —ij) + X5 -45)
j=0

Let f € F<i[Xo,..., Xp1], and f(Xo,.., Xn1) = Dicipon 1] fro - L") (Xo, ..., Xp_1). Then
{f; o € Fligjoan-1) are referred to as the 2" Fourier coefficients of f. Let a € F?". Then @ €
F[Xo,..., X, 1] defined as a(Xo,..., Xn 1) = Y ictoan_1 @i+ Li(Xo,..., Xn_1) denotes the Multi-
linear Extension (MLE) of a. It is easy to see that a(ig,...,in—1) = a;, where again i; € {0,1} for

j € [0,n — 1] is the j-th least significant bit of i. We note the following well-known fact regarding
multilinear polynomials (see [PST13a] for a proof).

Fact 3 Let f € F<q1[Xo,...,Xn_1] and zg,...,2n—1 € F. Then f(zg,...,2n_1) = y if and only if
there exists qi, € F<1[Xo, ..., Xg—1] for k € [1,n — 1], and qo € F such that

n—1

F(Xoy s Xn1) =y =D (Xk — 2) - qe(Xo, -, Xpo1)
k=0

Let G be a group of order p. For g = (g1,...,9,) € G" and x = (21,...,2,) € Zy, the multi-
exponentiation g* is defined by g* = g7 --- g&n.

Bilinear Group. A bilinear group is denoted by the tuple (p, Gy, G2, Gr, €, g1, g2), where G1, G5 and
Gy are groups of prime order p, g1 and go are generators of G; and Gs, and e : G; X Go — Gp is an
efficiently computable non-degenerate bilinear map. We denote by G a bilinear group generator that
outputs these parameters: (p,Gi,Go,Gr,e,g1,92) <r G(1*) where p is superpolynomial in \. Let
h € GV, q € GY. Then we use the (h,q) to denote the inner-pairing product HiG[O,N—l] e(hi,q;). We
remark here that notation (-, -) is overloaded to mean both inner products over fields, and inner-pairing
products between vectors from G; and G, and is implicit from context.

Algebraic Group Model. The Algebraic Group Model (AGM) introduced in [FKLIS] is an idealized
model. An adversary A is said to be algebraic if every group element output by A is accompanied by its
representation with respect to all the groups elements A has seen so far. Let y1, ..., yx be all the group



elements previously input and output by A. Then, every group element y output by A, is accompanied
by its representation (z1,...,xy) such that y = Hle Yt

SRS model. We describe our constructions as public-coin interactive protocols in the structured
reference string (SRS) model where where both the parties have access to a SRS. The SRS is universal
and updatable, where the SRS can be used to prove statements about any computation, as opposed to
a circuit-dependent setup required in preprocessing based SNARKSs. This universal SRS is, in addition,
updatable, meaning parties can continuously contribute to the randomness of the SRS, and an SRS is
trusted as long as at least one of the updates was honest.

2.1 Assumptions

Definition 1 (DDH Assumption) For a group G, the decisional Diffie-Hellman (DDH) assumption
holds for G if for all PPT A, the following probability is 1/2 + negl(\):

Z,Y,%2 <R Fab<_R {0’1}
Z=xyifb=0,2" =zifb=1
pp = (9,9%,9%,9%)

b=0

P :
"o = A(pp)

Definition 2 (SXDH Assumption) For (¢,Gy,Gy,Gr,e,G, H) < G(1%), the Symmetric Exter-
nal Diffie-Hellman (SXDH) assumption states that the decisional Diffie-Hellman (DDH) assumption
holds for both Gy and Go.

Definition 3 (N-DLOG Assumption) The N-DLOG assumption with respect to G holds if for all
A, for all PPT A, the following probability is negl()\):

( r=1 pp < G(1"), 7 +grF >
r / : T 72 N 72 N
T <_"4(}:)[:)7") V::(glvgl a"'agl 792792 7"'a92 )

2.2 Commitment Schemes

AFG Commitment Scheme [AFGT 10] The pairing based commitment AFG is defined as follows:

— (G1,Gy,Gr,q,e,91,91) + AFG.setup(1*): Outputs Gy, Go, and G of order p with g; and go being
generators for G; and Go and e is the bilinear map.

— ck = (w,, wo, w1, ..., wn_1) + AFG.KeyGen(G1, Gz, G, q, €, g1, g2, N) : Outputs the commitment
key ck. Here N is the number of group elements to be committed.

— ¢ = AFG.com(m, r) = e(w,, ) HjV;Ol e(w;, m;): Outputs the commitment of message m where
m = (mo, e ,mel).

The AFG commitment scheme is perfectly hiding and binding under the SXDH assumption (see Defi-

nition .

2.3 Interactive Arguments

We consider interactive arguments for relations, where a prover P convinces the verifier that it knows
a witness w such that for a public statement z, (z,w) € R. Given a pair of PPT interactive algorithms
P,V, we denote by (P, V)(x;w), the output of V' on interaction with P. Here, w is P’s private input
and z is a common input. Let R = {(z,w)}, be a relation and £ be the corresponding NP language.

Definition 4 (Succinct Argument of knowledge) An interactive argument of knowledge (AoK)
for a relation R consists of a PPT algorithm setup(1*) that takes a security parameter X and outputs
public parameters srs, and a pair of PPT interactive algorithms (P, V). The triple (setup, P, V') satisfy
the following properties.

1. Completeness. For all A € N, (z,w) € R,

Pr ((R V) (sts,x;w) =1 : srs setup(l")) =1.



2. Knowledge Sgunfinesﬁ. An argument system (P, V') for a relation R is knowledge sound if for any
PPT P = (P, P,), there exists an expected polynomial time extractor € such that the following
probability is negl(\).

srs « setup(1*
($,W)¢RA D p()\ )
Pr (P, V) (sts, 2 t) = 1 s (,st) « Pr(17,sr5)
9 rs, x; = P
? w < EP2(srs, x)
3. Succinctness. An argument system is succinct if the communication complexity between prover and
verifier is sublinear in the size of the statement.

We do not focus on zero-knowledge in this work; we believe it is easily achievable via minor adap-
tations applying standard techniques to our constructions.
Fiat-Shamir transform. The protocols in this work are public coin interactive arguments where the
verifier’s messages are uniformly random strings. Public coin protocols can heuristically be compiled
into non-interactive arguments by applying the Fiat-Shamir [FS87] transform (FS) in the Random
Oracle Model (ROM).

2.4 Polynomial Commitment Scheme

A polynomial commitment scheme (PCS) allows the prover to open evaluations of the committed
polynomial succinctly ( [KZGI10]). A PCS over F is a tuple PC = (setup, commit, open, eval) where:

— pp « setup(1*,n, N). On input security parameter A, number of variables n, an upper bound
N € N on the number of distinct monomials in n variables, setup generates public parameters pp.

— (C,€) + commit(pp, f, D). On input the public parameters pp, an n-variate polynomial f(X) €
F[X] with total monomials at most D < N, commit outputs a commitment to the polynomial C,
and additionally an opening hint c.

— b <+ open(pp, f(X),d,C,¢) On input the public parameters pp, the commitment C' and the opening
hint €, a polynomial f(X) with number of monomials D < N, open outputs a bit indicating accept
or reject.

— b + eval(pp,C, D,x,y; f(X)). A public coin interactive protocol {Peyal, Veval)(pp, C,d, %, y; f(X))
between a PPT prover and a PPT verifier. The parties have as common input public parameters
pp, commitment C, monomial bound D, evaluation point x € F™, and claimed evaluation y. The
prover has, in addition, the opening f of C' with number of monomials at most D. At the end
of the protocol, the verifier outputs 1 indicating accepting the proof that f(x) = y, or outputs 0
indicating rejecting the proof.

A polynomial commitment scheme must satisfy completeness, binding and knowledge soundness
(KS).

Definition 5 (Completeness) For all polynomials f(X) € F[X] with number of monomials at most
D < N, and for all x € F™,

pp < setup(1*, N)
pr|p—1 . (€€ « commit(pp, f(X),D) | _
y <+ f(x)
b« eval(pp, C, D, x,y; f(X))

Definition 6 (Binding) A polynomial commitment scheme PC is binding if for all PPT A, the fol-
lowing probability is negligible in X:

open(pp,fo,D,C',Eo) = 1A
Pr Open(ppaflaDaCa 61) =1A:
fo# h

4 We define KS without considering auxiliary inputs, for simplicity. For a stronger definition, the adversary
and the extractor additionally receive an auxiliary input aux sampled from a distribution Z(lk,srs). KS
holds as long as Z belongs to a certain class, called “benign” distributions.

pp « setup(1*, N)
(07 vaflaéovélaD) < A(pp)
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Definition 7 (Knowledge soundness) eval is an AoK for the relation Reya defined as follows:

Reval = {((pp,C,X <_R an y € IF)? (f(X)vé)) :
(open(pp, f, D, C,¢) =1) Ay = f(x)}

Though in general, the eval protocol can be run on points x chosen by the verifier, in applications
to SNARKS, these are uniformly random. This is because when a PCS is used to compile a public-
coin argument, the verifier samples the evaluation points uniformly at random. Therefore, we define
knowledge soundness for random x.

Definition 8 (Succinctness) We require the commitments and the evaluation proofs to be of size
poly(A) - log(D) where 7 is the transcript obtained by applying FS to eval. Additionally, the scheme is
verifier succinct if eval runs in time poly(X) - log(D) for the verifier. The prover is required to run in

time O(D).

For our univariate scheme, we achieve a strong notion of succinctness: the commitment and evalu-
ation proofs are of size independent of the degree of the polynomial.

3 Univariate Polynomial Commitment Scheme

In this section, we introduce a variant of the KZG commitment scheme known as KZG-FFT. This
variant commits directly to the evaluations of a polynomial over the FFT domain of an appropriate
size, as opposed to using the coefficients of the corresponding polynomial. In many proof systems, the
coefficients of the underlying univariate polynomial are derived through interpolation from a witness
vector, which serves as the evaluations of the desired polynomial. By committing directly using these
evaluations or witness values, the prover can circumvent the costly FFT operation. Moreover, employing
multi-scalar multi-exponentiation (MSME) over the witness vector allows us to leverage the low bit
representation of the witness values, resulting in computational advantages. It’s worth noting that, in
practice, witnesses typically possess low bit complexity despite being represented as elements of large
prime fields (see, for instance, [STW24], [AST24]). In Section we state the algorithm to generate
the setup for KZG-FFT, and in Section we state the details of the polynomial commitment scheme.

3.1 Setup Generation

Algorithm 1 KZG-FFT.setup(1*): Setup Generation for KZG-FFT

Input: {1*, N}
Output: {srs = (srsp,srsy), 7}

Sample r €r F, uniformly at random.
Let oy = N~ ' [icionu(+ (wy'-r)?) fori € [0,N —1], and n = lpgN.
J
Compute srsp = {hg’fi) =g €G1|i€[0,N—1]}, srsy = {ha; = 952 € Gz | j€0,n]}.

Let m = (971, 95)-
Output {srs = (srsp,srsy), 7}.

We state the algorithm to generate the structured reference string (srs) in this section. We assume
N is a power of 2, and log N = n. Let (p,G1,G2,Gr,e,91,92) <r G(1*) be a bilinear group. The srs
has two disjoint parts (srsp,srsy): srsp is used by the prover and srsy, is used by the verifier. The setup
algorithm, stated in Algorithm [I] takes as input the security parameter A and the degree bound N,
and outputs srs and a proof m. The proof 7 attests to the correctness of the generated srs. We show
in Appendix how the srs can be verified using 7, and that the setup generated by KZG-FFT.setup
is updatable as defined in [MBKMTI9]. Let  be as sampled at Step [I} and «; be as defined at Step
of Algorithm [1} Let a,r € FY be vectors such that «; and r’ are the i-th component of a and r
respectively for ¢ € [0, N — 1]. The following claim shows that « is linearly related to r via the FFT
matrix Mw;vl.

11



Claim 1. Let o,r € FN be as defined above. Then o = %M —1-T.

“n

In Section [3:2] we present the commit algorithm for KZG-FFT, and as part of completeness in Lemma
[ argue the structure of the commitment in G;. The proof of the above claim is similar to the proof of

Claim 21

3.2 Protocol

“ Protocol 1: KZG-FFT polynomial commitment scheme

1. {srs,n} < r KZG-FFT.setup(1*, N).
2. C < KZG-FFT.commit(srsp, D, f(Hp)), where

cr=II ™

i€[0,D—1]

and h(¥) € GP is as defined in Equation
3. accept/reject <— KZG-FFT.eval(srs,Cy, D, u,v; f(Hp)), where D < N is a one round public

coin interactive protocol (Peyal, Vevar)(srs, C¢, D, u,v; f(Hp)) between a PPT prover and a

PPT verifier.

(a) Pevai: The prover computes the evaluations of ¢(X) over the FFT domain of size D, where
q(X) satisfies f(X)—v = (X —u)-¢(X). Commits to ¢(X) (denoted C,) using srsp. Sends
Cq to Vreva|~

(b) Vevai: Let d = log D. Computes Cy - g7" € Gy and hspn—q - g5 * € G2, and accepts if
e(Cy-g91",92) = e(Cq, han—a- gy ") and rejects otherwise.

The KZG-FFT polynomial commitment scheme is presented in Protocol |1l Let D = 2%, and f €
F_plY], and a € FP be such that a agrees with f(H) over the FFT domain of size D. KZG-FFT.setup is
presented in Algorithm [T} Section 3.1} The KZG-FFT.commit algorithm takes as input srsp, the degree
bound D, and the evaluation vector a of the polynomial f(Y'). To commit to polynomials of degree at
most D = 2? for d € [0, 7], the commit algorithm folds the public parameters srsp = {hgr,?}ie[o, N—1]
recursively as follows:

k k+1 k1 .
R = nY R vie 0,28 — 1) (1)
and outputs Cy = Hie[mD_l](hgf?)“i.
Lemma 1. Let f, a, hg‘i-) for d € [1,n] and Cy be as defined above. Then Cy = Hie[O,Dfl](hg(,ii))aj =
£
91 :

Proof. Let D = 2% and f; be the coefficient of Y in f, for i € [0, D —1], and f = (fo,..., fp_1). Then
M,, -f= f(Hp) = a, and hence, from Fact

1
= -1 . = (— .
f=M,] a—(Dngl) a (2)
d al® (d) . d D () i-2nd
Let a(¥) be such that g = hy; for i € [0,D — 1], and r(d € FP be such that r,” = 7
for ¢ € [0,D — 1]. To prove the lemma it is sufficient to show that f(r2n_d) = (a(? a). We use the
following claim to complete the proof (proof below).

Claim 2. (%ngl) (@ = (D)

From the above claim, we have

) = )T
1

= (T (Bngl) -a from Equation [2]
= (a7 . a from Fact

12



Proof (Proof of Claim @ For d = n, we have from the definition of agn) in Algorithm (c; is identified
with agn)), for all i € [0, N — 1]
n 1 —i \27 —i \j
o =5 I Q@i = > (')

j€l0,n—1] F€[0,N—1]

Hence, we have o™ = %ngfl -r(™ To prove this for any d € [1,n — 1], we show a9 = %Mw; r(@)

assuming o(d+1) = T sz—Dl (@) In particular, we show that for all i € [0, D — 1],
d 1 i on—d. i
o =5 I (+epr ™))
j€l0,d—1]

assuming for all 7 € [0,2D — 1],

d+1 1 _i ogn—d—1,9j
o{ T = 2D H (1+ (wypr? )*)
Jj€[0,d]

By definition of agd), we have for all ¢ € [0, D — 1],

al® = aft* 4t

:21D(( H (1+0J2_5T2”*d71)2j) n ( H (1+w2_Di_2d7n2nd1)2j))

j€[0,d] j€[0,d]
1 _; on—d—1_oj _; on—d—1_oj
o5 (CIT ™ %)+ (IT a-wir® %))
j€[0,d] j€[0,d]
1 —q n—d—1_ — n—d—1_ -
2D( Z (wp - 7 Y+ Z —(wap - 7” )J>
j€[0,D—1] j€(0,D—1]

(S )

j=2¢,£€[0,D—1]

1

2

1 —92i 2n7dj
=D Z (wop' -7 )

1

D

j€[0,D—1]

IT «a +w,3ir2“d)j>

j€[0,d—1]

The last equality in the above sequence of equations follows from Fact

KZG-FFT.eval(srs,Cy,d, u,v; f(Hp)) is an argument of knowledge for the following relation

{(srs, (Cy, D, u,0)); f(Hp) | f € Fep[Y], f(u) = v,
KZG-FFT.commit(srsp, D, f(Hp)) = Cs}

The main idea behind the evaluation protocol, like in KZG,; is to prove the following polynomial relation
at a random point rznfd

fY) = f(u) = (Y —u)q(Y)
To begin with, an honest prover computes f(u) from a using Claim [3| the proof of which is similar to
Claim |1} and Lemma [1} We note that to compute f(u), an honest prover has to spend O(D - d) field
operations.

