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Abstract. At EUROCRYPT’20, Bao et al. have shown that three-round
cascading of LRW1 construction, which they dubbed as TNT, is a strong
tweakable pseudorandom permutation that provably achieves 2n/3-bit
security bound. Jha et al. showed a birthday bound distinguishing attack
on TNT and invalidated the proven security bound and proved a tight
birthday bound security on the TNT construction in EUROCRYPT’24.
In a recent work, Datta et al. have shown that four round cascading of the
LRW1 construction, which they dubbed as CLRW1* is a strong tweakable
pseudorandom permutation that provably achieves 3n/4-bit security. In
this paper, we propose a variant of the TNT construction, called b-TNT1,
and proved its security up to 237/4 queries. However, unlike CLRW1*, b-
TNT1 requires three block cipher calls along with a field multiplication.
Besides, we also propose another variant of the TNT construction, called
b-TNT2 and showed a similar security bound. Compared to b-TNT1,
b-TNT2 requires four block cipher calls. Nevertheless, its execution of
block cipher calls can be pipelined which makes it efficient over CLRW1%.
We have also experimentally verified that both b-TNT1 and b-TNT2
outperform CLRW1*.

Keywords: Tweakable Block Cipher, Tweak-aNd-Tweak, Cascaded LRW1,
Beyond Birthday Bound Security, Mirror Theory, Expectation Method.

1 Introduction

A tweakable block cipher is a rich cryptographic primitive that serves to intro-
duce variability within the cipher’s structure. A tweakable block cipher is defined
as a family of permutations E : K x T x {0,1}™ — {0,1}" indexed by secret key
k € K and public tweak ¢ € T. A prototypical design of a tweakable block cipher
originally appeared in the Hasty Pudding Cipher [43], where an extra input,
known as “spice” served the role of a tweak besides the key and the plaintext, to
a block cipher. The actual intention of spice is to introduce randomization in the
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choice of the permutation family. Later in [32,33], Liskov, Rivest, and Wagner
formalized the design and referred to the primitive as a tweakable block cipher.

Tweakable block ciphers have received significant acceptance as a fundamen-
tal cryptographic object. Over the years, TBCs have found diverse applications,
in designing of AE schemes, e.g., Deoxys [27], Romulus [36], and several other
candidates of AE schemes [1,4,5,8,15,20,38,41]. TBC has also been extensively
used in designing many AE candidates for NIST and CAESAR competitions, in-
cluding [16,22,25-27,44]. Besides, TBCs have also been used in designing wide
block encryption modes [6,39], message authentication codes [8,9,11,24,35,37],
hash functions [14,18,21], and pseudorandom functions [10].

LRW1 and LRW?2, proposed by Liskov et al. [32], are the first examples of
tweakable block ciphers, which are built from block ciphers assuming their strong
pseudorandom permutation security. Over the years, a few variants of the LRW2
construction have been proposed in [7,34,42] which have been shown to be secure
up to the birthday bound of the query complexity. Landecker et al. [31] showed
that cascading two independent LRW?2 constructions, called CLRW2, achieves
security up to 22%/3 queries. Subsequent works [29] have improved the bound
of Landecker et al. [31] from 2n/3 bits to 3n/4 bits. Lampe and Seurin [30]
generalized CLRW2 construction to the cascading of » > 1 LRW2 construction
and proved that it achieves security up to 2"/ ("+2) queries for even r. Although
the bound approaches the optimal security with increasing r, it comes at the cost
of increasing the number of block cipher keys and primitive calls linearly with 7.
Bao et al. [2] showed that the three-round cascading of the LRW1 construction,
called TNT (an abbreviation of “The Tweak-aNd-Tweak”) achieves CCA security
up to 22"/3 queries.

TNT iy, k6, [E](T, M) 2 Exey (T @ Ege, (T @ Exe, (M))).

Guo et al. [17] showed a tight 3n/4-bit CPA security bound of the construction.
Zhang et al. [45] studied the security analysis of the generalized r-round cascad-
ing of the LRW1 construction, called CLRW1" and showed that it achieves CCA
security up to 2("=2"/" queries, with r > 2. Furthermore, when r is odd, the
construction attains enhanced security for up to 20"~/ ("+1) queries.

Jha et al. [28] showed a birthday bound CCA distinguishing attack on TNT,
invalidated the previously asserted security claim of the construction, and proved
a tight birthday bound security of the TNT construction. Recently, Datta et
al. [13] showed that four round cascading of the LRW1 construction, called
CLRW1*, achieves CCA security up to 23"/4 queries. In fact, this result is the
first one that provably shows the minimal number of rounds required for cas-
cading LRW1 construction to ensure beyond-birthday-bound security against all
CCA adversaries. We would like to mention that a parallel work of [13] also
established a similar security bound of the construction [28].

1.1 Owur Contribution

Birthday bound security of the TNT construction has rendered the designer to
include one extra block cipher call in CLRW1? construction to achieve beyond-
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birthday-bound security. However, this additional invocation of the block cipher
comes at the cost of evaluating it for every query. Moreover, to accommodate the
decryption query, one needs to invoke the decryption circuit of the extra block
cipher for every distinct ciphertext. Besides, we cannot execute the additional
block cipher call in parallel to the execution of the TNT construction, i.e., to
evaluate Eg,, one needs to wait for the output of TNT to become available.

T T KoT
TR S Sy B S

Fig.1: b-TNT1 construction based on three block cipher calls and a field multi-
plication.

To address the above issues, we propose a simple fix to the TNT construc-
tion that does not require any extra block cipher call. In particular, we blind
the output of the TNT construction by multiplying an n-bit secret key with the
tweak and call the resulting construction b-TNT1. A pictorial description of the
construction is shown in Fig. 1. Since the field multiplication is less costly than
evaluating a block cipher, our proposed construction outperforms CLRW1* in
terms of throughput while retaining a similar level of security bound. Although
b-TNT1 is better than CLRW1* in terms of throughput, it incurs a larger hard-
ware area compared to CLRW1* due to the involvement of two different opera-
tions on the cipher. As a result, we propose b-TNT2, an another variant of the
TNT construction, where we blind the output of the TNT construction with an
encryption of the tweak. A pictorial description of the construction is shown in
Fig. 2. Unlike CLRW1*, the last block cipher call of TNT can be executed par-
allel to that of the TNT construction. One can also pre-computes the last block
cipher which becomes advantageous while making queries with same tweak.

