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Abstract

Proof-Carrying Data (PCD) is a foundational tool for ensuring the correctness of incremental dis-
tributed computations that has found numerous applications in theory and practice. The state-of-the-art
PCD constructions are obtained via accumulation or folding schemes. Unfortunately, almost all known
constructions of accumulation schemes rely on homomorphic vector commitments (VCs), which results
in relatively high computational costs and insecurity in the face of quantum adversaries. A recent work
of Biinz, Mishra, Nguyen, and Wang removes the dependence on homomorphic VCs by relying only
on the random oracle model, but introduces a bound on the number of consecutive accumulation steps,
which in turn bounds the depth of the PCD computation graph and greatly affects prover and verifier
efficiency.

In this work, we propose ARC, a novel hash-based accumulation scheme that overcomes this restric-
tion and supports an unbounded number of accumulation steps. The core building block underlying ARC
is a new accumulation scheme for claims about proximity of claimed codewords to the Reed—Solomon
code. Our approach achieves near-optimal efficiency, requiring a small number of Merkle tree openings
relative to the code rate, and avoids the efficiency loss associated with bounded accumulation depth.
Unlike prior work, our scheme is also able to accumulate claims up to list-decoding radius, resulting in
concrete efficiency improvements.

We use this accumulation scheme to construct two distinct accumulation schemes, again relying
solely on random oracles. The first approach accumulates RS proximity claims and can be used as an
almost-drop-in replacement in existing PCD deployments based on IOP-based SNARKSs. The second
approach directly constructs an accumulation scheme for rank-1 constraint systems (and more generally
polynomial constraint systems) that is simpler and more efficient than the former and prior approaches.

We introduce the notion of Interactive Oracle Reductions (IORs) to enable a modular and simple
security analysis. These extend prior notions of Reductions of Knowledge to the setting of IOPs.
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1 Introduction

Proof-carrying data (PCD) [CT10] is a powerful tool for proving the correctness of distributed computations
that unfold incrementally. PCD has enabled numerous theoretical and practical applications, such as enforc-
ing language semantics in distributed settings [CTV13], complexity-preserving [BCCT13; BCTV17] and
low-memory [NDCTB24] succinct arguments, verifiable MapReduce computations [CTV15], image prove-
nance [NT16], and consensus protocols and blockchains [Mina; KB20; BMRS20; CCDW20; BCG24].

These applications have motivated numerous constructions of PCD [COS20; BCMS20; BCLMS21;
KST22; BC23; KS24]. The state-of-the-art amongst these approaches relies on accumulation [BCMS20;
BCLMS21] or folding [KST22] schemes. At a high level, these schemes enable a prover to efficiently
accumulate arbitrary NP claims into a running ‘accumulator’, so that verifying the correctness of each
accumulation step can be done cheaply, and furthermore the final accumulator can be checked in time that
is independent of the number of accumulation steps. Prior work [BCMS20; BCLMS21] shows how to
construct PCD from any accumulation scheme for a non-succinct argument (NARK): at each step of the
computation, the PCD prover invokes the accumulation prover to accumulate claims about prior steps, and
then invokes the argument prover to assert that (a) the current step was performed correctly; and (b) prior
claims were accumulated correctly. This PCD construction inherits efficiency and expressivity properties
of the underlying accumulation scheme (and NARK), and recent work has made great progress in this
regard: the latest schemes achieve, among other benefits, simple constructions that are easy to analyze
and implement, low cost for verifying accumulation, and efficient support for claims that use custom gates
[GW19]. Unfortunately, existing schemes also suffer from some key drawbacks which we discuss next,
categorized by how the schemes are constructed.