Claim 3. Let f € F.p[Y], and a agree with f(Hp) over the FFT domain of size D. Then for any
u€eF,

flu)= 2iclo.0-1) % (HJE[%d‘l](l +(wp' - u)?')) .

5 In KZG the random point is r irrespective of the degree. In KZG-FFT this is required to make the srs universal.
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In the evaluation protocol, the prover Pe, computes the evaluations of ¢(Y) over the FFT domain
of size D as follows: for i € [0,D — 1] q(w}) = %S We note that similar to Cy, Cy can be

computed from the evaluations of ¢(Y) over the FFTD domain of size D. The verifier V., checks if
e(Cy-97",92) = e(Cq, han—a-g5 ). We show in Theoremthat this check ensures either f(r2n7d) —v=
(TQnid—u)-q(rTHd) or there exists k € [1,n—d] and ¢'(Y') € Fc«n[Y] such that f(r)—v = (T2k —u)-q'(r¥).
Since r is chosen independently and uniformly at random, and is not known to the prover, under the
N-DLOG assumption the check passes with high probability if and only if either f(u) = v or vy
divides f(Y) — v. For a given f € F_y there exists at most N/2 such u’s, and hence if u is sampled
uniformly at random from F, with high probability u is such that (sz —u) does not divide f(Y) — v,
and hence f(u) =wv.

On Updatability of the SRS. The srs can be generated in an updatable fashion and update correct-
ness can be verified using pairings. We show the update and verify-update algorithms in Appendix[C.1}
The proof of KS in Theorem || shows updatable knowledge-soundness for KZG-FFT in the AGM (as
in Definition [1{ in Appendix [B)). The work of |[GKM™18| shows that for any updatable pairing-based
SNARK where the srs consists of encoded polynomials, the prover will also know encodings of the mono-
mials that make up the polynomial. For SNARKSs where the encoded polynomial consist of secrets,
soundness is broken if the prover learns the monomial encodings. If the srs only contains “monomial
terms”, updatability of the srs follows from the framework of [GKM™18|. In our construction even
though the srs does not contain only monomial terms, learning the encodings of the monomials of
the encoded polynomial does the help the prover break soundness. We show updatable knowledge-
soundness of KZG-FFT even though the srs consists of more encodings in r than just monomials.

Theorem 4. Let (p,G1,Gz,Gr,e,g1,92) <r G(1?) be a bilinear group. The protocol (KZG-FFT .setup,
KZG-FFT.commit, KZG-FFT. eval) is a PCS for F.n[Y] in the AGM assuming N-DLOG holds with
respect to G.

The proof of the above theorem is in Appendix [C.2]

Prover and Verifier Complexity: The commit algorithm is cheaper than KZG as it does not have to
interpolate the evaluations to obtain the coefficient vector. The evaluation prover performs O(D) field
divisions to compute the evaluations of the quotient polynomial over the appropriate FF'T domain,
and an MSME of size D to commit to ¢(X ). We remark that computing the evaluations of the quotient
polynomial can be parallelized across the FFT domain unlike the computation of its coefficients which
is inherently serial. The verifier in the evaluation protocol performs 1 exponentiation and 1 group
addition over G, and Go respectively, and 1 pairing check, which is similar to the KZG verifier.

4 Multilinear Commitment Scheme

In this section, we introduce a novel multilinear commitment scheme denoted as KZG-FOURIER. Draw-
ing inspiration from [BCHO22] and [KT23], our approach leverages a linear isomomorphism (denoted
U,,) from the F-linear space of multilinear polynomials to the F-linear space of univariate polynomials.
However, in our scheme, Un, diverges by mapping the Fourier basis of F<1[Xo, ..., X,,—1] to the FFT
basis of F.n[Y] (see Section 7 where N = 2™. Combining the univariate polynomial commitment
scheme outlined in Section [3| with the multilinear commitment scheme presented here, we establish a
dual polynomial commitment scheme, a concept elucidated in Section Section is dedicated to
defining and proving key properties of U,,, while the setup generation algorithm is elaborated in Section
and the multilinear polynomial commitment scheme itself is delineated in Section Throughout
this exposition, we maintain the assumptions that N =27, D = 2¢ and K = 2*.

4.1 Technical Preliminaries

Readers are directed to Section [2| for pertinent notation. The proof of all the claims and lemmas in this
section is deferred to Appendix Recall that Ui(") denotes the i-th component of the FFT basis of
F_.n[Y], and LE") denotes the i-th Fourier basis of F<i[Xo, ..., X,,—1]. We commence by presenting
the subsequent claim, akin to Claim

6 In [KT23], the Fourier basis of F< 1[Xy, ..., X,,—1] is mapped to the monomial basis of F<n[Y], whereas
in [BCHO22], the monomial basis of F< 1[Xy, ..., X,_1] is mapped to the monomial basis of F«n[Y].
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Claim 5. Ui(n) =% [conn+ (wy' - Y)?)
The linear isomorphism U,, between F<q[Xo,...,X,,—1] and F.n[Y] is defined as follows
U (L") = U™ forieo,N—1].
Below, we proceed to establish several properties of U,,.
Claim 6. U,(1) =1
Claim 7. Un(L\") = U (L) + U (L)) for d € [1,n — 1]]]

Lemma 2. Z/{n(LZ(-d)) = Ui(d)(an_d), holds for d € [1,n]. Moreover, for f € F<i[Xo,...,Xaq-1],
{f @ € F}icjo,p-1) represents the Fourier coefficients of f if and only if there exists a g € F<p[Y]

such that U, (f) = g(Y2n_d) and g(wh) = fra-

Lemma 3. Ford € [1,n —1], f € F<i[Xo,...,Xq-1] if and only if there exists ¢y € FoplY] such

that s s ‘
U Xa- [)=vp > T % —wdp)
j€[0,D—1]
U((1—Xa) N =2s(-Y* ) T " +wip)
j€[0,D—1]

Claim 8. Let € F-p[Y]. Then there exists 1y, € Foga1[Y] such that (V) = . (Y2)+Y -1, (Y?),
and Y(=Y) = e (Y?) = Y - o (Y?). Further,

we(wéd—l) _ ¢(wlD) +21/)(_sz) = [0’2(1—1 _ 1]

wo<w%d—1> — ,(/J(WZD) — :ﬁ(_wlD) Vi € [072d—1 _ 1}
2w

4.2 Setup Generation

Algorithm 2 KZG-FOURIER.setup(1*): Setup Generation for KZG-FOURIER

Input: {1*, N}
Output: {srs = (srsp,srsy),, }
1: ((srsp,srsy,), m) < KZG-FFT.setup(1*).
2: Let srsp = srsp = {hg?}ie[ow,ll.
3: Ford € [0,n—1], let ¢pa(Y) = Hf;ol (Y —w},), and compute the evaluations of ¢4 over the FFT domain of
size 2D. Compute Cy, = KZG-FFT.commit(srsp, 2D, ¢4(Hzp)) as the commitment to ¢4 for d € [0,n —1].

4: Let srsy = (srsﬁ,, {Cqbd}de[l,nfl])
5: Output {srs = (srsp,srsy),7}.

Let (p,G1,Go,Gr,e,91,92) <r G(11) be a bilinear group. Algorithm [2| computes the setup for
KZG-FOURIER. It takes the security parameter A and the bound on the number of multilinear mono-
mials N as input and produces srs along with a proof 7. The srs, like in KZG-FFT, has two disjoint
parts (srsp,srsy): srsp is used by the prover and srsy is used by the verifier. In Step 1, Algorithm
invokes KZG-FFT .setup, yielding srs’. It sets srsp identical to srs’,. For the evaluation protocol of
KZG-FOURIER, the verifier needs to evaluate ¢4(Y) = Hf;ol Yy — wgD) at a randomly chosen point.
Hence, srsy includes commitments to ¢4(Y"), for d € [1,n — 1], in addition to srs,. Particularly in Step
3, the algorithm computes evaluations of the polynomial ¢4(Y) over the FFT domain of size 2D, for
d € [1,n — 1], and at Step 4, it commits to it using KZG-FFT.commit. It’s worth noting that despite

" It is important to note that Z/ln(LZ@) differs from Uqy (LZ(.d)).
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the degree of ¢, being at most D, Algorithm [2] commits to it as a polynomial of degree at most 2D.
This is required in batch evaluation check of all the univariate polynomials in KZG-FOURIER.eval.
Additionally, even though ¢4(Hsap) is of size 2D, at least D of its components are 0 since ¢4(w3s) = 0,
for i € [0, D — 1]. Thus for d € [1,n — 1], KZG-FFT.commit requires an MSME of length D (not 2D).
Updatability. The srs returned by KZG-FOURIER.setup can be updated using KZG-FFT.update_setup
(Algorithm [3) and KZG-FFT.verify_setup (Algorithm [)). The KZG-FOURIER. update_setup algorithm
additionally computes new commitments to the public polynomials ¢4(Y) for d € [1,n — 1] using
the updated SRS returned by KZG-FFT.update_setup. The KZG-FOURIER.verify_ setup algorithm uses
KZG-FFT.verify_setup to verify the first part of the SRS. Additionally, it verifies the commitments to
¢a(Y) for d € [1,n — 1] by running the KZG-FFT.eval protocol: it evaluates ¢4(Y") at a random point
u €r F, computes a proof of ¢4(u) = z and checks that the proof verifies.

4.3 Protocol

The KZG-FOURIER commitment scheme is detailed in Protocol 2} During Step 1, the setup is generated
following Algorithm 2t Let f € F<i[Xo,..., Xa-1] and f, @ € F represent its D Fourier coefficients.
Throughout this section, we associate f; with f @) fori € [0, D—1]. Consider f € FP such that the i-th
component of f is f; for ¢ € [0, D — 1]. The KZG-FOURIER.commit algorithm, in Step 2, accepts srsp,
f € FP, and D as input, and produces C; = KZG-FFT.commit(srsp, D, f) as output. From Lemma
it follows that there exists wy € F.p[Y] such that Uy(f) = wy(Y), and wy(wl) = f; for i € [0,D —1].
When f is evident from the context, we drop it from the subscript of wy. The commit algorithm treats

f as the evaluations of w over the FFT domain of size D and commits to it using KZG-FFT.commit.
From Lemma [T}
n—d
Cy = Cyw,; = KZG-FFT.commit(srsp, D,ws(Hp)) = gf’(r2 ).

We interchangeably use C'y and Cy,, as they denote the same commitment. We denote (Xo,..., Xq_1)
as X | and (zo,...,zq_1) as x(9, where x; € F for i € [0,d — 1]. The KZG-FOURIER.eval algorithm
at Step 3 is a ten round public coin protocol (Peyal, Veval) (srs, C, D, x(@ 4. f). By Fact[3| f(x(¥) =y
if and only if there exists g (X)) € FS[X )] for k € [0,d — 1] such that

d—1

FXD) —y = (Xp —ap) - qp(XD). ®3)

k=0
Hence, ensuring correctness of KZG-FOURIER.eval requires Veya to only check the above polynomial
relation. Further, as U, is a linear isomorphism, it suffices for Vi, to verify the aforementioned relation
under U,,. In essence, the primary concept behind the evaluation protocol is to empower the verifier
to verify the following (univariate) polynomial relation evaluated at a random point z:

d—1

UaF) — Ualy) = (Z (Uha( X - a5) — Ua(a - qw)) ()
k=0

At Step 3a, Pey, calculates the Fourier coefficients of such g (X(k)) for k € [1,d — 1]. Let 1/qu7 Gc
and v, o, correspond to g (X)) as described in Lemma [3{ and Claim |8} I As outlined in Claim |14} for
each k € [1,d — 1], Peyal can determine the evaluations of ¢, (Y) and ¢, o(Y") over the FFT domaln

of size D. P.,, computes commitments to ¢, . and g, o, for k € [1,d — 1] as follows:
Cy,, .. = KZG-FFT.commit(stsp, D, ¢y, (Hp)) (5)
Cyy,.. = KZG-FFT.commit(srsp, D, vy, o(Hp)) (6)

The primary reason to use commitments to 1, . and vy, , is that the evaluations of these polynomials
can be used to derive the evaluations of Uy (X} - gx) and Uy(gx) in a sound manner. This is achieved
through Equations [9] and [I0] explained below which itself follows from Lemma [3] We note that even
though the degrees of 9, . and 1, o are at most K/2, Pe,a commits to them using their evaluations
over FF'T domain of size D. This helps in batch evaluation of all the univariate polynomials, and
establishing degree bounds on them in the steps ahead.

At Step 3¢, Payal compuites w(z), thg, (22" "), and oy, o(22" ") for k € [1,d—1], utilizing the evalua-
2(17](:71)

) and

tions of the respective polynomials over the FFT domains of size D (refer to Claim, and ¢ (z
d—k—1

for k € [1,d — 1] directly by evaluating its expression. At Step 3d, Veya calculates 1, (22
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quk(szd_k_l) using the following equations, derived from Claim
(o (Zz{likil) = qu’e(ZZdik) + 277 qu,O(Z?iik) (7)
d—k—1 d—k d—k—1 d—k
1/}(17«(_'22 )= ¢qk,e(22 ) — 2 ) qu,O(Z2 ) (8)

Veval computes Uyg(qx)(2) and Uy(Xkqx)(2) using the following equations, for k € [1,d — 1]
2d*k71
Ua(qr)(2) = g, (2 ) on(z ) 9)
220-20’*’“*1 1
d—k—1 d—k—1
Ua(Xrar)(2) = g, (2° ) - (2" ) (10)

Equation follows directly from Lemma [3] whereas Equation [J] is derived from the linearity of Uy
and adding both equations in Lemma [3] Equation [9] additionally requires the following fact concerning
the primitive root of unity

d—k—1 ; d—k—1 ; d—k—1
I o —wip) - I o7 +wip) =Y )PP -1,
j€l0,D—1] je[0,D—1]

2d*k71

2d—k—1

+ ¢Qk (—Z

Additionally, from Claim |§|, we have Uy, (zoqo) = zoqo. Moreover, according to Lemma
(1— de_l)Qo
2

d—1
(1- 22 )0
—

Uqi(Xoqo) = , and hence, Ug(Xoqo)(2) =

—‘ Protocol 2: KZG-FOURIER multilinear commitment scheme

1. {srs,n} < KZG-FOURIER.setup(1*, N), where ) is security parameter.
2. Cf < KZG-FOURIER.commit(srsp, D, ), where
Cy = Cy; = KZG-FFT.commit(srsp, D, wy(Hp))

and Z/{d(f) = wf(Y)

3. accept/reject < KZG-FOURIER.eval(srs, Cy, D, x(@_y: f) is a ten round public coin interactive
protocol (Peval, Vevat) (srs, Cy, D, x(@ y: f) between a PPT prover and a PPT verifier.

(a) Peal — Viva: For k € [1,d — 1] - Compute the K Fourier coefficients of g;(X*)) for
k € [I,d — 1] and qo € T, satisfying Equation [3| Let v,, correspond to g,(X*)) as
described in Lemma Compute the evaluations of 1, . and 1, , (see Claim [§]) over the
FFT domain of size D, and commit to them as in Equations [f] and [6] respectively. Send
these 2(d — 1) commitments and gg € F to Veyal.

(b) Veval = Pevari: Sample z €, F and send to Peya.

(€) Paval = Veval: Send wy(z), and qu,e(ZQdfk), Ygr.0(22
to Veval~

(d) Veval = Payar: For k € [1,d—1] - Compute g, (22" ") and ¢y, (—22" ") using Equations
and [8] respectively. Then calculate U, (gx)(2) and Uy, (Xqy)(2) using Equations [J] and
110} respectively. Use these values to check and continue if Equation [11] holds, else output
reject. Sample v, €, F, and i e, 'y,’m, 'ykp,’y,’c’o, 0 €, Ffor k € [1,d—1]. Send these values
to Peval-

(e) Peval = Veva: ¥(Y) € FoplY] is as defined in Equation Compute the evaluations of
Y(Y) over Hp, and commit to it as follows: Cy = KZG-FFT.commit(srsp, D,y (Hp)).
Send Cy, to Veyal.

(f) Veval = Peval: Sample s €, F and send it t0 Peyal.

(8) Peval = Veval: Send w(s), ¥k.e(s), ¥ko(s), ¢(s) for all k € [1,d — 1] to Veyar.

(h) Veval = Pevai: Sample 8y, €, F, and B e, Bi,o0, ki €r F for k € [1,d — 1] independently and
uniformly at random from F for k € [1,d — 1], and send it to Peyal.