Fig. 2: b-TNT2 construcion based on four block cipher calls.
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In this paper, we have shown that both b-TNT1 and b-TNT2 provide security
up to 23"/4 queries. In particular, we have the following security results, the
proofs of which are deferred to Sect. 3.

Theorem 1. Let E : {0,1}" x {0,1}™ — {0,1}" be a block cipher. Then, for
any (q,t) adversary A% against the strong tweakable pseudorandom permutation
security of b-TNT1 with q < 23"/, there exists a (q,t') adversary A’ against the
strong pseudorandom permutation security of E, where t' = t, such that

3¢2  5¢*3 45t 1

Advi B (A) < 3AdvEPRP (A ot o o+ g

Theorem 2. Let E : {0,1}* x {0,1}" — {0,1}"™ be a block cipher. Then, for
any (q,t) adversary A against the strong tweakable pseudorandom permutation
security of b-TNT2 with q¢ < 23"/*, there exists a (g,t") adversary A’ against the
strong pseudorandom permutation security of E and a (u,t') adversary B against
the pseudorandom permutation security of E, where u denotes the number of
distinct tweaks queried and t' = t, such that
2 4/3 4
AdTERE(A) < BAAVERF (N) + AdvERF (B) 2L 00 50
We have experimentally verified that both b-TNT1 and b-TNT2 perform
better than the CLRW1* in terms of throughput while achieving a similar level
of security bound.

2 Preliminaries

Notation. For ¢ € N, we write [g] to denote the set {1,...,q}. For two natural
numbers a and b such that a < b, we write [a, b] to denote the set {a,a+1,...,b}.
For a natural number n, {0,1}" denotes the set of all binary strings of length
n, and {0,1}* denotes the set of all binary strings of arbitrary length. For a
natural number n and ¢, we write z? to denote a g-tuple (x1, 2, ..., x,) where
each z; € {0,1}". We write ¢ to denote the set {z; : i € [¢]}. By an abuse
of notation, we also write z? to denote the multiset {z; : i € [¢]} and p(z9,x)
denotes the multiplicity of z € x9. We also write u, to denote the multiplicity of
x € 29, when the multiset 27 is understood from the context. For a set Z C [g]
and a g-tuple 2%, we write 27 to denote the sub-tuple (z;);cr. We write a 2-ary
tuple (z9,y?) to denote the ¢ tuple ((z1,vy1), (x2,¥y2);-- -, (%4, Yq)), Where each
x;,y; € {0,1}™. We write © + y to denote the assignment of the variable y to z.

For a random variable X, X <3 {0,1}" denotes that X is sampled uniformly
at random from {0, 1}". For a tuple of random variables (X1, ..., X,), we write
(X1,...,Xq) <5 {0,1}" to denote that each X, is sampled uniformly from
{0,1}" and independent to all other previously sampled random variables. We

8 A (g,t) adversary A is one that makes a total of ¢ queries to the oracle with running
time of at most ¢ steps.
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write (Xi,...,X,) ¢— {0,1}" to denote that each X; is sampled uniformly
from {0,1}" \ {X1,...,X;-1}. The set of all permutations over {0,1}" is de-
noted as Perm(n). We say that a 2-ary tuple (2%, y?) is permutation compatible,
denoted as x? «~ y?, if there exists at least one permutation P € Perm(n) such
that for all ¢ € [¢], ; = z; & y; = y;,7 # j € [q]. Moreover, if (z9,y?) is
not permutation compatible, then we denote it as z? BN y9. For three tuples
2 = (21,22, ..,2q), Y7 = (Y1,Y2,---,Yqg), and A = (A1, g, ..., Ay) of ¢ n-bit
elements, we write 29 @ y? = A%, if for all i € [g], it holds that x; @ y; = A;. For
integers 1 < b < a, we write (a), to denote a(a—1)...(a—b+1), where (a)p =1
by convention.

2.1 (Tweakable) Block Cipher

Let n, k,t € N be three natural numbers. A block cipher E : {0,1}" x {0,1}" —
{0,1}" is a function that takes as input a key k € {0,1}* and an n-bit string
x € {0,1}™ and outputs an element y € {0,1}"™ such that for each k& € {0, 1},
E(k,-) is a bijective function from {0,1}" to {0,1}". A tweakable block cipher
(TBC) is a mapping E : {0,1}* x {0,1}! x {0,1}" — {0,1}", such that for all
key k € {0,1}* and for all tweak T € {0,1}!, E(k,T,-) is a permutation over
{0,1}"™. A tweakable permutation with tweak space {0,1}' and domain {0,1}"
is a mapping P : {0,1}f x {0,1}" — {0,1}™ such that for all tweak T' € {0,1}",
P(T,-) is a permutation over {0, 1}". We write TP({0, 1}¢,n) to denote the set of
all tweakable permutations with tweak space {0,1}* and n-bit messages. We fix
positive even integers n, k (resp. t) to denote the block size, key size (resp. tweak
size) of the block cipher (resp. tweakable block cipher) respectively in terms of
number of bits.

2.2 Security Definition of (Tweakable) Block Cipher

Let E be a tweakable block cipher and A be a non-trivial (g, t) adaptive adversary
with oracle access to a tweakable permutation and its inverse with tweak space
{0,1}! and domain {0, 1}". The advantage of A in breaking the strong tweakable
pseudorandom permutation (STPRP) security of E is defined as
AdvETPRP (A) 2 | PrABRCOEL () = 1] _pr{aAPCOR e — )| (1)
where the first probability is calculated over the randomness of K < {0,1}" and
the second probability is calculated over the randomness of P <s TP({0, 1}, n).
When the adversary is given access only to the tweakable permutation and not
its inverse, then we say the tweakable pseudorandom permutation (TPRP) ad-
vantage of A against E. We say that E is (¢, t,€) secure if the maximum strong
tweakable pseudorandom permutation advantage of E is € where the maximum

is taken over all distinguishers A that makes a total of ¢ queries to its oracle
and runs for time at most t. We assume throughout the paper the tweak size ¢
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of the tweakable block cipher is equal to its block size n. When the tweak set is
empty, then the notion of STPRP (resp. TPRP) boils down to the SPRP (resp.
PRP) security.

2.3 Mirror Theory For Tweakable Random Permutations

Mirror theory fundamentally works for bounding the pseudorandomness of the
sum-of-permutations [3,12,19,40] based constructions with respect to a random
function. However, its traditional setup is not suited for bounding the pseudo-
randomness of tweakable block ciphers with respect to tweakable random per-
mutation. Jha and Nandi [29] developed a variant of mirror theory result tailored
for tweakable tweakable random permutations. We revisit their result below.