(i) Peval = Vevai: Let n(Y) be as defined in Equation Compute the evaluations of u(Y) €
F.p[Y] over Hp, where n(Y) — n(s) = (Y — s)u(Y). Compute the commit to u(Y):
C,, = KZG-FFT.commit(srsp, D, un(Hp)), and send it to Veyar.

() Veval = Pevai: Compute C), using Equation [14] and 7(s) using Equations and and
check

d—k 2d7k71

) and ¢y (z ) for ke [1,d—1]

E(Cn : gl_n(S)ng) = e(C;Lu h2,d : 958)
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Veval checks whether these values satisfy
n—1
Us(f)(2) =y =D Ua(Xk - qr)(2) — @ - Ualar)(2) (11)
k=0

Conditioned on values sent by Paya corresponding to w(z), and ¥g, (22" ), gr.0(22" ), ¢r(z2 ")

for k € [1,d — 1], being correct, the above check ensures Equation [4] holds with high probability over
the random choice of z (using Schwartz-Zippel). Hence, the protocol hereafter ensures the correctness
of these vales sent by Peyal. To this end, for k € [1,d — 1], define (g, ¢,Cgy,0 € F<p[Y] as follows:

Cape(Y) = Y2d_2k ' “Pgie(Y), and (g, o(Y) = YQd “Pgi,0(Y)
The key concept in the upcoming steps is defining the polynomial 7n(Y) € F.p[Y] (see Equations
& below) and verifying its evaluation at a random point. The accurate evaluation of n(Y") at
the specified random point confirms the correctness of the aforementioned values sent by Peya. We
elaborate upon these next steps below. At Step 3e, (YY) € F.p[Y] is defined as follows:

_ok—1

_ w(Y) —w(z)
w(Y) = Yw * ﬁ‘i‘
Jk . ((bk(yzd*lﬂfl) _ ¢k(z2d7k71))
Z < Y2d—k—1 — 2 +
kell,d—1]
e Wae (V) = Vare () + e (Goe¥) = Gue* )
Yy — 2247
Vk,o0 * (¢qk,0(y) - qu,O(zgdik)) + 71/«,0 : (<qk,0(y) - qu,O(szik)) > (12)
Y — 2247
At Step 3i, n(Y) is defined as follows
§0) =60+ o wl0) 4 5 (B vV +
ke[l,d—1]
B o)+ 0 617> 7)) (13

From Equation and Lemma [T} it follows that V.. at the last step can compute the commitment
to n(Y) as follows:
w 5 k,e 5 ¢,0 K
Cyp=0Cy- Cff, ( H Cq/;:;w ’ szk,o ’ CqS:) (14)
kell,d—1]

The check in Step 3j ensures the following: (i) the verifier has the correct values for wy(s), v, . (stik),

Vo (8770, 0(s* ), and (s), and (i) V), wy(Y), v (V> ), g, (V?T), and o(y>" ")
are all low-degree polynomials. This check also ensures the correctness of values claimed by the prover at
Step 3c as follows. Let v, vg,e, Vk,0, and uy, be the claimed values of wy(Y'), ¢y, . (Y2d7k), qu,o(YTFk)7
and ¢(Y2'"7') at 2. Since ¥(Y) is a low-degree polynomial and s is chosen randomly, Vg, (V) —
e and g, (Y) — vy, are divisible by ¥ — 22", Similarly, w(Y) — v is divisible by Y — z, and
(Y2 ") — uy, is divisible by Y2 "' — 2. This implies the claimed values are correct.

We show in Theorem [2] that (KZG-FOURIER.setup, KZG-FOURIER. commit, KZG-FOURIER.eval)
specified in Protocol 2| forms a multilinear polynomial commitment scheme. Additionally, like in The-

orem [ we prove that the evaluation protocol KZG-FOURIER.eval is updatable knowledge sound. The
proof is deferred to Appendix [D:2}

Theorem 9. The protocol (KZG-FOURIER.setup, KZG-FOURIER. commit KZG-FOURIER.eval) forms
a polynomial commitment scheme for F<1[Xo,...,Xn—1] in the AGM model under the N-DLOG as-
sumption.

Prover and Verifier Complexity: The evaluation prover of KZG-FOURIER works in O(D log2 D)
time, and concretely the prover spends a lot of time at Step 3a computing the evaluations of 1, , and
Yqu,e- This step alone requires 4log D—4 FFTs of appropriate sizes and O(D log D) field multiplications
and divisions. The evaluation verifier of KZG-FOURIER operates in O(log D) time. The check performed
by verifier at Step 3d requires O(log D) field operations. The computation of C;, at Step 3j requires
3log D — 1 G; exponentiations.
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5 Dual Polynomial Commitments

In this section, we introduce the notion of a dual polynomial commitment scheme (DualPCS), that links
univariate and multilinear polynomial commitment schemes. Specifically, a DualPCS can be used to
prove evaluations of a univariate and multilinear polynomial derived from the same witness. Formally,
a DualPCS over F is a tuple PC = (setup, commit, open, prove_link, eval_mult, eval_uni) where:

— pp <+ setup(1*, N). On input security parameter A\, an upper bound N € N on the degree of
the univariate polynomial (alternatively on the size of the Fourier basis in case of multilinear
polynomials), setup generates public parameters pp.

— (Cf,Ca,aux) < commit(pp, D,a). On input the public parameters pp, a vector a € FP, where
D < N, commit outputs auxiliary information aux and commitments to two polynomials: a) Cy is
the commitment to the univariate polynomial f(Y) such that a agrees with f(Hp) b) Cj, is the
commitment to the MLE a of a.

— b < open(pp,a, D, (Cy,Ca),aux). On input public parameters pp, the commitments (Cy, Ca) and
auxiliary information aux, a vector a € FP, open outputs a bit indicating accept or reject.

— b+ prove_link. A public coin interactive protocol
(Piink, Viink) (PP, C, Ca, D; a) between a PPT prover and a PPT verifier. The parties have as common
input public parameters pp, commitments C'r and Cy, degree D < N. The prover has, in addition,
the witness vector a € FP corresponding to Cy and Ca. At the end of the protocol, the verifier
outputs 1/0 indicating accepting/rejecting the proof respectively.

— b <+ eval_-mult(pp, Ca, D, x, y;a). A public coin interactive protocol (Peyal_mult; Veval.muit) (PP, Ca, D, X, y; a)
between a PPT prover and a PPT verifier. The parties have as common input public parameters
pp, commitment C,, the bound on the number of monomials D, evaluation point x € F? and
claimed evaluation y. Here, D = 2¢. The prover has, in addition, the opening a of C,, where Cy
is the commitment to the MLE @ of a € F”. At the end of the protocol, the verifier outputs 1/0
indicating accepting/rejecting the proof respectively.

— b < eval_uni(pp, Cf, D, u,v; f(Hp)). A public coin interactive protocol (Pevai_uni, Veval_uni) (PP, Cf, D, u, v;
f(Hp)) between a PPT prover and a PPT verifier. The parties have as common input public pa-
rameters pp, commitment C'y, degree bound D, evaluation point u, and claimed evaluation v. The
prover has, in addition, the polynomial f(Y") in evaluation-vector representation (given by f(Hp))
bound to Cy, with degree of f at most D. At the end of the protocol, the verifier outputs 1/0
indicating accepting/rejecting the proof respectively.

A dual polynomial commitment scheme must satisfy completeness, binding, extractability, and
linking soundness.

Definition 9 (Completeness) For alla € FP, D < N, and for all x € F¢, u € F,
pp « setup(1*, N)
(Ct,Cq)  commit(pp, D, a)
v+ f(u),a agrees with f(Hp)
y « a(x)
b « eval_mult(pp, Ca, D,x, y; a)
A eval_uni(pp, C¢, D, u,v; f(Y))

Prlb=1":

Definition 10 (Binding) A DualPCS is binding if for all PPT A, the following probability is negli-
gible in A:

open(pp, ag, D, C,auxg) = 1A pp < setup(1*, N)
Pr open(ppaal7D7caauxl) =1n: (C7a0aalaaux07aUX17D) (—A(pp)
ag # ay where C = (Cy,Ca

Definition 11 (Evaluation Knowledge soundness) eval_mult and eval_uni are succinct AoKs for
the relations Reval_mult 01d Revaluni TESPEctively defined as follows:

Reval-mute = { (PP, Ca, x € FY, y € F); a) :
(Cy,Ca) + commit(pp, D,a)) Ay = a(x)}
Revaluni = {((pp, Cr,u € F, v € F); a) :
(Cf,Ca) < commit(pp, D,a)) A v = f(u)}
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Definition 12 (Linking Soundness) prove_link is a succinct argument for the relation Ry defined
as follows:

Riink = {(pp, Cf, Ca; a) : (C,Ca) + commit(pp, D,a))}

We note that the relation for linking soundness implicitly guarantees that a agrees with f on
domain Hp as this is how the commit algorithm produces C; and C, by definition. We give two
dual polynomial commitment schemes. The first DualPCS, denoted KZG-FFT-FOURIER, is given in
Section It requires an updatable setup and leverages the univariate and multilinear polynomial
commitment schemes presented in Sections [3| and [4] respectively. The second DualPCS, denoted dory-
link is given in Section It requires a transparent setup and uses Dory [Lee21] (also see Appendix
to individually commit and prove evaluations of univariate and multilinear polynomials. Additionally,
dory-link uses a novel argument system we present in Appendix [E] to prove linking soundness. The
AoK in Appendix [E] uses Dory as a blackbox to prove a pre-determined linear relation between two
witnesses committed using a two-tiered commitment scheme (Pederson + AFG). Finally, in Section
[5-3] we present an application of DualPCS, where we integrate KZG-FFT-FOURIER with Spartan proof
system [Set20]. We denote such an integration as Spartan-AIR and argue that it has reduced proof
complexity and verifier runtime while trading of prover runtime compared to Spartan.

5.1 DualPCS with Updatable Setup

~‘ Protocol 3: KZG-FFT-FOURIER

1. {srs, 7} +r KZG-FFT-FOURIER.setup (1*, N), where \ is security parameter.

2. C;,Ca  +r KZG-FFT-FOURIER.commit(stsp, D,a). Here, Cf = Ca =
KZG-FFT.commit(srsp, D, a).

3. accept/reject < KZG-FFT-FOURIER.prove_link(Cy¢,Ca, D;a) is the trivial protocol
(Pink, Viink) (C'f, Ca, D; a) between Piink and Viink, where Viink checks Cy = Ch.

4. KZG-FFT-FOURIER eval_mult = KZG-FOURIER.eval (srs, Ca, D, X, : a).

5. KZG-FFT-FOURIER.eval_uni = KZG-FFT.eval(srs, C, D, u, v; a)

KZG-FFT-FOURIER is presented in Protocol Let (p,G1,Ga, Gr,e,91,92) <r G(1*) be a bilinear
group. KZG-FFT-FOURIER. setup takes as input the security parameter A, and N the degree bound on
the set of univariate polynomials (or alternatively the bound on the number of multilinear monomials).
The function internally calls KZG-FOURIER.setup(1*, N) and returns its output {srs, 7}. It is important
to note here that the srs returned by KZG-FOURIER.setup(1*,n) is a subset of the srs returned by
KZG-FFT.setup(1*, N). Let f € F.p[Y] be such that a agrees with f(Hp). KZG-FFT-FOURIER.commit
takes as input srsp, a € FP, and commits to f(Y) as Cy = KZG-FFT. commit(srsp, D, a). It easily
follows from the definition of KZG-FOURIER.commit that

Ca = KZG-FOURIER.commit(srsp, D, a)
= KZG-FFT.commit(srsp, D, a),
where Cy is the commitment to the MLE a of a. Hence, KZG-FFT- FOURIER.prove_link(C, Ca, D; )
is the trivial protocol where the verifier just checks Cy = Ca. KZG-FFT-FOURIER.eval_mult is the
evaluation protocol employed by KZG-FOURIER, whereas KZG-FFT -FOURIER.eval_uni is the evaluation

protocol employed by KZG-FFT. It is evident from Theorems [] and [0] that KZG-FFT-FOURIER is a

dual polynomial commitment scheme. We state this in Theorem [10| and defer the proof to Appendix
ET

Theorem 10. The protocol constituting of algorithms (KZG-FFT-FOURIER.setup, KZG-FFT-FOURIER.commit,
KZG-FFT-FOURIER. prove_link, KZG-FFT-FOURIER.eval_-mult, KZG-FFT-FOURIER. eval_uni ) forms
a dual polynomial commitment scheme in the AGM under the N-DLOG assumption.
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5.2 DualPCS with Transparent Setup

4 Protocol 4: dory-link

1. pp < dory-link.setup(1*, N), where X is security parameter.
2. Cf,Cy g dory-link.commit(pk, a, D), where

Ca= [ e¥.g5), amacy= T[ ex".0f)

i€[0,D—1] i€[0,D—1]

where a € FP, and f € F_p[Y] agrees with a over Hp. (fi,..., fp)i is the coefficient vector
of f.

3. dory-link.prove_link = (Bin, Viin) (pp, Cf, Ca, D;a). Here (Pin, Viin) execute the Linear-Rel AoK
(see Protocol [} Appendix [E).

4. dory-link.eval_mult = <Pdory,eval7V;iory,eval>(ppaca7 D7X»y;a)- Here <Pdory,eval7 V7dory£va|> is the
Dory evaluation protocol restated in Protocol [§]in Appendix

3. dory—Iink.evaI,uni = <Pdory,eva|7Vdory,eval)>(pp70aa D,u,v;a). Here <Pdory,eva|7 ‘/dory,eval> is the
Dory evaluation protocol restated in Protocol [§in Appendix [G.3]

Protocol [] states dory-link, a DualPCS that uses a transparent setup. Before explaining the steps of
the protocol we present the overarching idea of dory-link. It uses the Dory commitment scheme to com-
mit and later evaluate both the univariate and multilinear polynomials. The proof that commitments
to univariate and multilinear polynomials are derived from the same witness requires a novel AoK that
establishes a pre-determined linear relationship between two witnesses. Let (p, G1, G2, Gr,e€, g1, 92)
<r G(1*) be a bilinear group. Let a € FP, and f € F_p[Y] be such that it agrees with a over
Hp. We briefly describe the Dory commitment structure here, and refer the reader to Appendix [G]
for a detailed description of the Dory commitment scheme. In Dory, commitments to f and @ have a
two-tiered structure defined as follows:

Ca= [ ez, g5 (15)
i€[0,D—1]

Cr= I e".g8) (16)
1€[0,D—1]

Here, 71 € GP is a vector of arbitrary elements from G; and is part of public parameters generated in
Step 1. Dory commitment scheme, as part of the evaluation protocol, enables the prover to prove the
following relations:

{Ca € Gr,x € F4,y € F | Ja € FP such that a(x) = y}
{C; €Gr,uecF,velF|3f € F.p[Y] such that f(u) = v}

In Appendix [El we present a novel AoK, Linear-Rel (Protocol @ for the following relation:
{C},Ca € Gr | Fa,f € FP such that M, -f = a, and
Ca, Cy are as defined in Equations [I5] and

In the above equation, M, is D x D FFT matrix, and f = (fo, ..., fp—1) represents the coefficients of
the univariate polynomial f(Y") corresponding to which the commitment C'y is computed. Linear-Rel also
uses Dory as blackbox to prove a pre-determined linear relation between two witnesses a and f. dory-link
uses Linear-Rel to prove the link between univariate and multilinear commitments. Protocol [} makes
concrete the ideas above. In particular, dory-link.setup computes the public parameters pp required
by the DualPCS. dory-link.setup internally calls the setup algorithm of Linear-Rel, which is specified in
Algorithm [5], Appendix [E] Here, we note that the public parameters thus generated, also contains the
public parameters required for the Dory argument. The dory-link.commit algorithm computes C, as
defined in Equation To compute C'y, the algorithm computes the coefficient representation of f such
that a agrees with f(Hp), and computes Cy as in Equation At Step 3, dory-link.prove_link(C, Ca, D;
a) runs the AoK Linear-Rel given in Appendix Specifically, Pinx and Vi is the PPT prover and
verifier respectively from Protocol [} Here, we remark that it is sufficient to run only Step 2 of Protocol
[6] as Ca would already be opened as part of dory-link.eval_mult. At Steps 4 and 5, to prove multilinear
(resp. univariate) evaluations, Protocol [§ from Appendix is employed. We show in Theorem
that dory-link is a DualPCS (proof in Appendix [F.2)).
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Theorem 11. The protocol (dory-link.setup, dory-link.commit, dory-link.prove_link, dory-link.eval_mult,
dory-link.eval_uni) is a DualPCS assuming SXDH in the bilinear group (p,G1, Gz, Gr,€,91,g2).