For a given system of linear equations £, we associate an edge-labeled bi-
partite graph £(G) = (X U Y, &) with the labeling function L, an edge (z,y)
with label X is called an isolated-edge if the degree of both x and y is 1. We say
that a component C is a star if £&¢ > 3, where ¢ denotes the number of vertices
in component C, and there exists an unique vertex, called center verter, with
degree {¢ — 1 and all the other vertices have degree exactly 1. A component C
is called X-type (resp. Y-type) if the center vertex of the component C lies in X
(resp. V).

For a given system of linear equations £ and its corresponding associated
equation graph £(G), we write « (resp. 3, ) to denote the number of isolated
edges (resp. number of components of X-type and number of components of
Y-type). Similarly, ¢g; denotes the number of equations such that none of its
variables have collided with any other variables. g denotes the number of equa-
tions of X-type and g3 denotes the number of equations of Y-type. Note that
a = q;. Following result from [29] has given a lower bound on the number of so-
lutions for a given system of linear equations £ such that X/ values are pairwise
distinct and Y] values are pairwise distinct.

Theorem 3. Let L be a system of the linear equation as defined above with
q <272 and any component of L(G) have at most 2"~ edge. Then the number
of tuple of solution (x1,x2, ..., Tqx,Y1,Y2,---,Yqy ) of L, denoted by h(q), where

x; # x5 and y; # yj, for all i # j, satisfies

Bty
13¢*  2¢? 2\ 4%\ 2Mai+stas X 2N qitast
h > 01— —= — = E - 1 a3 1tety (o
(q) - ( 23n 22n Bt CZ 22n X H (27;);“ ( )

AEANT

where (; denote the number of edge in i-th component Vi € [a + 8 + 7].

3 Proof of Theorem 1 and Theorem 2

This section is devoted to establishing the security bound as demonstrated in
Theorem 1 and Theorem 2. Due to the structural similarity of the proofs of
Theorem 1 and Theorem 2, we present a combined proof of both the results.
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However, we will explicitly highlight the differences between the proofs of the
two constructions.

From now onwards we use the notation b-TNTd, where d = 1 stands for the
construction b-TNT1 and d = 2 denotes the construction b-TNT2. Initially, we
replace the three independently keyed block ciphers, Ex,,Ex, and Eg,, used in
the constructions with three independently sampled n-bit random permutations,
Py,P2 and P3 (for b-TNT2 fourth block cipher Ex, will be replaced by another
independently sampled n-bit random permutation P4). This substitution comes
at the cost of the strong pseudorandom permutation advantage of the underlying
block cipher (replacement of Ex, comes at the cost of pseudorandom permuta-
tion advantage). We denote the resulting construction as b-TNTd*. Therefore,
we have

5
—_—~—
3AAVEPRP(A) + AdvTREEL (A), ford =1
3AAvETRP (A) + AdVERT (B) + Advi 3 (A), for d =2
N———————

5*

Advimirg (A) <

where A’ is a (q,t') adversary such that ¢’ = ¢t. Our goal is now to upper bound
6*. Note that, we have
5% < max Pr[Ab—TNTd*,(b—TNTd*)’l —1] - Pr[AE’EA -1,
A

where P «s TP({0,1}",n). This formulation of the problem now allows us to
use the Expectation Method [23].

3.1 Description of the Ideal World

The ideal world consists of two stages: in the first stage, which we call the on-
line stage, the ideal world simulates a random tweakable permutation P, i.e.,
for each encryption query (M,T), it returns P(M,T). Similarly, for each de-

~—1
cryption query (C,T), it returns P (C,T). Since the real world releases some
additional information, the ideal world must generate these values as well. The
ideal transcript random variable X;q is a 9-ary g-tuple

(M9, T9,C9,X9,Y9, U9, VI, W K (for d = 1)/Z9(for d = 2))

defined below. However, the probability distribution of these additional random
variables would be determined from their definitions. The initial transcript con-
sists of (M9,T9,C?), where for all ¢ € [q], T; is the i-th tweak value, M; is
the i-th plaintext value, and C; is the i-th ciphertext value. Once the query-
response phase is over, the next stage of the ideal world begins, which we call
the offline stage. In the offline stage, the ideal world samples the intermediate
random variables as follows: let us define the set

M(M?) = {z: 2z = M,;,i € [q]}.
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Let us assume that m := |M(M?)| be the number of distinct plaintexts. Then,
it samples
wor
Xoy, Xags s Xa,, {0,137,

where (z1, 22, ..., ;) is an arbitrary ordering of the set M(M?). For d =1 the
ideal world samples a key K < {0,1}" independent over X,, and for d = 2 it
samples the intermediate random variables Z9,

Zoys Zags ooy Zay < {0, 1},

where (21, 22, ..., 2¢) is an arbitrary ordering of the set, T(T?) = {z: 2 =1T;,i €
[q]}. Let us assume that ¢ := |T(7'7)] is the distinct number of tweaks. Moreover,
Z,, is independently sampled with X,,. From these sampled random variables
(Xar, Xags - Xa,, ), we define ¢g-tuple X9 as follows: X9 = (X7, Xo,...,X,)
such that X; = Xy, and Z? = (Z,Zs,...,Z,) such that Z; = Zp,. Having
defined g¢-tuple of random variables X7, we define two g¢-tuples (Y9, W9) as
follows: for each i € [q],

C;io(KoT), ford=1,

Yi=X;0T;, W; =
Z; ® C;, for d =2.

Given this partial transcript, X{; = (M9,79,C9, X%, Y9, W1, K or Z?), we wish
to define whether the sampled value X? and (K or Z?) is good or bad. We say
that a tuple (X9, K or Z7) is bad if one of the following predicates hold:

1. Badg: K = 0" (This condition is only for d = 1).

2. Bad; (cycle of length 2): Ji,j € [g] such that the following holds:

Y, =Y, Wi = W,

Bada: [{(4,) € [q] 17 # 4, Y; = YV;}| > ¢*/°.

Bady: [{(4,5) € [a]? +4 # j, Wi = W;}| > ¢*/2.

5. Bady (Y-W-Y path of length 4): 3i, 5, k, 1 € [¢] such that the following
holds: Y; = Y;, W, = Wy, V;, = Y.

6. Bads (W-Y-W path of length 4): 3i, 4, k, [ € [¢] such that the following
holds: Wi = Wj,Yj = Yk,Wk = Wl.

. J

If the sampled tuple (X4, K or Z?) is bad, then U? and V¢ values are sampled
degenerately, i.e., U; = V; = 0 for all ¢ € [g]. That is, we sample without main-
taining any specific conditions, which may lead to inconsistencies. However, if
the sampled tuple (X9, K or Z?) is good, then we study a graph associated with
(Y2, W?). In particular, we consider the random transcript graph G(Y?, W?)
defined as follows: the set of vertices of the graph is Y7 U W4. Moreover, we put
a labeled edge between Y; and W; with label T;. For two distinct indices ¢ # 7,
if Y; =Y}, then we merge the corresponding vertices. Similarly, for two distinct
indices, if W; = W, then we merge the corresponding vertices. Therefore, the
random transcript graph G(Y4, WW?) is a labeled bipartite graph. Now, we have
the following lemma which asserts that the random transcript graph G(Y'4, W?)
is nice if (X9, K or Z9) is good.

=
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Fig. 3: Type-1 is a graph of isolated edges, and the maximum path length of a
Type-1 graph is one. Type-2 is a star graph with Y being the centered vertex,
and Type-3 is also a star graph with W being the centered vertex. The maximum
path length of Type-2 and Type-3 graphs is two. Type-4 is a connected graph
that is not an isolated edge or a star. It can have degree 2 vertices in both Y
and W. The maximum path length of the Type-4 graph is three.

(a) Type-1. (b) Type-2. (c) Type-3. (d) Type-4.

Lemma 1. The transcript graph G := G(Y9,W49) generated by a good tuple
(X9, K or Z9) is nice, i.e., it satisfies the following properties:

e G is simple, acyclic, and has no isolated vertices with no adjacent edges such
that their labels are equal.

e mazimum component size of G is 2q°/°> and every component of G is either
a star graph, isolated edges, or contains a path of length 3.

2/3

Proof of this lemma is included in Appendix A. We depict the type of sub-
graphs generated from a good tuple (X9, K or Z9) in Fig. 3. After describing
the potential structure of random transcript graphs, we define the sampling of
(U4,V1) when (X9, K or Z9) is good. Referring to Fig. 3, we observe four types
of possible random transcript graphs for a good tuple (X%, K or Z%), denoted
as G1,Ga,Gs, and G, respectively, where G; is a Type-i graph, for i € [4].

e (G is the union of isolated edges.

e ( is the union of star components containing Y as centered vertex.

e (3 is the union of star components containing W as centered vertex.

e (G, is the union of components containing at least one path of length three.

Therefore, we define for each b € [4],
Iy ={i€lq]: (Y, W;) € Go}.

Since, the collection of sets 7 are disjoint, we have [¢] = 7y UZy UZ3 U Zy. We
define Z = 7; UZ5 LU Z3. Now, we consider the following system of equations

where U; = Uj if and only if Y; = Yj. Similarly, V; = Vj if and only of W; = W;
for all i # j € [g]. Thus, the solution set of £ is

S = {(wF,vF) s uf e YT v« WE 0k @ ot = T7Y.

Having defined the solution set for £, we now define the sampling of the random
variables (U?,V?) in the ideal world as follows:
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(i) (U%, V1) <s 8, i.e., it uniformly samples one valid solution from the set of
all valid solutions;

(if) For each component C of Ga, let (Y;, W;) € C corresponds to an edge in the
component C such that the degree of both Y; and W is at least 2. Then, we
sample U; < {0,1}" and set V; = U; @ T};

(iii) The final possibility is that for each edge (Y;, W;) € C such that (Y;, W;) #
(Y;,W;), where (Y;,W;) € C. Suppose, Y¥; = Yj, then U; = U; and V; =
U; © T;. Similarly, if Wy = Wj, then V; = V; and U; = V; ® T;.

Therefore, we completely define the random variable represents the ideal world
transcript as follows:

Xig = (M9,T9,C%, X%, Y, U, VI, W9, K(for d = 1)/Z%(for d = 2)).

In this way, we achieve both the consistency of the equations in the form {U; ®
V; = T;} and the permutation compatibility within each component of the graph
G when the tuple (X7, K or Z?) is good. However, we need to anticipate colli-
sions among U values or V values across different components of the random
transcript graph G, which we will discuss in detail in the next section.

3.2 Definition and Probability of Bad Transcripts

Given the description of the transcript random variable in the ideal world, we
define the set of all attainable transcripts {2 as the set of all ¢ tuples

7= (M?,T9,C%, X9 Y9, U, VI, W, K or Z9),

where M9, T, C1, X9, Y, U VI W Z%€ ({0,1}")4, K € {0,1}", Y1 =X9]
TI,Wi=C1®(KoT?) (ford=1) or W7 = Z9¢CY (for d = 2) and (M9,T9)
is tweakable permutation compatible with (C9,7%). Now, we will discuss what
specific events constitute a bad condition.

- Consider the event YZ <% UZ or W7 «% V7T that occurs while sampling
(U%, V1), where T encodes the edges that belongs to either Type-1 or Type-2
or Type-3 graphs. However, this condition cannot arise as we sample a valid
solution from the set of all valid solutions S;

- Due to the sampling of (U?,V9), it may so happen that Y? & U or
W % Ve,

We define transcripts to be bad depending upon the characterization of the pair
of g-tuples (X%, K or Z?). Following the ideal world description, we say that a
pair of g-tuples (X%, K or Z?) is bad if and only if the following predicate is
true:

BadgV Bad; V Bady V Bads V Bad, V Bads (Bady is only for d = 1).

We say that a transcript 7 is tuple-induced bad transcript if (X%, K or Z9) is
bad, which we denote as

Bad :=BadgV Bad; V Bady V Badz V Bady V Bads (Badg is only for d = 1).
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The other type of event that we need to discard, arises due to the bad sam-

pling of (U?,V?) which causes permutation incompatibility, i.e., Y¢ «w U1 or
W4 <% V4. To bound such bad events, we need to enumerate all the con-
ditions that results to the above inconsistencies. Note that, when the tuple
(X9, K or Z9) is bad, then the transcript is trivially inconsistent as we sam-
ple (U?,V?) degenerately. Therefore, for a good tuple (X9, K or Z9),ifY; =Y;
or W; = Wj, then we always have U; = U; or V; = Vj respectively and hence
in that case permutation inconsistencies won’t arise. Therefore, we say that a
transcript 7 is sampling induced bad transcript if one of the following conditions
hold: for o € [4] and 8 € [o, 4],

- Ucollyg: 3i € Iy, j € Zg such that Y; #Y; and U; = Uj;
- Veollyg: 3i € Iy, j € Zg such that W; # W, and V; = V.