5.3 Application: Spartan AIR

In this section, we present an application of our dual polynomial commitment scheme (PCS), KZG-
FFT-FOURIER. We demonstrate how utilizing this scheme can reduce the proof complexity and verifier
runtime of the Spartan proof system, albeit with a trade-off in prover runtime. This approach is
particularly beneficial in scenarios where minimizing verifier runtime and proof complexity is crucial,
even at the expense of increased prover computation.

Our starting point is the grand-product check relation defined as follows:

GPR={(geFacF")|¢= [] a)}
ie[0,N—1]

It is well-known how to perform grand-product checks using specialised GKR [GKR08|Thal3] for
circuits consisting of only multiplication gates. Additionally, [SL20] introduced a dedicated sum-check
based argument system to perform grand-product checks. The argument system from both the above
approaches require the witness vector to be committed as a multilinear polynomial, that is, the witness
vector is viewed as the evaluations of a multilinear polynomial over a boolean hypercube. Further,
even though we employ verifier efficient commitment schemes with these proof systems the proof sizes
and verifier run time are poly-logarithmic in the case of [GKRO8IThal3| and logarithmic in case of
[SL20]. We present an AoK, called GPR-AIR for grand-product check in Protocol that has O(1) proof
complexity and verifier runtime but the witness is viewed as evaluations of an univariate polynomial.
Grand-product checks are widely used in many argument systems to prove two vectors are permutations
of each other. A special instance of this is how the Spartan proof system employs the grand-product
check as part of offline memory check in sparse multilinear PCS. We elaborate upon this next.

A crucial component of Spartan involves evaluating a sparse multilinear extension (MLE) A of an
N x N matrix A at a random point. The MLE for an IV x N matrix is a multilinear polynomial in 2 log N
variables, with the first log N variables corresponding to the rows and the next log N variables corre-
sponding to the columns of the matrix. For u, v € {0,1}1°¢ N A(u,v) is defined as A[value(u), value(v)],
where value is a function that converts binary strings to their corresponding decimal values. The MLE
Ais sparse if it has K = O(N) non-zero evaluations over the boolean hypercube. Spartan introduced
a sparse multilinear PCS. This reduces the problem of committing and evaluating a sparse multilinear
polynomial in 2log N variables with sparsity K = O(N), to committing to and evaluating a constant
number of log K variate multilinear polynomials at a random point. This reduction comprises two key
components: a) a sum-check protocol, and b) offline-memory check using grand-product checks. For a
more detailed description of this reduction, refer to Section 3 of [STW24].

In the sum-check protocol at the end, the verifier needs to verify evaluations of the MLE of the
witnesses at a random point. In Spartan, grand-product checks are executed using a specialised version
of the GKR protocol, while in Quarks [SL20], a sum-check based argument is utilized. Both protocols
for grand product check require the verifier to check evaluations of the MLE of the witnesses used in
the protocol at a random point. In sum-check protocol the prover performs N log N field operations,
the verifier performs O(log V) field operations, and the proof complexity is O(log N). The complexity
of both the protocols from [GKRO8IThal3], and [SL20] was mentioned above.

It is important to note that the two protocols involved in the sparse multilinear polynomial com-
mitment scheme—the sum-check and grand-product check protocols—share witnesses and therefore
require consistent encoding of these witnesses. Specifically, since the sum-check protocol utilizes mul-
tilinear encoding, the grand-product check protocol must also use this same encoding. However, our
dual polynomial commitment scheme eliminates this constraint. Our AoK, namely GPR-AIR, for the
grand-product check can be combined with the sum-check protocol even though GPR-AIR employs
univariate encoding for the witnesses. GPR-AIR presented in Protocol [5| uses a KZG-FFT univariate
commitment scheme, and a seamless integration with Spartan is possible, when the sum-check pro-
tocol employs KZG-FOURIER as the underlying multilinear commitment scheme. Since GPR-AIR has
proof complexity and verifier runtime O(1), its use in Spartan for the grand-product check reduces
the verifier runtime and proof complexity of Spartan. We call this new proof system Spartan-Air and
concretely compare its performance with Spartan in Section [6.2

Finally we remark that although GPR-AIR uses KZG-FFT, in principle, it could use any univariate
commitment scheme. Hence, any DualPCS can be used for this integration, provided the sum-check

22



protocol and GPR-AIR in Protocol [5| utilize the corresponding multilinear and univariate PCS, respec-
tively. We specifically chose KZG-FFT-FOURIER because it does not require additional commitments
to witnesses, and the linking proof is trivial.

AIR for Grand-Product. We present a novel AoK, denoted GPR-AIR for the grand-product relation
which checks if the product of the elements in two a vectors is equal to the claimed value. The grand-
product check is widely used as sub-components in bigger SNARKS to ensure that two distinct vectors
are permutations of each other. A prominent example of this is the offline memory checking procedure
in Spartan [Set20], Lasso [STW24]. We present a dedicated algebraic intermediate representation (AIR)
for the same and employ our KZG-FFT commitment scheme to check the AIR at a random point. While
this approach is simple, our DualPCS KZG-FFT-FOURIER enables us to combine it with Spartan or
Lasso, and obtain smaller proof sizes and better verifier time while trading-off prover time (see Section
5.3). The grand-product relation is formally stated as follows:

GPR={(¢eFacF")|¢= [] a)}
i€[0,N—1]
Our protocol, GPR-AIR, is given in Protocol We state the proof system using KZG-FFT com-
mitment scheme but any univariate commitment scheme can be used. At Steps 1-2, Pgpr com-
putes the vector a’ € FP which iteratively computes ¢. It is easily seen that for an honest prover
ap_1 = q = [l;co,n—1) @i- The AIR enables the verifier to check a’ is well-formed, and that the last
value of a’, a’,_; is indeed the claimed product. Let fa, for € F<p[Y] such that a,a’ agrees with
fa(Hp), far(Hp). Further, define the constraint polynomials fi, fa, f3 as follows:

_ fa/(Y)_fa(Y) _ fa’(Y)_q
f0n) = OO ) = 2001
. wp - — far(wp - . — wD_l
o) = U0 o 1) o ) (¥ =)

The polynomials f1(Y), f2(Y), and f3(Y) ensure that a’ is well-formed. Specifically, f1(Y), f2(Y"), and
f3(Y) ensure that a = ag, a’,_; = ¢, and aj | = a;41 - a; for i € [0, D — 2] respectively. Protocol
requires Pgpr at Step 2 to commit to univariate polynomials f,, fa’, and then at Step 4 to commit to
f defined as a random linear combination of f1(Y), f2(Y), and f3(Y") as follows:

fY) = Z vi+ fi(Y) (17)
1€[1,3]

At the end of Step 4, it is easily seen that f(Y) € F<p[Y] and f(Y) is as defined in Equation [I7]if and
only if a’ is well-formed. We remark here that in order to commit to f, Pgpr has to compute f(Hp),
which is computationally intensive. This requires the prover to first compute fa(Y) and far (Y') at the
offset FFT domain of size D, and use it to compute f(Y") at the offset FFT domain, and then derive
f(Hp) from it. The remaining steps of the protocol help Vgpr to check with high probability that
f(Y) €FcplY] and f(Y) is as defined in Equation [I7] At Step 7, Vgpr checks

Flu) = - fa’(ulz:{a(u) + 9 - fa/(u)D__?_‘_
U —wp
Ly @) fawp ) = fu(wp - w) - (u=wp™) (18)

uP —1
Using Schwartz-Zippel, the above check ensures f(Y) satisfies Equation [17| with high probability over
the random choice of u. At Steps 8-9 Vgpr checks the claimed values sent by Pgpr at Step 6. This
is done by batching checks corresponding to polynomials evaluated at the same point. To this end
Pepr, Vopr run KZG-FFT .eval corresponding to polynomials h1, and ho defined as follows.

hi(Y) =61 far(Y) + 02 fa(Y) + 03 f(Y) (19)
ho(Y) =61 far(Y) + 62+ fa(Y) (20)
Vepr can compute the commitments to hy, and he, which follows from Lemma [T]
Ch, =C - C-CPF , Cy, =Cot - Cf?
Vepr can also compute the claimed values v, and vs as follows
v1 = hi(u) =61 - far(u) + 62 fa(u) + 05 - f(u)
vy = ho(wp - u) =1« far(wp - u) + 02 - falwp - u)
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Finally, from the proof of Theorem [4] we have that if Vgpr accepts at Steps 8, and 9 then with high
probability fa, far, f € F<p[Y] and that their corresponding claimed values are correct.

4 Protocol 5: GPR-AIR an AoK for GPR

{srs,m} < KZG-FFT.setup(1*, N), where ) is security parameter.
(Pepr, Vopr)(g;a € FP, D < N)

1. Pgpr: Popr computes a vector a’ € F'P such that af, = ag, and a}, = a}_; - a; fori € [1,D —1].

2. Pepr  —  Vepr: Pepr computes C, =  KZG-FFT.commit(srs,D,a), Ca =
KZG-FFT.commit(srs, D,a’), and sends it to Vgpr

3. Vepr — Popr: Samples three values 1,72, 7v3 €, F and sends it to Pgpr-

4. Pgpr — Vgpr: Compute the evaluations of constraint polynomials f € F.p[Y] (see Equation
over the FF'T domain of size D. Commits to f with Cy = KZG-FFT.commit(srs, D, f(Hp)).

5. Vepr — Popr: Samples u € F.

Pepr — Vgpr: Send f(u), fa(w), far(w), falwp - u), far(wp - u) to Vgpr.

7. Vepr — Popr: Checks f(u), fa(u), far(u), falwp - u), far(wp - u) satisfy Equation If yes
then samples d1, 02,03 €r F, and sends it to Pgpr.

8. Let hy € F.p[Y] be as defined in Equation Pepr, Vepr  Tun
KZG-FFT.eval(srs, Ch,, D, u,v1), where vy is claimed value of hy at u.

9. Let hy € F.p[Y] be as defined in Equation Pepr, Vopr run KZG-FFT.eval(srs, Ch,, D, wp -
u, v2), where vs is claimed value of hs at wp - u.

&

6 Implementation

We discuss the concrete costs of our DualPCS in this section. We also compare the concrete per-
formance of Spartan [Set20] with Spartan-AIR, which is derived by integrating GPR-AIR with Spar-
tan using KZG-FFT-FOURIER (see Section . In Section we present the relevant metrics of
KZG-FFT-FOURIER and dory-link, and also compare it with other relevant commitment schemes. We
provide a reference implementation of KZG-FFT-FOURIER, and dory-link in Rust. Our implementation
is based on the BLS12-381 curve. In Section we compare the performance of GPR-AIR (Protocol
with the grand-product check performed using the techniques in [GKRO8/Thal3]. Finally, we integrate
GPR-AIR with our implementation of Spartan for Extended-R1CS from [KST22] to obtain reduced
proof complexity and verifier run-time for the same.

All measurements are taken on QCT RACK Mount server with 256GB RAM and 46 cores.
Throughout we report numbers for verifier on single core, and for prover on multiple cores. Our code
is available at the following link https://github.com/arithmic/Dual_PCS.git. We use the efficient
bilinear group called BLL.S12-381 field. Specifically, the proof systems are simulated over the BLS12-381
Scalar field which is a 255 bit prime field, and SXDH is known to be at least 128 bits hard over this
bilinear group.

6.1 Commitment Schemes

Tables [2] and [3| give the commitment times, proof sizes, evaluation prover and verifier times corre-
sponding to KZG-FFT-FOURIER, and dory-link. Table [7] in Appendix [H] states the prover and verifier
times, and the proof complexity for Linear-Rel, the AoK corresponding to linear relations (see Protocol
|§| Appendix . Linear-Rel is used to prove linking soundness in case of dory-link. We report the setup
generation time and setup size for both KZG-FFT, KZG-FOURIER and dory-link in Tables [5] [f] and
Appendix where we compare them with KZG and multilinear KZG [PST13a]. We note here that for
KZG-FFT-FOURIER the commitment is the same for both the univariate and multilinear polynomials
(see Section [3[and Section . In particular, the total time to commit the witness in this case is equal
to generating one of them and not their addition as in the case of dory-link. We also compare the
performance of KZG-FFT with KZG, and KZG-FOURIER with multilinear KZG in Appendix [H| (see
Tables |§| and . Here, we also compare the asymptotic performance of the evaluation protocols of
KZG-FOURIER, Gemini, and Zeromorph (see Table .

KZG-FFT vs KZG: For polynomials of degree 220, the commitment time of KZG-FFT is at least 1.5x
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Witness size|Commit(s)| Eval Prover Eval Verifier |Eval Proof size(KB)
Uni(s)|Mult(s)|Uni(ms)|Mult(ms)|Uni(KB)| Mult(KB)

21° 0.26 029 | 7.21 | 19.83 60.21 0.12 5.56

216 0.45 0.55 | 21.75 | 19.89 | 79.46 0.12 5.93

217 0.60 0.79 | 73.99 | 19.91 96.10 0.12 6.31

218 1.08 1.32 |282.35| 19.88 | 125.38 0.12 6.68

219 2.33 3.06 [1096.54| 19.86 | 244.70 0.12 7.06

220 3.74 5.04 |4616.05| 19.86 | 387.71 0.12 7.43

Table 2: Performance of KZG-FFT-FOURIER

Witness size Commit Eval Prover Eval Verifier |Eval Proof size(KB)

Uni(ms) |Mult(ms)|Uni(s) | Mult(s) |Uni(ms)|Mult(ms)| Uni Mult
29 43.78 | 41.59 | 3.76 | 3.79 | 756.69 | 737.45 [35.75 35.75
210 52.12 | 53.95 | 5.68 | 5.93 | 816.74 | 812.71 [39.68 39.68
2t 67.19 | 62.22 |10.49| 10.47 | 909.61 | 887.17 |43.62 43.62
212 88.92 | 79.18 |19.57| 19.70 | 967.61 | 854.22 |47.56 A7.56
213 125.80 | 116.66 |37.84 | 38.19 |1046.92| 842.04 [51.50 51.50
214 171.43 | 178.84 |74.00 | 74.31 |1120.45| 878.97 |55.43 55.43
215 208.69 | 279.46 [147.22|147.37 |1187.06| 902.49 |59.37 59.37

Table 3: Performance of dory-link

better while having remaining parameters almost same. The setup time of KZG-FFT is mostly compa-
rable to KZG but the setup size is 2x.

KZG-FOURIER vs multilinear KZG: performance of KZG-FOURIER with respect to prover run-time and
proof complexity is worse compared to multilinear KZG but the verifier run-time of KZG-FOURIER is
better. Additionally, the evaluation prover of KZG-FFT-FOURIER is extremely slow and is one of the
bottlenecks of the scheme.

6.2 Spartan using Grand-Product AIR

No Of Constraints| Eval Prover(sec) Eval Verifier(s) Eval Proof size(KB)
Spartan|Spartan AIR|Spartan|Spartan AIR|Spartan|Spartan AIR

212 10.80 7.71 0.76 0.55 49.10 29.26

213 11.38 13.66 0.81 0.56 54.53 30.98

g4 13.57 25.45 0.87 0.56 60.22 32.70

215 16.84 57.53 0.92 0.57 66.16 34.42

216 21.56 153.94 1.00 0.60 72.35 36.14

217 27.76 497.75 1.10 0.64 78.78 37.85

Table 4: Metrics comparing Spartan and Spartan-AIR. Spartan denotes spartan with grand-product check
using [GKRO8IThal3], and Spartan AIR denotes spartan with grand-product check using the AoK from Ap-
pendix The ratio of sparsity to constraints in the R1CS matrices is maintained to two.

We concretely compare the performance of our AoK, GPR-AIR for grand-product check (Protocol
5) with the proof system for grand-product check from [GKRO8|Thal3] in Table 4l Appendix [H We
employ multilinear KZG to commit to the witness in latter. For vectors of length 22°, the prover of
GKR is 2.2x faster compared to GPR-AIR, whereas the verifier of GPR-AIR is 1.32x faster compared to
GKR. As noted before the proof size of GKR grows poly-logarithmically and is 27 KB at vector lengths
of 22, whereas the proof size of GPR-AIR is a constant at 0.94 KB.
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In Table [d] we compare the performance of Spartan with grand-product check done using GKR,
and Spartan with grand-product check done using GPR-AIR. We call the latter version of Spartan,
as Spartan-AIR (also see Section . The Extended R1CS instance for the simulation is generated
similar to [Set20]. We remark that since GPR-AIR requires univariate commitments to the witness,
such an integration is only possible with a DualPCS like KZG-FFT-FOURIER. For constraints equal to
217 Spartan-AIR trades off prover time to get 1.7x better verifier time and at least 2x improvement in

proof size.
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A General Approach to derive Linking Soundness

We borrow notation from Section |5l Specifically let a € F”, and let f € F.p[Y] such that it agrees
with a over Hp. Further, let Cy and C, be commitments to f(Y'), and a(X) respectively using some
univariate and multilinear PCS respectively. In a concurrent work [CFG24], the authors propose a
degree three sum-check protocol to establish the linear relationship between the witnesses underlying
Cy and Cy. This gives a generic way to design DualPCS using any pair of univariate and multilinear
commitment schemes where the above argument from [CEG24] can be used to provide the linking proof.
It is important to note here that this linking proof requires at least one evaluation proof opening each for
the underlying multilinear and univariate commitment schemes (three multilinear openings if batching
is not allowed). The protocol additionally requires preprocessed commits to vectors {w] }ieo,p—1) for
all i € [0,D — 1] and D < N. Here, D is a power of two less than N.

This approach is fundamentally similar to our dory-link DualPCS where we prove linear relations
over AFG commited witnesses but is more general and is efficient owing to the use of sum-check
protocol. The above technique though is significantly different from the techniques used in KZG-FFT-
FOURIER, where there is no requirement for a linking proof, and the commitments to both the MLE
and the univariate representation is the same, that is, Cy = C. This reduces the verifier run-time and
proof-complexity for the KZG-FFT-FOURIER DualPCS. In contrast, when a DualPCS is instantiated
generically as stated above, the linking proof from [CFG24] additionally requires: prover-verifier costs
for the above sum-check, and the prover-verifier costs for opening the multilinear and the univariate
polynomials at the end of the sum-check protocol. The verifier complexity for the sum-check is O(log D),
whereas additional evaluation proofs in the case of KZG, Gemini, PST, and Zeromorph increases the
number of pairings performed by the verifier. A concrete implementation comparison between such a
generic approach and KZG-FFT-Fourier is an interesting future work.

B Updatable SRS Model

Updatable SRS setting. In the updatable setting, Setup consists of the following: PPT algorithms
setup, update_setup, and verify_setup:

— (srs, p) < setup(1?) takes a security parameter A and outputs a SRS srs, and and correctness proof
p.

— (srs/, p') < update_setup(1*,srs, {p;}?_;) takes as input the security parameter X, a SRS srs, a list
of update proofs and outputs an updated srs together with a proof of correct update.

— b+ verify_setup(1?, srs, {p; }"_) takes the security parameter \, a SRS srs, a list of update proofs,
and outputs a bit indicating acceptance or not.

Knowledge soundness of a non-interactive argument system (setup, update_setup, verify_setup, P, V)
in the updatable SRS setting is defined as follows.

Definition 1 (Updatable knowledge soundness [MBKM19]). An argument system for a rela-
tion R is updatable knowledge-sound if for all PPT algorithms A, there exists an extractor €4 such that
the advantage Advi g is negligible in A\, where Advs = Pr (UPD-KS 4 ¢, (X)) denotes the advantage of
A in the game defined in Figure 1]

C Univariate PCS KZG-FFT

C.1 Updatability of the SRS in KZG-FFT

In this section, we show that the setup of KZG-FFT is updatable as defined in Definition 3.3, [MBKM19].
To this end we state the update_setup, and verify_setup in Algorithms [3] and [] respectively. KZG-
FFT.update _setup in Algorithm 3} takes as input the bilinear group {(p,G1,G2, Gr,¢,¢1,92) and
srs, {mi}ic[o,q}, and outputs a new structured reference string srs’, and appends a proof w1 to the
list of existing proofs {m;};cjo,q. KZG-FFT.verify setup in Algorithm {4} takes as input {(p,G1,Gso,
Gr,e,91,92),5s, {mi}iclo,q} and outputs either accept or reject depending on whether the srs is cor-
rectly formed. We prove the correctness of the update_setup, and verify_setup algorithms in Lemmas [4]
and [p] respectively.
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UPD-KS.a.e, (\)

srs<— 1,0+ 0

(z,m) & AV O (1Y)

w < Ea(srs,T)

return V(srs,z, 7) A (srs,z,w) ¢ R

U-O,(intent, srsy, {pi }ie1)
if srs # L: return L

if (intent = setup):
(srs’, p') « setup(1*)
Q< Qu{p}

return (srs’, p)

if (intent = update):

b < verify_setup(1*, srsn, {pi }7o1)

if (b =0): return L

(srs’, p') < update_setup(1*, srs,, {p: }7=1)
Q+Qu{/}

return (srs’, p)

if (intent = final):

b + verify_setup(1*, srs,,, {p: }7-1)
if (b=0)VvOn{pi}; =0 return L
Srs < srs,, return srs

Fig. 1: Updatable Knowledge Soundness

Algorithm 3 KZG-FFT.update_setup: Updating Setup for KZG-FFT

Input: {(p, G1,G2,Gr, e, g1, g2)sts, {m: ticjo,rn }
Output: {srs’, {mi}icpo,e+1)}
Read m; as (u1,3,u2,:) € (G1,G2) for i € [0,4], srsp = {hﬁ"} |i€[0,N —1]}, and srsy = {h2; | j € [0,n]}.
Let h; € GV be such that the i-th component of h; is hg’fi).
Compute ﬁl = My, -hiy.
Sample 7,41 € F, uniformly at random.
fori e [0,N — 1] do
Let Elyi = (/ﬁlyi)rprl
end for
Let Hl S Gf’ be such that the i-th component of ﬁl is ?le

Let hy = + M __1 -hy, and srshp = {h};|i€[0,N—1]}. Here h}, is the i-th component of hj.
N

10: Let srs), = {h,'/* € G2 | j € [0,n]}.
11: 71 = (QIHI,UZZI)

12: Output {srs’ = (srsp, srsy,), {mi bicpo,e+1)}
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Lemma 4. Let the inputs to update_setup be as in Algorithm @ Let srsp = {hﬁ)}ie[o,nfu; srsy =
ho i }s and m; = (u14,u2) fori € 10, £]. Suppose there is anr € F such that a R = g% where

{ha,j}ici0m)s s U2, ; PP , i =91

a;=N"1-T] -1+ (wy' 1)) fori€[0,N —1], b) hy; = g5" for j €[0,n], and c) Uze = G-

Then Algorithm|3, outputs srs’ and w1 such that a) bl ; = gla;‘, where o, = N 71 ljepn-n1+ (wy'

YIS

. 2
T- NH)Q]) forie[0,N —1], b) hy; = gér”“) for j €10,n], and c) uss = g;'”“.

Proof. At Step 3, the i-th component of fll, denoted ﬁl,i, is equal to Hj:[O,N—l](hgili))w?\}j' From the

supposition, Fact [2, and Claim |1}, it follows that there exists » € F such that El’i = gY'T“l)l for
i € [0,N — 1]. Hence, at Step 9, b} ; = g;*, where aj = N~!. [con-n+ (wy' -1 7re41)?) for
i € [0, N — 1]. Points (b) and (c) follow easily from the construction.

We note that since M, is the FFT matrix of size N, the recursive decomposition of the FFT
matrix can be exploited to compute fll using N log N group additions and N log N group exponentia-
tions. Similarly h) can be computed at Step 9 using N log N group additions and N log N + N group
exponentiations.

Lemma 5. Let the inputs to verify_setup be as in Algorithm . Let srsp = {hgz)}ie[o7n_1], srsy =
{ha,j}jelom); and 7 = (u14,uz;) for i € [0,€]. Then if verify setup outputs accept then there is an

r € F such that a) hg? = g, where a; = N™' - [Licjon_n(1 + (W' - 1)) fori e [0,N —1], b)

27 i
h’21j = g; fOT] € [O,TL], and C) u2.¢ :gg

Proof. At Step 3, if verify_setup accepts there is an ro € F), such that ui o = ¢1° and ug o = g5°. At

Step 6, if verify_setup accepts there is an r; € F), such that uy ; = ¢7* and ug; = 92Hj=0 T", for i € [1,4].

e
In particular, if verify_setup accepts at Step 6 for all i € [1,£]. then ug, = gg[jzo " Let r = Hﬁ:o T4
uz = g5. At Step 13, if verify_setup accepts then for all i € [0, N —1], h} ; = g7. From Fact |2, and Claim

this implies hg?-) = g7, where a; = N~ ! - HjG[O,nfl](l + (Wit - r)gj) for ¢ € [0, N — 1]. Similarly, if

verify_setup accepts at Step 21, then ho ; = 952] for j € [0, n].

C.2 Proof of Theorem [4]

Completeness follows from the discussion in Section [3.2] We first prove KZG-FFT.commit satisfies com-
mitment binding, and then prove knowledge soundness.

Commitment Binding: Suppose KZG-FFT.commit does not satisfy commitment binding in the bi-
linear group (p, G1,Go,Gr,e,g1,92) <r G(1*). Then there exists an adversary A that on input (srs}
nr KZG-FFT .setup()), outputs (fo(Hp,), f1(Hp,)) with a probability non-negligible in A, satisfying:

L. fo € Fep,[Y], fi € Fep,[Y] and fo(Y) # fi(Y),
2. C = KZG-FFT.commit (srsp, Dy, fo(Hp,)) = KZG-FFT.commit (srsp, Dy, f1(Hp,)).

We show that in this case an adversary A’ can be constructed that when given input a) (p, Gy, Go,
Gr.e,91,92) < r G(1*) and b) srs’ = {(srs)p, srsy)}, where srsf, = {g] }icjo,nv—1) for some r €p F,

and srsy = {ggzj }ielon)- A outputs the secret random value  with a probability non-negligible in A,
thereby breaking N-DLOG assumption. Here, we remark that srs}, is different from srsp, and is as in
the N-DLOG challenge (see Definition[3). A’ first computes srsp (where srsp is as defined in Algorithm
. From Claim we have that a = %wafl -r. Hence, the i-th element of srsp can be computed by

taking MSME with group base elements being srs;, and the scalars being the i-th row of %ngjl. In

particular, srsp can be computed from srs’, using at most N 2 exponentiations and additions over the
group Gi. A’ lets srs = {(srsp,srsy)}, and calls A on input {(p, G1, Gz, Gr,€,91,92),srs}. A outputs
(fo(Hp,), f1(Hp,)) satisfying the two properties stated above. Let D = max(Dy, D). By interpolating
and evaluating the lower degree polynomial, A’ can compute fo(Hp), f1(Hp). Let d = log D, and let
ap and a; agree with fo(Hp) and fi(Hp). Since fo(Y) # f1(Y), we have ag # a;, and ag — a; # 0,
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Algorithm 4 KZG-FFT.verify_setup: Verify Setup for KZG-FFT

Input: {(p,G1,G2,Gr, e, g1, g2),srs, {Ti icjo,r }
Output: {accept/reject}
Read 7; as (U17i,UQ7i) c (Gl,Gz) for 7 € [O,E]
if e(ul,o,gg) 75 6(gl,U270) then

Output reject
end if
for i € [1,4] do

lf 6(’11,171',’11,271'71) 7& e(gl,ugyi) then

Output reject

end if
9: end for
10: Let hy; € GY be such that the i-th component of h; is h( ) . Let hi = M., - h;.
11: Check hj o = g1
12: fori € [1, N — 1] do
13: if e(hy i, g2) # e(h) i_1,u2¢) then

14: Output reject
15:  end if
16: end for

17: if th() 7é U2, then

18:  Output reject

19: end if

20: for j € [0,n — 1] do

21: if e(hll,zj,hzj) 7& 6(91, h2,j+1) then

22: Output reject
23: end if
24: end for

25: Output accept

where 0 is the zero vector in F”. Let b = ag—ay, f' = (%ngl)-h and f’ € F.p[Y] be the polynomial

whose coefficient corresponding to Y is f/ for i € [0, D — 1]. We show in Lemma |§| below that r2"
is a root of f/(Y).

Lemma 6. Let f' € F.p[Y] be as defined above, and r € F be the random point used to generate srs’.
Then f'(r*" ") = 0.

Proof. From the definition of KZG-FFT.commit we have
[T oide= T e
i€[0,D—1] i€l0,D—1]
Multiplying by the inverse (over G;) of the RHS in the above equation on both sides we have
[T mdD= T1 o (21)
i€[0,D—1] i€l0,dD—1]
Let a(?) be such that 91 = hgdl) for i € [0,D — 1], and r® € FP be such that rgd) = 2" for
i € [0, D — 1]. From Equation (a9 b) = 0. Further from Claim (r(NT . (%Mw;) = a(?, This

implies

1
(r )T (5M,;1) b=0 (22)
From the definition of f/, we have
1
f/ - (EM"‘)DI) b

2n—d

Since the coefficient of Y in f/(Y) is f/ for i € [0, D — 1], from Equation it follows that r isa
root of f'.

It is well-known how to efficiently compute r, given a polynomial f'(Y) € F-p[Y] such that P2 s
a root of f/(Y). We note this as a claim below, as we reuse it in knowledge soundness argument.
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Claim 12. There is a DY) time algorithm that takes as input the coefficients of a polynomial f'(Y) €
F.p[Y] such that 72" is a root of f/(Y), and outputs r.

Proof. The algorithm employs root finding algorithm over F to find 1”2”%, and then employs square-
root finding algorithm over F recursively to find r.

Knowledge Soundness. We show that KZG-FFT.eval(srs, Cf, D, u,v; f(Hp)) is knowledge sound for
the relation

{(srs, (Cy,D,u,v)); f(Hp) | fe€FplY], f(u) =0,
KZG-FFT.commit(srsp, D, f(Hp)) = Cs}

where the srs is updatable by the adversary. Let Poyal be the algebraic adversary that has access
to an oracle as stated in Definition 3.3 [MBKMT9]. Given input (p,G1,Ge,Gr,e,g1,g2) + Gen(1*)
and an initial structured reference string L (corresponding to degree N polynomials), let Pyl output
(srs,Cy, D), and an a € FV satisfying a) Cy = Hie[o,N—u(th'))aiv b) In (Peval, Veval) (srs, C¢, d, u, vy ay),
where u €g F, Veval accepts with probability € non-negligible in A.

Here we note that L is the trivial string corresponding to r = 0, and P...) uses the oracle to update it
to srs, and V,y,) rejects if srs =_1L. The oracle ensures that srs is well-formed, that is, there is an r € F such

;= N‘l-Hje[oynfl}(l—l—(w]}i-r)y) for i € [0, N—1]}, and srsy, = {ggzj | j €[0,n]}.

that srsp = {g7"

Let £ be the extractor with oracle access to an algebraic prover Pryal. € invokes Paya to receive
(srs,Cr, D, u,v), and a representation a € FV satisfying the above two conditions, where u €z F. The

extractor € queries Peq at (srs, Cy,D,u,v) and with probability e obtains C; and a representation
b € FV such that a) C, = [Licpo.n- 1](h§ Z)) and b) e(Cy - g, ", 92) = e(Cq,hgd) - g3 ). We prove the
following claim which helps us in proving degree bound on f and gq.

Claim 13. Let a € FN and C = [Ticpo.n- ](hgnl))‘“ There exists k € [0,n] such that a; = a;4j.or for
i €[0,2" —1] and j € [0,2"~% — 1] if and only if there exists f_.,.[Y] such that C = KZG-FFT.commit
(SrSP7 k, f(HZk))

Proof. Tts follows from the definition of KZG-FFT.commit, that

a; __ k a;
c= I ¢ TI (uese®= T[ (&)
i€[0,2k 1] je[0,2n—F—1] i€[0,2k 1]
In the above equality, we have used that h(k) = Hje[o,Qn—k—l] hy iyj.or. Let f(Hgx) be such that
f(Hy); = a; fori € [0,2%—1]. It follows that f’ € F_,x[Y]is such that C = KZG-FFT.commit(srsp, k, f (Har)).

From the above claim and Lemma it follows that there exists k1, k2 € [0, n] such that f' € F_o, [Y],

¢ €F oY Cf = gf " ) and C, =91 (Gl ), Knowledge soundness of the protocol would follow
from the following lemma.

P on—k1)

Lemma 7. Suppose ki,ky € [0,n] such that f' € F_ox,[Y], ¢ € Fon[Y], C; = ¢ and

C, =91 " ’2), Then only one of the following holds:

d—kq

1. 28 < D and there exists ¢" € F-p[Y] such that f'(Y?
2. N> 9k1 > D and Y2k17d — u divides f/(Y) —

)—v= (¥ —w)g"(Y)

Proof. We prove the lemma using a case analysis. In each of the case either f/(Y) and ¢/(Y) satisty
the statement of the lemma or r is a root of a polynomlal known to Pe\,a| From Claim |1 . it follows
that if r is a root of a polynomial known to Pe\,a| then Peva| can compute r efficiently, and hence break
the N-DLOG assumption. Hence, in our analysis we assume r is not the root of the polynomial that
arises in each of the cases.