Note that, by varying o and S over all possible choices, we would have ob-
tained 20 conditions, but due to the sampling mechanism of (U?,V?), some
of them could be immediately thrown out. For example, Ucolly;, Ucollis,
Ucollyz,Ucollyy, Ucollas, Ucollss does not get satisfied. Similarly, for Vcoll,g,
where « € [3] and S8 € [, 3]. For the sake of completeness, we listed out all the
20 conditions and combine them into a single event as follows:

Bad-samp := U (Ucolly,g UVcoll, g). (3)

a€l4]
BE[ox,4]

Finally, we consider a transcript 7 € (2,,q if 7 is either tuple-induced bad or it
is sampling-induced bad. All other transcripts 7 € {2500q := 2\ f2baq are good
and it is easy to see that all good transcripts are attainable one.

3.2.1 Bad Transcript Analysis. Now, we analyze the probability of realiz-
ing a bad transcript in the ideal world. Based on the preceding discussion, it is
evident that analyzing the probability of realizing a bad transcript is only possi-
ble if either of the following two conditions, Bad or Bad-samp, occur. Therefore,
we have

€bad = Pr[Xiq € 2paa] = Pr[Bad V Bad-samp] < Pr[Bad] + Pr[Bad-samp], (4)

where these two probabilities are calculated using the ideal world distribution of
the random variables. The following two lemmas establish an upper bound on the
probability of the event Bad and Bad-samp under the ideal world distribution.

Lemma 2. Let X;q and the event Bad be defined as above. Then, for any integer
g such that ¢ < 2" 2, one has

2 5q4/3 1 B
Pr(Bad] < | 27 T ap aw Jord =1,
- 32%_’_6%" 5 fOT'd:Q'
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Lemma 3. Let Xiq and the event Bad-samp be defined as above. Then, for any
integer q such that ¢ < 2" 2, one has
8 4
Pr[Bad-samp] < 23%
Following Lemma 2, Lemma 3 and Eqn. (4), we obtain the probability of bad
transcripts as

2 4/3 4
q 5q 8q 1 _
PI'[X c .Q ] < 22n + on + 23n + on fOI' d - 17
id bad| > 2q2 I 6q4/3 i 8q4 for d — 2
22n on 23n or -~

()

3.2.2 Proof of Lemma 2. Recall that Bad =BadxU Bad; U Bad; U Bads U
Bady U Bads (the condition Bady is only for d = 1). In this section, we bound
the probability of the individual events, and then by virtue of the union bound,
we sum up the individual bounds to obtain the overall bound of the probability
of the event Bad.

0O Bounding Badg. Since K is sampled uniformly at random after the query
response phase is over, the probability that it becomes equal to all zero string is
exactly 27". Therefore, we have

Pr[Badk] = 2% (6)

O Bounding Bad;. Here we need to consider only the case when T; # T};. Note
that if T; = T then M; # M; and C; # Cj, and hence the probability of
the event is 0. Now, when T} # T}, using the randomness of X; and K (or Z;),
the probability of the above event can be bounded by 1/((2" — m) - 2™) (or
1/(2™ —m)(2™ — t)). Therefore, by varying over all possible choices of indices,
and by assuming ¢ < 277!, we have

q?/2%", ford =1,

7
2¢% /2", for d = 2. 0

Pr[Bad;] < {

0O Bounding Bads. We first bound the probability of the event Bads. For a fixed
choice of indices, we define an indicator random variable I; ; which takes the value
1ifY; =Y}, and 0 otherwise. Let I = > I, ;. By linearity of expectation,

i#j
q2
E[l] =) Ell;] = Prly;=Y;] < ..
i#j i#j

Applying Markov’s inequality, we have

4/3

2
. q 1 q
PrlBady] = Pr{l{(i.) € lo* - i =¥}l 2 ) < G x =G )
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0O Bounding Bads. Using a similar argument as used in bounding Bads, we have

4/3

Pr[Bads] < ‘127 (9)
O Bounding (Bady | Bady). Let us consider the event (Bads | Badz). Due to
Bady, the number of (4, j), (k,1) pairs such that ¥; =Y} and Y3 = Y] holds is at
most ¢*/3. For each such choices of i, j, k, [, the probability of the event W; = Wy,
e, KO(T;@Ty) =C;®Cy (ford=1) or Z; ® Z;, = C; & Cy, (ford = 2)
holds with at most 1/2" (for d = 1) or 1/(2" —t) (for d = 2). This is due to the
randomness of K or Z values. Therefore,

q*/3/2", ford =1,

10
2¢*/3 /2", for d = 2. (10)

Pr[Bad, | Bady] < {

O Bounding (Bads | Bads). Using a similar argument as used above and using
the randomness of X values, we can obtain

4/3
2n

Finally, by combining Eqn. (6), Eqn. (7), Eqn. (8), Eqn. (9), Eqn. (10) and
Eqn. (11), we obtain the result.

Pr[Bads | Bads] < (11)

3.2.3 Proof of Lemma 3. Recall that from Eqn. (3) we have

Pr[Bad-Samp] < Pr U (Ucoll,, g UVcoll, g)

a€l4]
BEla,4]

<Y > PrlUcoll,sUVcoll, ). (12)
a€ld] pe{a,...,4}

Now we will bound the probability for different values of («, 8) as follows:
O Case 1: a € [3], 8 € [a, 3]: In the ideal world we have done all the sampling of
U and V consistently for all three Z;,Z, and Z3. Recall that, Z = 7; U Zs U Z3.
Now for any a € [3], 8 € [a, 3], we have

> ) PrfUcolls s UVcoll, 4] = 0. (13)
a€l3] BE[a,3]

O Case 2: « € [3], 8 = 4: For this case we will analyze the probability for a =
1 A B =4 and other five cases will attain the same bound by the same approach
as bounding the probability of Vcoll, g is similar to bounding that of Ucoll, g.
Hence we have to bound only Ucoll; 4. Example 1 in Fig. 4 illustrates the event
Ucolly 4. Recall that

Ucolly 4 := 3 € Iy, j € I, such that V; #Y; and U; = Uj.
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Fig. 4: These are two events where Bad-samp occurs. Example 1 indicates the
event Ucolly 4 ie. 34 € Iy, j € 14, such that Y; #Y; and U; = U;. Example 2
indicates the event Ucolly 4 i.e. 3 0 & p € Zy, such that Y, # Y, and U, = U,.

KM(]z:(]]M}/}:Yk )/l YmYn:)/;leo:[]Z‘M}/P:Y‘I YS

Wi W]' Wk = Wl Wm - Wn Wo WP Wq = VVS
(a) Example 1. (b) Example 2.

Since j € Z4, so Y; — Wj is an edge in some component of 7, say C. This C' is a
connected component having a path of length 3. Hence, at least one of these Y;
and W; have degree > 2. Let us consider following conditions:

(i) deg(Y;) > 2 and deg(W;) > 2: These two vertices of degree-2 clearly im-
plies that there exist k,! # j such that W, — (Y, =Y;) — (W; =W;) - Y,
forms a path of length 3 in C. To satisfy this case, we need E; := (Y} =
Y; AW, = W),

(ii) deg(Y;) > 2 and deg(W;) = 1: In this case having a 3-length path implies
that there exists k, ! # j such that ¥, — (W; = Wy) — (Yx =Y;) — W, path
exists in C. Hence, we need Ey := (Y; =Y, AW, = W)).

(ili) deg(Y;) =1 and deg(W;) > 2: In this case having a 3-length path implies
existence of k,l # j such that W; — (Y; = Yy) — (Wi, = W) — Y] is path in
C. Hence, we need Eg := (Y, =Y, AW, =W;).

Clearly from random sampling of X’s and K we have

Va,b,ce [Q]> Pr[Ya =Y AW, = Wc] < ﬁ

Now clearly from the definition of Ucoll; 4 we have
PI‘[UC011174] = PI“[HZ €Zy,3j,k,lely: U= Uj A (E1 V Es V E3)]
< Z Z PI‘[[Jz = U]] XPI‘[El\/EQ \/E3]
i€T) jAkAIET,

@\ 1 6 _d

As stated before following a similar approach we can achieve the same bound
for other five cases Ucolls 4,Ucolls 4, Vcoll, 4, where a € [3]. Hence
6¢*
> > PrlUcoll, s UvVeoll, 4] < o (15)
a€gl3] p=4
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O Case 3: @ = 4, = 4: For this case we will follow the similar approach as the
previous case. Here we will bound the probability of Ucolly 4 and other case
will attain the same bound by a similar approach as bounding the probability of
Vcolly 4 is similar to that of bounding Ucolly 4. Hence, we have to bound only
Ucolly 4. Example 2 in Fig. 4 illustrates the event Ucoll, 4. Recall that

Ucolly 4 := Fi&j € Z4, such that Y; #Y; and U; = U;.

Since j € Z4, so Y; — Wj is an edge in some component of Z4 say C. This C is a
connected component having a path of length three. Hence at least one of these
Y; and W; have degree > 2. Now, following the same approach as the previous
case, we will have same Eq,Ey,E3 for some j # k # [ € Z,. Then we will have

the same final bound A

q
Pr{Ucolly 4] < 25n-
Moreover, we will have same bound for other case Vcolly 4. Hence, we have
2¢*

Pr{Ucolly UVcolly 4] < 230 (16)

The result follows by combining Eqn. (13), Eqn. (15), and Eqn. (16).

3.3 Analysis of Good Transcripts

We fix a good transcript 7 = (M9,T?,C?, X9, Y9, U9, VI, W K or Z9) and we
have to lower bound the real interpolation probability and upper bound the ideal
interpolation probability.

Lemma 4. Let X, (resp. Xiqa) be the transcript random variable induced by
the interaction of adversary A with the real (resp. ideal) world. For any good
transcript T and with the notations defined above, we have

§2+€s
Pr[X;e = 7] 13¢*  2¢° 2\ 4¢®
e ZT o (o2 2 2| 29 1
Pr[xid — 7-] — ( 23n 922n ) Z Ci 22n ( 7)
1=e1+1
Using Eqn. (5), Lemma 4 and the Expectation Method, both theorems follow.

The proof of the above lemma and the subsequent analysis can be found in
Appendix B.

4 Experimental Results

We have implemented CLRW14, b-TNT1, and b-TNT2 using AES-NI instructions
and school book multiplication with instruction PCLMULQDQ. The target pro-
cessor is an Intel Core i9-9960X at 3.10 GHz. The results in cycles per byte
are shown in Table 1. The source code was compiled with GCC 10.2.1 with 03
optimization. In the target processor, one AES round takes four clock cycles as
it has a skylake architecture.
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Table 1: Cycles and cycles per byte for proposed constructions, constructions
labeled with * also include the key schedule cost.

l Construction [ Cycles [ Cycles per byte ‘

CLRW1% 184 11.5
b-TNT1 150 9.37
b-TNT2 164 10.25
CLRW1*« | 1719 107.44
b-TNT1x | 1240 7.5
b-TNT2« | 1645 102.81

If the proposed construction would be implemented in hardware, b-TNT1
would be the biggest one because it needs an additional multiplier besides one
AES core. A sequential AES hardware implementation takes eleven clock cy-
cles, while a multiplication can take two or four clock cycles, depending on the
desirable speed. The best option for hardware implementation is to compute
the round keys on the fly; this saves registers. So, for hardware implementation,
b-TNT1 is not the best option as the throughput per area is less than for the
other constructions based only on a block cipher.

Table 1 shows that reducing one permutation key has a notable impact as
the key schedule is very costly; this is achieved for b-TNT1 construction. Both
proposed constructions improve CLRW1* as they need fewer clock cycles. It is
important to note that all the AES calls are executed sequentially in all con-
structions. CLRW1%% and b-TNT2x use four key schedules, but b-TNT2x has two
AES calls that can be performed in parallel or pipelined. It requires fewer clock
cycles than CLRW1*%. The best performance is for b-TNT1, as it changes one
block cipher call for one multiplication.