Case a: 21 < D,2%2 < D. This implies n —k1 > n—d, and n—ks > n—d. Assume n—k; > n—ks;
the other case can be handled similarly. In this case it must be that either i) f’ (YQdikl) —v =
(Y —u) -q'(Y2d;k:) orii) risaroot of f/(Y2 ") —v— (Y —u)-¢ (Y2 ™). Letting ¢/ (V) = ¢ (Y2 ™),
we have f/(Y2 ') —v = (Y —u)q"(Y).
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Case b: 281 < D, 2%2 > D In this case it must be that either i) f/(Y2 ") —v = (V22" —u).¢/(Y)

or ii) 7 is a root of /(Y22 ")~y — (Y22 —u) . ¢/ (V). If
ST — o= ) () (23)
then we show that there exists ¢’ (Y') such that ¢'(Y) = q"(YQde). Let v = ka—kq, and § = ka—d, and
note that v — § = d — k; > 0. Using polynomial division, we know there exists r € F and ¢’ € Fon[Y]

such that »
FOE ) = —ug"(Y)+r (24)

Since r € F, substituting Y as Y2’ in the above equation, we have
PO =0 —uwg (V) 4 (25)
From Equations [23] and [25] we have (Y2' — u)¢/(Y) = (Y2* — w)¢”(Y?') + r. This implies Y2' —
divides r, and as r =0, ¢'(V) = q”(YZé). Hence, Equation can be rewritten as
) —v= (Y —w) g ()
PO —e= (Y —w) g (Y)
Case c: 281 > D, 2kt > 2%2 Tn this case it must be that either i) f/(Y)—v = (v —u)-q’(Ylesz)
or i) r is a root of f/(Y) —v = (Y2""" —u) ¢ (Y2 ). This implies Y2 * — u divides f'(Y) — v.

Case d: 2% > D, 21 < 2k2_In this case it must be that either i) f/(Y2? ™ )—v = (Y2 —u)-¢/(Y)

or ii) r is a root of f/(Y2* ™) —0o— (Y2 " — ). (V). If
PO —o= (0 ) () (26)
then we show that there exists ¢”(Y) such that ¢/(Y) = ¢”(2%2=%1). Let v = kg — ky, and § = ko — d,

and note that, § —y = k1 — d > 0. Using polynomial division, we know there exists r € F_9s—» and
q" € F.n[Y] such that

FY) = (Y7 =g (V) +r(Y)

Substituting Y as Y2" in the above equation, we have

FY) = —wg" () + () (27)
From Equations 26} and

(V) g (V) = (V¥ — )" (V) +r(Y?)
This implies Y2’ —u divides r(Y2"). But r € F 95—+, and hence degree of r(Y?") is less than 2°. Hence,
r(Y2") = 0 implying 7(Y) = 0, and ¢/(Y) = ¢" (Y2 ). Hence, Equation [26] can be rewritten as
PO ce= (T ) ()

Hence, we have f/(Y) =Y2" " . ¢/(Y). This implies Y2 * — u divides f/(Y) — v.

In LemmaEI7 if (a) holds then let f(Y) = f/(Y2""") € F.p[Y]. This implies f(Y)—v = (Y —u)-¢(Y),
and hence f(u) = v. In this case from Claim it follows that a; = a;;.or, for i € [0,2%* — 1] and
j €[0,2"~ % —1]. Further ajqr,) agrees with f'(Has, ) over the FFT domain of size 2%*. Here ajgx,
denotes the first 2¥* components of a. Hence, £ computes the coefficient representation of f/(Y) from
f/(Hge, ) using FFT. Since f(Y) = f’(de_kl)), & computes the coeflicient representation of f from
the coefficients of f’, from which it computes f(Hp) again using FFT. Now we show that case (b) in
Lemma (7| holds with probability % over the choice of u €g F. Let f" € F_ox, be as in Case (b) of
Lemma [7, and S = {(v/,v’)) | Y2t/ divides f/(Y) — v'}. We argue in Lemma (stated below)
that |S| < 235; = 2%, Hence, given Cy, such that C; = KZG-FFT.commit(srsp, 281, f/(Hyx, ), and u
D

is sampled uniformly and independently at random from F then with probability at least 1 — [F] case b

does not hold. Hence, it follows that £ is able to compute a valid witness with probability (1 — %)

LemmakS. Let 281 > D, f' € F_on,, and S = {(u/,v")) | v2" ! —f divides f'(Y) — v'}. Then
|S| < 5225 =24,

ok1—d —

Proof. First, we argue that for each u’ € F there exists at most one v’ € F such that (v/,v") € S.
Suppose there exists (uv/,v]) € S and (u/,v5) € S. This implies there exists ¢; € F<p[Y] and ¢ €
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F.p[Y] such that
(V2 ) g (V) o = (V2 ) ()
k1—d ki—d
Y2 =) (V)= (Y — ) gy (Y) + oy — )
We subtract v} from both sides to obtain the above equation. Since (Y2k1_d — ') divides LHS of the
above equation, we have v} = v}. Next, we argue for every (u},v]) € S and (u),v)) € S, vj = vh. If
(uf,v]) € S and (uh,v)) € S then there exists ¢} € Fep[Y] and ¢4 € F.p[Y] such that
ki—d k1—d
V2 =) (V) +op = (Y2 —ug) - gy(Y) + v (28)

If k1 — d > d then by observing the degree of the polynomials on LHS and RHS in the above equation
we have ¢] (V) = ¢4(Y), v} = u} and vj = v}. In fact in this case |S| = 1. Suppose k1 —d < d.
Then from polynomial division there exists ¢4 (Y) € Fya——a)[Y] and r#(Y) € F_gx,—a[Y] such that
GY) = (V2" — ) - g4(Y) + r(y). Substituting ¢,(Y) in Equation

k1—d ky—d ky—d

Y2 =) (@) = (Y2 —wp) gy (V) + 0 = (Y2 —wp) (V) + )

Since degree r(Y') is less than 2¥1 ¢ again observing the degree of the polynomials on LHS and RHS
in the above equation we have either a) r(Y) = 0, ¢,(Y) = (Y2 " —u}) - ¢4(Y), and v} = v}, or b)
rY)=0,¢(Y) = (Y2k17d —uh) - ¢4 (Y), v} = ub and v] = v5. The argument above shows that all
tuples in S have the same second element. Let S = {(uj,v)}jask‘. Then for all j € [1,]5]], y2h Tt uj
divides f/(Y') — v. Since degree of f/(Y) is at most 2%, |S| < Zflid =24,

D Multilinear PCS KZG-FOURIER

D.1 Proofs of Claims and Lemma from Section [4.1]

Before we proceed, we state a following well-known fact regarding FFT domain, and its offset.
Fact 4 For z in the offset of the FF'T domain of size N, Hie[O,N—l](Z —why) # 0.

Claim (restated): Ui(n) =%- [con-—n+ (Wi Y)?)

Proof. The i-th component of % . ngl -Y is equal to

| 1 :
—q —q J
ZN'(WNZ'Y)ZZﬁ' H (1+ (wy' - Y)*)
=0 j€l0,n—1]
In the above equation, we use the tensor structure of (1,Y,...,YN71) = ®ie[07n_1](1,Y2i), where

n =log N.

Claim [6] (restated): Uy, (1) = 1

Proof. Consider the summation 3, g x_y Li(Xo,..., Xn—1) = 1. Consequently, we have U, (1) =
Un (X icpo,n—1 Li(Xo, ..., Xpn—1)). By leveraging linearity and the definition of U,,, we establish U, (1) =
Zie[o,N—l] U;. Moving forward with the definition of U(")7 it ensues that:

S U™ 1T (M)
)

N “w~
1€[0,N—1

Here, 1 denotes the vector of all ones. The claim is substantiated by observing:

1
17 (NM%I) =(1,0,...,0)

Claimlﬂ (restated): Z/{n(LEd)) = L{,L(L(»dﬂ)) + Mn(Lz(iEl)) forde[l,n— 1}

3

Proof. The proof relies on the linearity of U,,, and the observation that Ll(»d) = Ll(»d—H) + ng_g).

Lemma (restated): Z/{n(LZ(.d)) = Ui(d)(YQn_d), holds for d € [1,n]. Moreover, for f € F<1[Xo, ..., Xd-1],
{f @ € Flicjo,p-1) represents the Fourier coefficients of f if and only if there exists a g € F<p[Y]

such that U, (f) = g(YQnid) and g(wh) = fr@-

8 It is important to note that Z/ln(LZ@) differs from Uqy (LZ(.d)).
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Proof. For d = n, , the relationship follows directly from the definition of i,,. To establish Un(Lgd)) =
U (¥2"™") we proceed by assuming U, (L") = U (v2 ™" for d € [1,n — 1]. It follows from
Clalmthat U, (L d)) Z/{n(L(d+1 )+ Uy, (L(dH)) for i € [0, D — 1]. Moreover, the definition of U(dH)

1+D
imply Equations E [29] and 30] for i € [0, D — 1]

1 ; n—d—1\ 19
Un(LT) = 55 D7 (w7 (29)
j=0
1 2D—1 _ i
Un(Liyp) = 55 D (wnpy PV (30)
7=0
12! i
=55 2 (mwp Y Y (31)
7=0
(32)
]- — n—d—1
SEC LD VR R ! 2

j=2k,ke[0,D—1]
. n—d—1_ ;
LD DI 75 G
j=2k+1,ke[0,D—1]
Equation above is inferred using ws, DD = —1. The equation below can be obtained by adding
Equations [29] and

Un (L) + U (L))

1 on—d
=5 > (WY
ke[0,D—1]
This proves Uy, (L\V) = U (v2"™™), for d € [1, 7).
Suppose f(Xo,...,Xq-1) = Zie[o D—1] fL(d) . L(-d). By the linearity of U,, we can express U, (f) =

Sieto.pon Freo - U (Y. Let g(Y) = Sieo.pony Jro - Ui (V). Then Un(f) = g(¥*""), where
g(Y) € Fo D[ZY]. Additionally, considering Claim [5| and recognizing that M, and % - M -1 are
matrix inverses of each other, we deduce that g(w})) = fL(d) fori € [0,D —1]. Conversely, glven any
g(Y) € F.p[Y], we can define an f € F[Xo, ..., Xq 1] such that its D Fourier coefficients are specified
as follows: f L = g(wh). Since g is uniquely determlned by its evaluations g(w D)z c0,p—1]> We conclude
using similar arguments as above that U, (f) = g(Y?"~ d).
Lemma (restated): Ford € [1,n—1], f € F<1[Xo,..., Xq-1] if and only if there exists ¥y € F.p[Y]
such that
UnXa- ) =0, T 0777 —wdp)
j€[0,D—1]
Un((1=Xa)- ) = (Y") [T 077 widp)
jel0,D—1]
Proof. Let ngd), i € [0,D — 1] represent the Fourier coefficients of f. Then the Fourier coefficient
of X4 - f corresponding to the basis L<d+1) is 0 for ¢ € [0,D — 1], and f, @ for i € [D,2D —1]. As
established in Lemma there exists ¥1(Y) € Feop[Y] such that U, (X4 - f) = wl(an_d_l). Moreover,
Y1 (whp) = 0 for i € [0,D — 1], and ¢ (wiFP) = fLEd) for ¢ € [0, D — 1]. This implies the existence of
ty € Fop[Y] such that
wi(V)=vr (V) [ (Vv —wip) (34)
j€l0,D—1]

Similarly, the Fourier coefficient of (1 — Xy) - f corresponding to the basis LEdH) is f,@ for

i € [0,D —1], and 0 for ¢ € [D,2D — 1]. Hence, again as established in Lemma [2| there exists
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$a(Y) € Foop[Y] such that Uy, (1— Xa)- f) = ¥a(Y> " ). Further, 4o (w)p) = f, o for i € [0,D—1],
and 93 (wsp) = 0 for 7 € [D,2D — 1]. This implies the existence of ¢, € F<p[Y] such that

va(V)=¢p(Y) [ (¥ -wip)

jE[D,2D—1]
=vp(v) [ v+wip) (35)
j€[0,D—1]

To derive Equation [35] observe that w)i?” = —w] ) for j € [07'D — 1. Finally, we prove that ¢;(Y) =
¥;(~Y), which will complete the proof. Observe that ¢ (wih?) = 11 (~whp) = wa(whp), for i €
[0, D — 1]. Substituting this in Equations [34] and [35| we have for ¢ € [0, D — 1]
1/1f(*W§D) ‘ H (—wap — wéD) =
j€[0,D—1]
¢iwip) - I (wip +wip) (36)
j€[0,D—1]
Since d > 1, D is even and
H (—whp —wip) = H (whp +wip)
j€f0,D—1] j€l0,D—1]
Hence, ¥ (wyp) = tf(—whyp) for i € [D,2D —1]. As ¢, and t; are degree at most D univariate
polynomials, it follows that ¢%(Y") = ¢¢(~Y"). The above argument also shows that corresponding to
any ¢ € Fop[Y], if f € F<1[Xo,...,X4—1] is defined such that
fro = P(wih) - H (w5’ —whp)
j€l0,D—1]
for ¢ € [0, D — 1] then
n—d—1 n—d—1 .
Un(Xa- )=o) T —wip)

j€[0,D~1]

U((1-Xa)-H=ov(-Y>""" I o

Claim [8| (restated): Let 1 € F.p[Y]. Then there exists 1y, € Foga1[Y] such that Y(Y) = 1. (Y?) +
Y - o(Y?), and (=Y) = e (Y?) =Y - (Y?). Further,

¢e(w;d71) _ d](wl[)) + w(_wlD) VZ c [0’2d—1 _ 1]

VYolwhay) = Vi€ [0,2971 — 1]

2w,
Proof. Tt is easy to see that there exists 1,,%. € Fga-1[Y] such that ¥(Y) = ¥ (Y?) + Y - 1, (Y?),
and Y(=Y) = ¥ (Y?) — Y - . (Y?2). Hence, for i € [0,2¢7! — 1], we have

"/J(WZD) = we(w;d—l) + ij : %(%d—l)
(—wh) = Ye(wha 1) — W - Po(Wha 1)

In the above equations, we have used that w% = wéd,l. Adding the above equations and dividing by 2,
we have the expression for .. Similarly, subtracting the second equation from the first equation and
dividing the expression by 2, we have the expression for ,.

We make an additional claim here that notes down the computation required to compute the commits
at Step 3a of Protocol

Claim 14. Let f € F<1[Xo,...,Xq-1], ¥§(Y) corresponds to f as in Lemma @ and YY) and
Y5.0(Y) correspond to (Y) as in Claim @ There is an algorithm that takes as input the D Fourier
coefficients of f, and the evaluations of Hie[O,Dfl] (Y —wip) over the offset FFT domain of size D,
and outputs the evaluations of V¢.(Y) and ¢ ,(Y) over the FFT domain of size D. The algorithm
performs O(D) F-divisions and additions and 6-FFT’s of the following domain sizes: 1 of 2D, 1 of D,
2 of D/2, and 2 of N.
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Proof. Recall, from the proof of Lemma Y1 € Fop[Y] such that ¢ (wip) =0 for i € [0, D — 1], and
1 (whp) = fp@ fori € [D,2D —1]. Hence, the D Fourier coefficients of f give the evaluations 11 over
Hsp. First, the algorithm computes the evaluations of 11 over the offset of FFT domain of size D.
This can be done using two FFTs: one over size 2D, and the other over size D. Next, the algorithm
uses the evaluations of Hie[o, D—l](Y — wip) to compute the evaluations of 1y over the offset of FFT
domain of size D. This step requires D field divisions. Here, from Fact [ it follows that all evaluations
of Hie[O, D—1] (Y — wip) over the offset of FFT domain of size K are non-zero. The evaluations of 1y
are used to compute evaluations of 1. and 14 over the offset of FFT domain of size D/2. This can
be done using ideas similar to Claim [8] This step requires O(D) field additions and divisions. Finally,
the evaluations of ¥¢ . and 15 ¢ are used to compute their evaluations over Hy. This step requires two
FFTs over domain of size D/2, and two FFTs over domain of size N.

D.2 Proof of Theorem

Completeness stems from the discussion outlined in Section[f.3] Moreover, commitment binding is guar-
anteed by the proof of commitment binding presented in Theorem (refer to Appendix. Next, we
proceed to establish knowledge soundness. Let Peva| denote the algebraic adversary with access to an
oracle, as described in Definition 3.3 of [MBKMI9]. Given inputs (p, G1, G2, Gr,e,g1,92) < Gen(1*)
and an initial structured reference string | (corresponding to degree N polynomials), Pruyal outputs
(srs,Cy, D, x(@ ) and a vector a € FN satisfying the following conditions: b) In { Peyal, Veval) (srs, Cy¢, D,
(x(D),y;a), where Vi accepts with probability €, which is non-negligible in A. Here, L denotes
the trivial string corresponding to r = 0, and Pryal employs the oracle to update it to srs. Veya re-
jects if srs =1. The oracle ensures that srs is well-formed, meaning there exists an r € I such that

srsp = {g{" | a; = N~1- [Licon—n1+ (Wit -2 for i € [0, N — 1]}, and srsy = {ggy | j€[0,n]}.