5 Conclusion

In this paper, we have proposed b-TNT1 and b-TNT2 and have shown that
both of them provably achieve 3n/4-bit strong tweakable permutation security.
We have experimentally verified that the throughput of b-TNT1 is better than
CLRW1* in tens order of magnitude. We have also experimentally validated the
fact that the evaluation of the last block cipher call for b-TNT2 can be made
parallel to the execution of the TNT evaluation, whereas CLRW1? enforces the
evaluation of the last block cipher until the output of the TNT is available. This
phenomenon allows b-TNT2 to achieve a better throughput than CLRW1*.
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Supplementary Material

A  Proof of Lemma 1

It is easy to see that the random transcript graph G(Y?, W?) is constructed in
such a way that it contains no isolated vertices. Here we briefly justify the other
properties of G as follows:

e By virtue of Bady A Bads, the maximum possible length of any path of G is
three.

e Due to Bad;, G contains no multiple edges or a cycle of length two. So, G
being a bipartite graph, the above conditions imply G is simple and acyclic.

e The construction of the transcript graph G implies it has no adjacent edges
with equal labels.

e Owing to Bady A Bads, the maximum component size of G is 2¢*/3. The
maximum occurs when any component has a Y vertex and a W vertex linked
by an edge and both of them have the maximum possible degree ¢%/3. ad

B Proof of Lemma 4 and Subsequent Analysis

We fix a good transcript 7 = (M?,79,C?, X9, Y9, U9, VI, W K or Z9) and
we have to lower bound the real interpolation probability and upper bound
the ideal interpolation probability. Since the transcript is good, we know that
the corresponding transcript graph G is a nice graph and it is composed of the
collection of components depicted in Fig. 3. From the definition of bad transcript
in Sect. 3.2, we know that for a good transcript 7, one must have

(M9, T9) s (C9,T9), Y ns UL, W s VI, U7 @ VI = T,

For i € [4], &(7) and e;(7) denotes the number of components and number of
indices (corresponding to the edges), respectively, of Type-i graphs in 7. There-
fore, we have e1 (1) = &1(7) and e;(7) > 2&;(7) for i € {2,3} and eq(7) > 3&4(7).
However, we have ¢ = e1(7) + ea(7) + e3(7) + e4(7). Let ¢; denote the number
of edges in the i-th component. In our subsequent discussions, we will omit the
parameter 7 whenever it is understood from the context. Recall that m, ¢ denote
the distinct number of plaintexts and tweaks respectively.

B.1 Real Interpolation Probability

In the real world, P; is called exactly m times. Now, since the Type-1 graph is
only isolated edges, so for each one of the isolated edges, Ps, P3 is invoked once.
The type-2 graph is a Y*-star graph, which means that Py is invoked once for
every Type-2 component. However, P3 is invoked for each edge present in each of
the Type-2 components. Similarly, for Type-3 graphs, which are W*-star graph,
P3 is invoked once for every Type-3 component. However, Py is invoked for each
edges present in each of the Type-3 components.



22 R. Bhaumik, W. Choi, A. Dutta, C. M. Lépez, H. Nandi, Y. Shen

Suppose, for Type-4 graph P, is invoked ¢; times. Since e4 is the number of
indices (corresponding to the edges) of the Type-4 graph, therefore, P3 is invoked
(e4 —t1 +&4) times for the Type-4 graph. So, Py is called exactly e; + &2 +e3+ 11
times and Pj is called exactly e; +&s+es+e4 —t1 + &4 times. Py is called exactly
t times (for d = 2 only).

Therefore, the real interpolation probability is

2n1 " on L o ! ’ ford=1
Pr[X,e = 7] = (2")m  (2")ey+eatestts  (27)er+eztestes—ti+es
e =TI = L. 1 . 1 sl ford=2
(2”)m (2ﬂ’)61+£2+63+t1 (2n)61+§3+62+ﬁ4*t1+§4 (2”)t,
(18)

B.2 Ideal Interpolation Probability

In the ideal world, the sampling of the random variables is done in three parts:
in the first part, i.e., in the online stage of the sampling algorithm, it simulates a
tweakable random permutation. Let (77,75, ..., T;) denotes the tuple of distinct
tweaks in 77 and for all ¢ € [t], we have d; = u(T9,T;), i.e., t < ¢ and we have
22:1 d; = q. Then, we have

P(TY M9 — (9] — 1
Pr(P(T, M%) = O] = | L o).,

7=

(19)

In the next stage of the sampling process, it samples the intermediate random
variables. First, it samples the value X? in without replacement manner, i.e.,
X, = X, if and only if M; = M;. Then it samples K (for d = 1) or Z9 (for
d = 2) independently. Since there are m distinct plaintexts and ¢ distinct tweaks.
Therefore, for any pair of ¢g-tuples (29, k) or (z9, 2%), we have

Pr((X9, K) = (2%, k)] = (2j)m - @ (for d = 1)
Pr(X7, 2%) = (9, 27)] = — , (ford = 2) (20)

2")m (27
Now, we sample the intermediate random variables (U?,V'9) in the following two
stages:

- Type-1, Type-2, Type-3 Sampling: Recall that, we have defined three
sets 71, Zo, and Z3 such that ¢ € 7, implies the edge (Y;, W;) belongs to Type-
b graph, for b € {1, 2, 3}. Recall that, we have defined the set T = 7, UZ, U Z;
and the following system of equations

E={U;®Vi=\:icT}

Let (A1, A2, ..., A,) denotes the tuple of distinct elements in A%, and for all
i € [s], we denote g; = (A, \;). Note that, as the transcript is good, the
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system of equations £ does not contain any cycle and is non-degenerate.
Moreover, the maximum component size &y,.x(€) is at most ¢2/3 due to Bady
and Bads. Therefore, we apply Theorem 3 to lower bound on the number of
valid solutions, |S| for €. Since, we sample (UZ,V?) s S and by virtue of
Theorem 3, we have

ilzﬁll (2n)91

Pr UI,VI = uI,vI < ’
[( ) ( )] A (Qn)61+52+63 (2n)61+62+‘£3

(21)

where

§2+83 2
A 13¢*  2¢? 5\ 4q
A= <1 o 23n o 227n B ) Z CZ 22n ' (22)

- Type-4 Sampling: For the indices belongs to Z,, a single value is sampled
uniformly for each of the components, i.e., we have

[ANT 1/ [aN\Ty — (y[aNT laNTy = =
PI‘[(Uq qu )_ (uq 7vq )] - (2n)§4’

By combining Eqn. (27), Eqn. (28), Eqn. (29), and Eqn. (31), we have

[T
i=1

t
1 1 1 —
H (2n)di ' (2”)7" ' W ’ A'(Qn)61+£2+e3 (2n)el+62+£3 (271)54 ,fO]f' d - 1

[1e™s;

t
1 1 1 i=1 _
H (2n)d'i . 2")m ’ (2™)¢ . A'(Qn)E1+52+f‘~3(2n')61+ﬂ2+£3(2n)§4 ,fOI‘ d=2
(24)
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B.3 Ratio of Real to Ideal Interpolation Probability

By taking the ratio of Eqn. (26) to Eqn. (32), we have the following:

T1@™)a; A 2"y +eates (2™ ey teates (2754
=L , ford=1
PI'[X — 7_] H(2 )g f1+52+f3+t1 (2 )f1+n2+£3+64—t1+54
re 2
Pr[Xiq = 7] H(2 A2 ey +eates (2 )er bentes (275
, ford =2
H(2")gi~(2")51+52+53+t1'(2"’)al+52+53+54—t1+§4
i=1
t t
Hl(Qn)fz ’ H1(2n - fi)di—fi AR (2n)€1+€2+63 (2n)€1+62+§3 ' (2n)54
S = i=
_Hl(zn)gi ) (Qn)€1+52+€3+t1 ’ (2n>€1+62+€3+€4*t1+§4
t
1) H ( 2" — fi)di_f'i
2 A . = )
(2" —e1 =& —e3), (2" —e1 —ea — &3 — &a)es—t
P

where f; = u(T%,T%),i € [t]. As the number of distinct internal masking values
Ai is at most the number of distinct tweaks 7; which implies that ¢ > s and by
the virtue of the Definition 2.1 of [29], 77 compresses ? to 2. Hence, following
Proposition 1 of [29], inequality (1) holds.

Proposition 1 ( [29]). For r > s, let a = (ai)icy) and b = (b;);e[s) be two
sequences over N such that a compresses to b. Then, for any n, such that, 2™ >
>oi_y a; holds, we have [](2")a, > [T (2")s,-

i=1 j=1

Moreover, from the following claim, we have p > 1. Finally, by plugging-in the
value of A from Eqn. (30), we have

E2+E€3
Pr[X;e = 7] 13¢*  2¢? 9
WP =T (o224 2T . 25
PrXiq = 7] ( 93n ~ 92n Z;f 22n (25)

Claim 1. With the notations defined above, p > 1.

Proof. Note that, f; denotes the multiplicity of the i-th tweak in the tuple
TT. Hence, by definition, the multiplicity cannot be more than the number of
components of the Type-1, Type-2, and Type-3 graphs as each of the components

? Definition 2.1 of [29] says that a sequence (a;);c[,] compresses to an another sequence
(bi)ic[s], where both the sequences are defined over N if there exists a partition P
of [r] such that it contains exactly s classes Pi,...,Ps and for all i € [s], we have

bi = ZjEP-; a;
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of Type-2 and Type-3 graphs have distinct tweak values. Therefore, f; < e; +
o+ &3 < ep + & + e3. Similarly, f; < e; +& + & < ep +ex + &3 + &4 Note
that, d; denotes the multiplicity of the i-th tweak in the tuple T'?. Therefore, d;
cannot be more than the number of components of Type-1, Type-2, and Type-3

graph and twice that of the number of components of Type-4 graph. Therefore,

di <&+ 86+ 86 +26 <e+& +e3+t,
di <ei+er+E&+es—t +&.

Moreover, it is easy to verify that > (d; — fi) = e4 as the total multiplicity
i=1

of tweaks T' € TI\T is exactly the number of edges in components of Type-4

graph. Therefore, we have the condition that

t

fi<er+& +e3
fi<er+ea+&&+&

di <ejp+&+e3+t
di<eir+es+&+es—t1+&

Z(di —fi)=t1+ (ea —t1) = ey.

i=1

The above conditions satisfy the conditions given in Proposition 2 of [29] and
hence by virtue of Proposition 2 of [29], the result follows. O

Proposition 2 ( [29]). For r > 2, let ¢ = (c;)igly) and d = (d;)iepr) be two
sequences over N. Let aq,az,b1,b2 € N such that ¢; < aj,¢; +d; < a; +b; for
all i € [r],j € [2], and >_i_;di = by + ba. Then, for any n € N, such that
a; +b; < 2" for j € [2], we have

r

[1@" = ci)a, = (2" = a1)p, (2" — a2)s,.

i=1

Let ~y be the equivalence relation over [g] defined as ¢ ~y j if and only if
Y; =Y;. Similarly, ~y be the equivalence relation over [g] defined as i ~y j if
and only if W; = W;. Note that, each (; is the random variable that corresponds
to the cardinality of some non-singleton equivalence classes corresponding to the
equivalence relation ~y or ~yw. Let Ei,Es,...,E, be the equivalence classes
corresponding to the equivalence relation ~y. Similarly, Fi,Fs,... F, be the
equivalence classes corresponding to the equivalence relation ~yy . For every ¢ €
[y], let v; = |E;| and for every i € [w], let v} = |F;|. In other words, v; denotes
the number of occurrences of Y; and v, denotes the number of occurrences of
W;. We define colly to denote the number of colliding pairs in Y'¢. Similarly, we
define colly to denote the number of colliding pairs in W49. Then, we have the
following lemma:
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Lemma 5 ( [29]). Since Elcolly] < g—i, Elcolly] < (%)/2" (ford=1) or
Elcolly] < L (for d = 2), it holds

= 271

] = 2.E[colly] + Zul < 4E[colly] < 447 /2"

=1

= HM@

2¢2/2", ford =1
vi?| = 2.E|coll < 4E|coll
; ; ] [colly +;I/ [colly] < {4q2/2" ford =2

It is easy to see that the expected number of colliding pairs in Y¢ is 2 - (g)/Q",
as for a fixed choice of pairs (i,7), the probability that ¥; = Y; holds with
probability at most 2/2™ due to the randomness of P;. Similarly, the expected
number of colliding pairs in W is (%) /2", as for a fixed choice of pairs (7, j), the
probability that W; = W; holds with probability at most 2~ (for d = 1) or 2/27
(for d = 2) due to the randomness of K (for d = 1) or P4 (for d = 2). Therefore,
due to the fact that X2 and K (or Z9%) are independently sampled (justifies
inequality (2)) and from Lemma 5 (justifies inequality (3)), the following holds.

< v |+ d 26
i= 61+1C i—1 i—1 zn , ford =2 (26)

Finally, by combining Eqn. (5), Equ. (17), Eqn. (34), and by following the Ex-

pectation Method, we have
2 4/3 §21+¢€3
g | 5q 8q 1 13¢*  2¢°
0 < - — +E
i=e1+1
3¢2  5¢*  45¢% 1
< 2% gn 233 + on (for d =1, i.e. for b-TNT1) (27)

or
E2+E3
._ (24*  6¢*°  8¢* 13¢* 242
1=e1+1
402 4/3 4
<A ba 3 (for d = 2, i.c. for b-TNT2) (28)

— 2% on 23n :
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