The extractor £ rewinds and executes Paya), generating an acceptance transcript for KZG-FOURIER.eval
with probability e. Below, we provide a brief description of such a transcript. Recall, we denote Uy(f)
as wyr(Y), and

Cy= wa = H (hgr,li))ai

1€[0,N—1]

is the claimed commitment to f. We omit f from the subscript of w; in the proof below.

1. At Steps 3a and 3b, let Cqule, C’qu € G1 be the commitments claimed by Pey, corresponding to
Vg . (Y), g, (V) for k€ [1,d —1]. P2 also returns go € F, and b(¢) b(*:9) ¢ FN such that

n)\plk-e)
C"qu,e = H (hg,i))bl ’
i€[0,N—1]

n)\pik0)
H (hg,z))bl ’

i€[0,N—1]

Ciy o

2. & samples z €, F, corresponding to which P. at Step (3d) returns claimed evaluations of w(Y’)
at z, g, . (Y) and tg, ,(Y) at 227" and ¢u(Y) at 22" for k € [1,d — 1]. Let v be the claimed
value of w(Y') at z, v, and vy, be the claimed values of ¢, (Y), ¢r(Y) at 22" respectively, and
uy, be the claimed value of 1, . (Y) at 2%~ for k € [1,d — 1]. Additionally, it satisfies the check
made by Vevar at Step (3e) using Equation [37] below. In the following equations, the expressions for
M1, ME,2, My, my, for k € [1,d — 1] follow from Equations@ and

Mot = Oke + 22 Ok
d—k—1

mrg2 = Vke — 2 * Vk,o
Mg = Mg,1 - Uk

d—k—1
Z2D'2 -1

/
My =M1 U + Mp2 -
U

T

v—y= (3 (mk—xx-mp)) + (=2 —0) - q0) (37)
1

b
Il
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3. Corresponding to vy, ’yk,e,fy,;e,'yk’o,%’f,o, 0 sampled uniformly, and independently at random by
the extractor, Paya returns the claimed commitment Cyp € Gy to (Y), and by, € FV such that
Co= I D
1€[0,N—1]

4. Corresponding to s sampled uniformly, and independently at random from F by the extractor, Peval
returns claimed evaluations of w(Y'), g, . (Y), ¥q, ,(Y), ¢r(Y) for k € [1,d —1] at s. Let v" be the
claimed value of w(Y) at s, and v} ., v} ,,, u}, be the claimed values of ¥, (Y), 1, ,(Y), ¢x(Y)
at s for k € [1,d — 1]. € samples By, Bk.e; Pk, ki for k € [1,d — 1] uniformly, and independently
at random from F. Using these values the claimed value of n(Y) at s can be computed using
Equations and Denote this computed claimed value as t. Finally, Peva| returns C), the
claimed commitment to x(Y’), and b, such that

Co= [T i,
1€[0,N—1]
and the following check made by V.., is satisfied at the last step
e(Cy - g g2) = e(Cp b5 - g57) (38)
where C,, satisfies Equation [T4}
From the proof of Theorem [} it follows that if Equation [38] is satisfied then the £ can compute n €
n—d
F.pl[Y] such that n(s) =t, and C,, = g{'(ﬁ ). Moreover, from Claim , there exists ¢’ € F_,z, [Y],

w' € Foeo [Y], Y5, €F _ger (Y], g, €F_gu o [Y], for k € [1,d — 1] such that
o2y )
szgip r )a Cw:gllu r )a
n—Lp ¢ n—~Ly o
wl . Tz ) ’ O(T2 s )
Cquﬁe = gl " ) C’/’qkyo = gl "

Note that the £ can efficiently compute the evaluations of such polynomials over appropriate FFT
domains using a, by, bg., by, for k£ € [1,d — 1] respectively. Also from construction of the setup in

Section we have
Cop =gt
The construction of ), Claim @ and the N-DLOG assumption implies
(Y ) =W () 4 By (V)
) (ﬁk,e g (Y2 ) o B - g0 (Y

ke(l,d—1]

n—k—1
v ) (39)
In the following claim, we bound the degrees of ¢, w’, ¥y ., ¥ , for k € [1,d —1].

nflk,o

)

Claim 15. Let n, ¥', w', ;. ., iy, for k € [1,d — 1] be as defined above. Then the degree of all these
polynomials is at most D with probability at least 1 — ﬁ over the random choices of By, and B,
Bk.,0, and ki, for k € [1,d —1].

Proof. Since the degree of n(Y') is at most D = 2¢, the LHS of Equation [39 has monomials of the form
YVi?" " forie [0, D —1]. Hence, by Schwartz-Zippel with probability at least (1 — ‘—}l), the monomials

in each of the polynomials W(YQTL?% ), w’(YQnizw), Ve (Y? )s Ygp0(Y? ), qﬁk(YQ%kil) for
k € [1,d — 1] is of the form Y*2""* for i € [0, D — 1]. Now suppose 2 > D. Then this implies there
exists j # j' such that j,5" € [0,2% — 1] such that 2"=¢ . =2"% . j and 2"~?.j = 2"~%v . j/. But
this implies j = 5/, a contradiction. Hence, 2 < D. A similar argument can be used to bound the
degrees of all the remaining polynomials.

n—Lg ¢ n—Ly o

From Claim we conclude that ¢'(Y), w'(Y), ¥y, ., Vg, o for k € [I,d — 1] are at most degree D

gk ;0

polynomials. Hence, there exists ¢)(Y'), w'(Y) € F<p[Y], ¥, ., ¥5, oJF<p[Y] for k € [1,d — 1] such that
ST = W), wTT) = w (V) g e (V) = (V). g o(YHT) =
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1/)11,@70()/2”_%“‘0 ). For example, if £,, = d then let (V) = ¢/(Y), and if £, = d—1 then let 1)(Y) = ¥ (Y?)
and so on. Hence, we may rewrite Equation [39] as follows

n(Y) =¢() + Bu - w(Y)+

> (ﬁ Ao (V) + Brso - Yguro(Y)

ke[l,d—1]

K, - ¢,€(y2‘““)> (40)

Let E; be the event that the above equation holds. Conditioned on that E; holds, and since n(s) =t
and ¢ is computed using Equations [12| and [13| from the claimed values of w(Y'), ¥q, e, Ygr.0, a0d @y at
s, we have by Schwartz-Zippel with probability 1 — % over the random choices of s, By, Bk.c, Bk,os
and ky for k € [1,d — 1],

w(s) =0, Yy els) = vfc’e, and

qu,O(S) = Ul/c,m V(s

and, (YY) satisfies Equation
Let E5 be the event that Equation |12| holds. Conditioned on Fs, with probability 1 — %, over the
random choices of 7, Yk e, Vk,0, and oy for k € [1,d — 1].

Qd—k—l) _ U;C

d—k d—k
w(z) = v, quye(f ) = Vk.e, 1/1%,0(22 ) = Vk.o
k-1

o

d—k 2d—k _od
= Uf, qu76(22 ) = 22 ?

d—k
CQk70(22

Let E5 be the event that the above relations hold. Conditioned on Fj, and since the check using

Equation |37| passes, with probability 1 — % the following hold:

* Vk,e,

_ 92d—k_od
)=z Uk o

L Coe(Y) = Y222 g (Y), and G, 0(Y) = Y2221 (V).
2. Let Let ¥g, (V) = Vg e (Y2 +Y - 1by, o(Y?). Then

wlY)—v=" 3 (%k VS O
kell,d—1]

2d—k—1 2d—k—1

— Tk ((qu (Y

+ g (Y2

) (Y )
Y2d+1.2d—k—1
¢k(y2d—k—l) >)>

+ (VT — o) (41)

Since degree of ¥(Y) is at most D, from Equation [12]it follows that degrees of (4, (YY) and (4, o(Y)
are at most D. This implies degree of 1y, and 9y, , is at most K /2, and hence degree of 1, (Y) is at
most K. From Lemma [2| there exists f € F<;[X(@], and g € F<,[X®)] for k € [1,d — 1] such that
ud(f) = w(Y)7 and
2d7k71 2d7k71
Ua(Xk - k) = g (Y ) - r(Y )

9d+1 gd—k—1

L
¢k (de—k—l)

Further, it is easy to construct f from w using the evaluations of w over Hp. Hence, we have from
Equation [I]

Ua(gr) = g (Y2 (V2 4 (Y.

Us(f)—v=> Us(Xr-aqr) —Uala - qr)
ke[0,d—1]

Since U is a linear isomorphism, we have
fXoo o Xgo) —v=" Y (Xp—a) qu(Xo,..., Xk—1)
kel0,d—1]

This implies if £ can construct an compute an accepting transcript using Py with probability €, then
it can compute the D Fourier coefficients of an f € F<1[Xo, ..., X4—1] such that f(zo,...,2z4-1) =

with probability at least (1 — %)4, which is non-negligible in A assuming |F| > .
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E Argument of Knowledge to Establish Linear Relations

In this section, we present Linear-Rel, an AoK that facilitates a prover to demonstrate a pre-defined
linear relationship between two AFG committed witnesses. This helps in designing a succinct dual
polynomial commitment scheme in Section requiring only a transparent setup. Consider a bilinear
group (p, G1,Go,Gr,e,g1,92) +r G(1*). Let d,n, D, N € N be such that 2¢ = D, 2" = N, and D < N
Within this context, let 7014 € GP | and 734 € G be publicly known vectors (also refer to Appendix
. Furthermore, let a, f € FP represent two vectors, and denote the commitments to f and a as Ct
and Cj, respectively, defined as follows:
D—1
Cr= [ ez .98 (42)
i=0
D—1
Ca= ] =", g5) (43)
i=0
Here a;, and f; represent the i-th component of a, and f respectively. We note that C'y and C, is the
AFG commitment to gf and g3 (and therefore f and a) with respect to commitment key 7(14). The
relation corresponding to which we present the argument of knowledge is as defined below:

R = {C¢,Ca, D |3a,f € FP such that M,,, -f =a,
and Ct, C, satisfy Eq. 42)| 43|} (44)

Recall, M, is the FFT matrix of size D. We remark that, in the argument system, we can replace
M, with any matrix, but for convenience we work with FFT matrices. The argument of knowledge
presented in this section requires a transparent setup, which we show how to generate in Appendix

[EI] We state the protocol itself and its correctness in Appendix [E-2]

E.1 Transparent Setup for Linear Relation

The algorithm to generate the setup for the argument system is presented in Algorithm [5| Linear-Rel
presented in Appendix[E.2} runs two instances of Dory [Lee21] (also see Appendix|[G]). Hence, Linear-Rel
requires the dory setup denoted ppg,,. We refer the reader to Appendix for an exact description
of PDyory- At Steps 2-5, Algorithm [5| computes n commitments {C,, }ae[1,n] to matrices { My, }ie[i,n]
respectively, where C,,, € G and is computed as in Steps 3 and 4. Here, 7(24) s part of PPdory- F'inally
at Step 7, Algorithm |5 outputs the public parameters pp = (ppp, ppy), where ppp = PPdory,p» and

bpy = {ppdory,lh {CMWD }de[l,n]}'

Algorithm 5 Setup Generation for Linear Relation

Input: {1/\771}

Output: pp = (PPP: va)
* PPdory ¢ dory.setup(1*).
for d € [1,n] do

1,d)\w? 7
Let mp,; = HiE[O,D—l] (Tz< )) P
.d

Compute CMWD = H]’G[O,Dfl] e(md,jﬂ']§2 ))
end for
Let pPpp = ppdory,P? and PPy = ppdory,V U {CJMMD }de[l,n]
Output pp = (ppp, PPy)-

E.2 Proving Linear Relations

The argument system for Ry, from Equation [44]is presented in Protocol [l The public parameters are
as generated by Algorithm [bl The central idea of the protocol is to enable the verifier to check

Ca= TI eclmpsgf)= TI er"".g5) (45)

Jj€(0,D~1] i€[0,D—-1]
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Here, mp ; is as defined in Step 4 of Algorithm We argue as part of the completeness of the protocol
that M,,, -f = a implies the above equality. Hence, the linear relation can be established if the verifier
is able to check the following two statements:

1. Ja € FP such that C, = Hf) 01 e(r; (1.d), gs').

2. 3f € FP such that Cr = [[25" e(r!" . gJ"), Car.,y = ey emp.m>?), and Ca =

7’ 2J ]
fv
ILco.p-11€(mp,j,95")

At Step 1, Statement 1 above is proved using one instance of dory (Appendix Protocol [7)):
(Paorys Vaory) (PP, Cay Cryy Ca, D;a) Here, C, = (11D 72d) " and is part of PPdory (S€€ Section
Also, we remark that although as per Protocolthe private input to the prover at Step 1 g5 respectively,
we use a for clarity as g5 can be computed from a. At Step 2, Statement 2 above is proved using
an instance of dory: (Pyory, Viory) (PP, Ca; Cir,,, , Cr, D;f). Here, the private input to the prover are
(mp,os---,mp,p—1) and g5, which can be computed from M,, and f. We argue the correctness of
Protocol [ in Theorem [I6

Theorem 16. Assuming SXDH in the bilinear group (p,G1,G2,Gr, €,91,92), Pmtocol@ 8 an arqu-
ment of knowledge for relation Ry, stated in Equation [{4)

—‘ Protocol 6: Linear-Rel an AoK for Linear Relations

pp <+ setup(1*)
<P|in; Vvlin>(ppa Cf) Ca, D7 a):

1. Pin, Viin execute (Pyory; Vdory) (PP; Ca; Cry; Ca, D; a) Here C., = <T(1’d),7'(2’d)> is part of pp.

2. PBin, Vin execute (Pyory, Vdory) (PP, Ca, Ct, _, Cs, D; M,,,,, ). Here OMwD is as explained in
Section [E-I] and is part of pp.

3. Viin accepts if and only if the verifier accepts in all the above steps.

wp?

E.3 Proof of Theorem [16]

Completeness: First we argue that if M,,, - f = a then

1,d fi

[[ ewgy= II elmpja)
i€[0,D—1] j€[0,D—1]

where mp ; is as computed in Step 4 of Algorithm [5| Since M,,, - f = a, for all i € [0,D — 1]

a; = Z wibj fi (46)

je[o,D—1]

Now we have the following sequence of equations.

[T etmpigf) = J] emb, .0 (47)

j€[0,D~1] j€[0,D~1]

= I e I @00

j€[0,D—1] i€[0,D—1]

= I e« II &0

jel0,pD—1] i€0,D—1]

= I II e ")her’ g)

i€[0,D—1] j€[0,D—1]

= JI e II @")fen’ go)

i€[0,D—1] j€[0,D—1]

= JI ") Zenrnher gy
i€[0,D—1]
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= I e, g2) (49)

i€[0,D—1]
Ld)\ a;
= I e (50)
i€[0,D—1]
Equations [47] and [50] above follows from bi-linearity of e, and Equation [9] follows from Equation [16]

Hence, it follows from the completeness of dory that in this case Vyor, always accepts at Steps 2-4, and
hence Vji, accepts at Step 5.

Knowledge Soundness: Suppose Pin outputs Cr, Cy such that Vj, accepts with non-negligible
probability in A. This implies Vyory accepts at Steps 2-4. By knowledge soundness of Dory, there exists
an extractor that can rewind Py, and compute f € FP, and a € FP such that the following hold:

D-1

Cr =[] et 0f)

1=0
n—1

Ca = ] elri"). 95")
=0

[ etmpjo)= [ e**).95) (51)

j€l0,D—1] i€[0,D—1]
Hence, it suffices to argue that M,,, -f = a in this case. Suppose M,,, -f # a, and M,,, -f = b. In the
above sequence of Equations (from Equation 47| to Equation replacing a with b, it follows that
[I emprmn= T[ e"".0)
J€[0,D—1] i€[0,D—1]
Hence, from Equation we have
II e=""gn= TI e@).65)
i€[0,D—1] i€[0,D—1]
Since a # b, this implies € can efficiently compute two distinct vectors with the same AFG commitment
under commitment key 7(1:4). This contradicts SXDH with respect to bilinear group generator G .

F Proof of Theorems from Section [5l

F.1 Proof of Theorem [10]

Completeness and Evaluation Knowledge Soundness: This follows from the completeness, and
evaluation knowledge soundness of KZG-FFT, and KZG-FOURIER proved as part of Theorems [d] and
[9 respectively.

Binding: Suppose for contradiction there exists an A that with probability non-negligible in A takes
as input pp computed by KZG-FFT-FOURIER.setup and returns (C,ag, a1, auxg, auxy, D) such that
a) ag # ai, b) C = (Cy,Cha), where Cy = Cy, and ¢) KZG-FFT-FOURIER.commit (srsp, D, aq) =
KZG-FFT-FOURIER.commit(srsp, D,a;) = Cy. But KZG-FFT-FOURIER.commit internally calls KZG-
FFT.commit, and hence, we have KZG-FFT.commit(srsp, D, ag) = KZG-FFT.commit (srsp, D,a;) = Cy.
This contradicts the binding property of KZG-FFT we proved as part of Theorem [4

Linking Soundness: Follows trivially, since the verifier checks Cy = Cj.

F.2 Proof of Theorem [11]

Completeness, binding, and evaluation knowledge-soundness follows from dory PCS, whereas linking
soundness follows from Theorem [I6

G Succinct Argument of Knowledge for Inner-Pairing Products

In this section we revisit the Dory argument system from [Lee21] that allows the prover to give a
succinct proof corresponding to an inner pairing product. In particular, the prover proves there ex-
ists a vector h € G, a vector s € G& such that C = [Tic0,p—1) €(hi, si). The Dory proof system
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enables the prover to iteratively prove the knowledge of h and s such that C' = Hie[n] e(hi, 8;),
Ch = Hie[(),Dfl] e(h;, m24), and Cs = Hie[(),Dfl] e(71,,8;), where 71, and 7o are publicly known ele-
ments. Additionally, as a special case the Dory proof system can also be used to succinctly prove the
knowledge of opening for an AFG commitment.

In Section we begin by specifying the required public parameters for the Dory proof system,
and in Section we state the Dory argument system. Finally, in Section we give state how to
use Dory argument to prove evaluations for an univariate or a multilinear polynomial.

G.1 Public Parameters

Let (p,G1,Ga,Gr,e,g1,92), be a bilinear group. Let n = log N, and 7(1:7) ¢ Giv/zwj and 7(27) ¢

Gév/ 2 for j € [0,n] be publicly known vectors chosen independently and uniformly at random from

. , ; n—(j+1) ; n—(j+1)
Gy, and Ga. Let C7, = (7(L3) (29 for j € [0,n], and TéLJ) € G]lw2 o ,TS’J) € Giv/g o
the left and the right halves of the vector 7(17), for j € [0, — 1]. Similarly, let 7'£27j ) e GY

; n—(i+1) .
7';22’]) € Gév/z o denote the left and the right halves of the vector (39 for j € [0, n—1]. Further, let
A(LLJ) _ <T£17J),T(2,j+1)>7 A%J) _ <T1(217.7)’7_(2,j+1)>7 A(LZJ) _ <T(1,j+1)77_£27])>’ Ag’]) _ <T(1,j+1)77_1({2,])>'

denote
Jon =G+
b

For j € [0,n—1], the quantities A%’j), Ag’]), A(LZ’J), Ag’j) are pre-computed and are part of the public
parameters.

Let pp «px dory.setup(1*, N), where X is security parameter, and N is the vector size-bound on
h and s. Here the public parameters pp = (ppp,ppy), pPp = {719,729 | j € [0,n])}, and

ppy = {Cyy, AL AR AP AT | e 0,0 - 1))}

G.2 Dory Protocol

The Dory argument system is given in Protocol [7] pp is generated as described in Section[G.] It is an
argument of knowledge for the following relation

D D
Y I S -~ 1 ,
{C,Cn,Cs,D < N |3heGy,s e Gy, such that
C = H e(hi,s;), Ch= I | e(hi,ri(z’d)),

i€[0,D—1] i€[0,D—1]
Cs = H e(TZ-(l’d), Si)

i€[0,D—1]
The Dory protocol proceeds in d rounds (for loop at Step 2 corresponds to the d rounds), and at each
round the size of the instance is reduced by half. At the end of d rounds the size of instance is one and
can be checked trivially by the verifier (Steps 10-11). We describe one round of the argument system
(that is Steps 2-9), where the instance size is reduced by half.
Round j: At the beginning of round j the verifier has knowledge of C{J H), Céj H), C’?E] 1 defined as
follows: ] )

C{JH) = (hU+D) g+, Oéﬁ‘l) = (WU 25Dy
C§j+1) _ <7(1’j+1),s(j+1)>

Here, for j € [0,d — 1], 713 7(29) are as defined in Section and hU) ¢ GlD/Zd_j,s(j) € Gé)/zd_j.
Additionally, for round j = d — 1: h(¥ = h, s¥ = s, and hence, C\" = ¢, C{" = ¢y, C§¥ = .

—‘ Protocol 7: Dory Argument System

pp ¢ g dory.setup(1*, N)
accept/reject — <Pdory7 V:iory>(pp7 07 Ch7 CS) Da h7 S)

L Let P =, cl® =y, P = Cy, h@D =h, s@ =5
2: for j=d—1toj=0;j -do
3: Paory = Vaory: Compute Dy, D1, g, D21, D2 r as given in Equation [52] and send it to Vory-
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Vdory = Paory: Sample o € F and send to Pyory.

Pyory = Viory: Compute s, and sr as in Equation [03] and send it to Viory
Vdory = Paory: Sample 3; € F,, and send to Pyory-

Pyory: Compute h() and s¥) as given in Equation

8 Viory: Compute C’{]), Céj), C?E]) as given in Equation

9: end for

10: Pory = Vdory: h©® ¢ Gy, s(0 ¢ Go

11: Viory: Accept if the following are true

050) _ 6(h(O s® ), C(O) (h(O),T(Q,O))
O = e(r(10 5y

In round j, the prover and verifier exchange messages to enable the verifier to compute Cl(j ), C’2(j ), C?()j )
corresponding to vectors h(?), s(1) 7(1.7) 7(2:7) ysing the received messages such that if the prover knows
hU+D) g+ 7(Li+1) 725+ then it can (efficiently) compute h(?),s() such that

C = (@ Uy, ) = (W@ 729y ) = (70:9) (1))

Ate Step 3, Pyory computes D1 1, D1 r, Do 1, Do g as follows:
Dy 1 = (hY Ay , 729y
<h(J+1) 7(29))
< 1,5) S(J+1)>
(

D2 r = (r0D sGH) (52)
Let w; = hUTYD 4 q; - 703FD wy = 0D 4 o -7(2’J+1 . At Step 5, Pyory computes sy, and sg as
follows:
sp = (W1,0, W2 R)
sr = (W1,R, Wa,L) (53)
At Step 7, Pyory computes h) and s\ as follows:
. ) —1
h) = W,fJL ) WffR
. B_
s = WoL WgR (54)
To compute ij), C2(j), Cg()j) at Step 8, Viory first computes (wq, wo)
(Wi, wa) = CFV (O ) (O D) (D, 2B
Finally at Step 8§, C’fj ), 02(3' ), C'?(,J is computed as follows:
j ;B
O = (w1, wa)) -5 s
j j j o Bt j “la
G5 = Dl (AL - Dl - (Ap)
i ﬁjl j “la1 ; j -t
G = Dy (AL Dl (AR (53)
It can be easily verified that h(?), and sU) as defined at Step 5, and C’{j), C’éj), C’éj) as defined at Step

6 satisfy
CP = @ Uy, ) = (W@ 729y ) = (70:9) (1))

~{ Protocol 8: Evaluation Proof using Dory

pp g dory.setup(1*, N)
accept/reject < (Pory_eval, Vdory_eval) (PP, Cf, D, u, v; f)

1: Let C(d) C C(d) < 7_2,d> ’ C?()d) _ <7_1,d77_2,d>’ h(@ = 7—(17d)’ gld) — gg
2: Pyory: Compute z( ) = ]e[O,d—l](17u2])
3: Vdory: Compute ¢ = g%
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:for j=d—1toj=0;j -do
Pyory = Vdory: Compute 8r,,0g,dr,0r as given in Equations and send it to Viory.
Pyory = Viory: Compute D; 1, D1 g, D2, 1, D2 r as given in Equatlon and send it to Viory.
Vdory = Paory: Sample o; € F and send to Pyory-
Pyory = Viory: Compute sz, and sg as in Equation and send it to Viory
Vdory = Paory: Sample 3; € F\, and send to Pyory.

10:  Pyory: Compute h() and s\¥) as given in Equation

11:  Vgory: Compute C{j), Céj), C’(]) as given in Equation

12:  Pyory: Compute z0) = Bz UH +p7t. (]H)

13 Viory: Compute ¢ as in Equatlon

14: end for

15: Pyory = Viory: h® ¢ Gy, s ¢ Go

16: Vdory: Compute z() = Hie[O,d—l] (Ba—1—j + B;_ll_j -uzj)

17: Vdory: Accept if the following are true

O = ¢(h®,5®),C{ = e(n©@, 7(2:0)

OO = o(r (1) ()

2(0)
e(g? 7S(0)) _ q(O)

© 0 G

G.3 Evaluation Proofs using Dory

For completeness, in this section, we also state how Dory can be used to evaluate univariate (or mul-
tilinear) polynomial at a given point in Protocol The (Fourier) coefficients of the (resp. multilinear)
univariate polynomial are committed to using the AFG commitment. In particular, Protocol |8 can be
used to prove the following relations for the univariate and multilinear evaluations respectively:

{C; eGr,D<NuecF,velF|3f € F.p[Y] such that

D—1

O =[] e, gf), and (f(u) = v}
1=0

{Ca€Gr,d<nxcTF yecTF|3acFP such that
D—1
1,d ~

Ca= [] ez, g5%), and (a(x) =y}

1=0

We explain the protocol for univariate commitment scheme, and the same can be adapted for the
multilinear case.

Protocol §] Iis similar to Protocol' 7, in the sense that it is internally running (Pyory, Viory) for C' = C,
Cp = (144, 724) Cg = Cy, where h = 7(14) s = ¢f | to open the commitment to f. Hence, C(O 02(0)’
Cy () is set accordingly at Step 1. Most of the steps in Protocol |8 are similar to Protocollﬂ and we refer
to Section |G.2) m 2| for its description. The protocol involves additional steps to check f (u) = v, which is

equivalent to checking <z(‘7l)7 f) = v, where z(d) = ®J€[O7d,1](1,u ) and ® denote the tensor product.
We explain the additional Steps 2-3, 5, 12-13, 16, and the final check at Step 17. At Step 5, Pyory
computes 6y, 0g, 01, Or as follows:

o= (g7 .s) (56)
br = (g% ) (57)
op = (g7 73) (58)
bp = (g2 o2 (59)

At Step 13, Vgory computes q) as follows
. . 2 2 ~lg=2 o
q@ = qutD gl gl g g%



It is easy to check that for 61,,0p, 61, 6r, and q¥) as defined for an honest prover we have (gf“> ,sU)) =
q\9), for j € [0,d — 1]. Also, the tensor structure of the evaluation point is exploited by Viory to suc-

cinctly compute z(©) = Hie[o,dfl] (Ba—1—; + /3dillfj : qu) at Step 16. Hence, the verifier is succinctly
able to check e(gf(o),s(o)) =q® at Step 17.

H Additional Results from Implementation

Degree| Setup time(s) |Setup size(MB) Degree Setup time(s) Setup size(MB)
KZG-FFT|KZG |[KZG-FFT| KZG mult-KZG|KZG-FOURIER|mult-KZG[KZG-FOURIER

215 0.74 [0.62 6 3 21 0.64 1.72 3 6

216 1.42 |1.19 12 6 216 1.20 4.20 6 12

217 2.60 |2.36 24 12 217 2.39 12.81 12 24

218 483 |4.38 48 24 218 4.42 44.78 24 48

219 9.47 |8.51 96 48 219 8.62 167.81 48 96

220 18.94 [16.80| 192 96 220 17.04 643.42 96 192
Table 5: Setup Generation of KZG Table 6: Setup Generation of multilinear KZG [PST13b] and
and KZG-FFT KZG-FOURIER.

Degree Bound|Setup time(sec)|Setup size(MB
Witness size|Prover time(s)|Verifier time(sec) |Proof size(KB) & 59 5 p3 06 (sec)|S pO 24( )
2° 4.55 1.05 46.12 10
o 2 6.81 0.48
2 7.26 1.18 51.18 11
1 2 17.95 0.95
2 12.52 1.27 56.25 12
12 2 53.68 1.89
2 23.54 1.38 61.31 13
13 2 175.98 3.76
2 45.59 1.48 66.37 old 618.40 751
214 89.29 1.59 71.43 15
915 17743 168 76.50 2 2227.39 15.02
Table &8: dory-link setup time and setup

Table 7: Performance of the AoK for Linear Relations size

We report additional results corresponding to our commitment schemes and the AoK for grand-
product check in this section. Table [b| compares the setup time and setup size of KZG-FFT with
KZG. Table [6] compares the setup time and setup size of KZG-FOURIER with multilinear KZG. Here
multilinear KZG is an extension of KZG using the factorization from Fact [3] in Section [2] Table
reports the setup time and setup size of dory-link. Table[7]report the performance of the AoK for linear
relation from Appendix[E] Table[0]compares the performance of KZG-FFT and KZG. Table[10]compares
the performance of KZG-FOURIER and multilinear KZG. Table compares the performance of our
AoK for grand-product check from Appendix [5.3] with the proof system for grand-product check from
[GKRO8Thal3]. We employ multilinear KZG to commit to the witness in latter. Finally, in Table
we compare the number of operations performed by the prover and the verifier, and the number of field
and group elements in the proof of the evaluation protocols of Gemini, Zeromorph, and KZG-FOURIER.
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Witness|Commitment time(s)|Prover time(s)|Verifier time(ms)|Proof size(KB)
S1ze
KZG-FFT KZG KZG-FFT|KZG|KZG-FFT| KZG |KZG-FFT|KZG
210 0.26 0.29 0.31 [0.25] 19.83 [19.51| 0.12 [0.12
216 0.45 0.55 0.51 [0.37| 19.89 | 19.66 | 0.12 |0.12
217 0.60 0.79 0.87 [0.71| 19.91 |19.71| 0.12 |0.12
218 1.08 1.32 1.35 [1.30| 19.88 |19.69 | 0.12 [0.12
219 2.33 3.06 2.97 [2.86| 19.86 | 19.59 | 0.12 |0.12
220 3.74 5.04 5.15 |4.61| 19.86 | 19.67 | 0.12 |0.12
Table 9: Comparison of KZG vs KZG-FFT
Witness size| Commitment time(s)| Prover time(s) Verifier time(ms) Proof size(KB)
KZG[ KZG-FOURIER |KZG[KZG-FOURIER| KZG |KZG-FOURIER|KZG|KZG-FOURIER
210 0.26 0.25 0.42 7.21 182.66 44.48 1.43 5.56
216 0.41 0.39 0.72 21.75 276.40 47.77 1.53 5.93
217 0.92 0.60 1.24 73.99 300.46 68.63 1.62 6.31
218 1.21 1.73 2.00 282.35 299.43 93.42 1.71 6.68
219 2.51 2.77 2.91 1096.54  |308.66 152.23 1.81 7.06
220 4.23 4.65 4.23 4616.05  [317.92 243.04 1.90 7.43

Table 10: Comparison of multilinear KZG vs KZG-FOURIER

Witness size|Eval Prover(sec)|Eval Verifier(ms)|Eval Proof size(KB)

GKR| AIR |GKR| AIR [GKR AIR
215 1.59 2.83  [262.84| 155.19 [15.59 0.94
216 2.64 5.03 |275.49| 158.72 |17.62 0.94
217 3.70 6.80 |285.88| 164.91 |[19.78 0.94
218 6.33| 14.29 [301.04] 198.31 |[22.06 0.94
219 12.47| 32.59 [306.60| 285.91 [24.46 0.94
220 22.22| 48.68 |320.98| 428.31 |(27.00 0.94

Table 11: Metrics corresponding to Grand Product. GKR denotes Grand product using techniques
from [GKRO8IThal3],and AIR denotes grand-product check using AoK from Appendix

Proof Size Prover Verifier
Gemini > (d+4)Gy +(d+1)F > (3D + D)G, + O(D)F (2d + 2)G1 4 2G2 + 3e
Zeromorph (d+3)G, (32 —3+1log D +5) Gy + O(D)F|(2d + 2)G1 + 2G2 + 3¢
KZG-FOURIER| 4dF + (2d +1)G: | > O(Dlog?D)F + O(Dlog D)G: |(5d + 3)G1 + 2G2 + 2e
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Table 12: Comparison of Gemini, Zeromorph and KZG-FOURIER for multilinear polynomial. Here
D = 2% where d is the number of variables in the multilinear polynomial, and e is a pairing operation.
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