Accumulation from homomorphic vector commitments. The vast majority of accumulation scheme
constructions [BCLMS21; KST22; BC23; EG23; KS23; KS24] use as a crucial building block homomor-
phic vector commitments. Unfortunately, all known constructions of the latter rely on one of two kinds
of number-theoretic assumptions. The first kind relies on the hardness of the discrete logarithm problem
in prime-order groups. This means that the accumulation prover must perform relatively expensive group
operations, and furthermore leaves the schemes vulnerable to quantum attacks. The second kind attempts
to fix the latter issue by relying on lattice assumptions [BC24; FKNP24], but the resulting accumulation
schemes still incur overhead due to their reliance on number-theoretic assumptions.

Furthermore, both kinds of accumulation schemes cannot take advantage of recent advances in the de-
sign and implementation of SNARKSs based on interactive oracle proofs (IOPs) [BCS16], such as the ability
to use small fields [HLLP24; Pol; DP23] and reliance on only cryptographic hashes [BCS16].

Accumulation from homomorphism-checkers. To remedy this, a recent work [BMNW24] constructs
hash-based accumulation schemes that avoid public-key assumptions, achieve plausible post-quantum se-
curity, rely on minimal assumptions (just cryptographic hashes), and are able to take advantage of the afore-
mentioned advances in IOP-based SNARKSs. Unfortunately, their schemes only support a (small) bounded
number of consecutive accumulation steps, and this in turn forces their PCD scheme to declare an a priori
limit on the depth of the computation graph. Additionally, efficiency of the accumulation prover and verifier
worsens as this bound increases; see Section 1.2 for details.

1.1 Our results

In this work, we bypass the aforementioned limitations by constructing efficient hash-based accumulation
schemes that support unbounded accumulation depth. At a high level, our schemes work by replacing



homomorphic vector commitments with (non-homomorphic) Merkle tree commitments to Reed—Solomon
encodings of the NP witnesses being accumulated. Making this high level sketch work requires us to develop
a number of new techniques, which we describe next.

New tool: accumulation for Reed—Solomon proximity claims. The key ingredient underlying the fore-
going results is a new accumulation scheme for claims about the proximity of a claimed codeword to the
Reed—Solomon (RS) code. Our construction makes crucial use of tools that were previously developed
for reasoning about properties of Reed—Solomon codes in the context of succinct arguments [BGKS20;
ACFY24], and shows how to adapt these tools to the accumulation setting.'

In terms of efficiency, our accumulation scheme obtains essentially optimal parameters: asymptotically,
for accumulating claims about proximity to the RS code of rate p, our scheme requires only % Merkle
tree openings, and we can get rid of the factor of 2 when assuming common conjectures about list-decoding
of RS codes [BBHR18; BGKS20].

In comparison, the accumulation verifier of the prior approach of Biinz et al. [BMNW24], which works
for any code but only supports a bounded accumulation depth d, requires O(d\) Merkle tree openings;
this is concretely less efficient than our scheme for any non-trivial depth. We are able to avoid this depth
bound because the techniques underlying our scheme are distance-preserving: if the inputs are at most -
far from the RS code, then so is the output. In contrast, the approach of Biinz et al. [BMNW24] is not
distance-preserving: the output is only guaranteed to be § + e-far from the RS code for some parameter e.
Furthermore, unlike the approach of Biinz et al. [BMNW24], our scheme extends to list-decoding radius
1 — /p, which enables further efficiency improvements.

Reed-Solomon-based accumulation for NP. We leverage the foregoing RS proximity accumulation
scheme to construct two different accumulation schemes for NP that rely solely on random oracles:

* Accumulation for Polynomial IOPs: (Section 6) The first approach relies on the observation that numerous
prior SNARKS can be viewed as reducing checking NP witnesses to checking proximity of codewords to
the Reed—Solomon (RS) code. In more detail, prior work [ACFY24] shows that (the information-theoretic
component of) many IOP-based SNARKSs for an NP relation R can be decomposed into three steps: a
polynomial interactive oracle proof (PIOP) [CHMMVW20; BFS20] for R where the verifier checks that
the prover’s messages (which are guaranteed to be low-degree polynomials) satisfy certain identities, a
transformation from these identities to RS proximity claims [KPV19; ACFY24], and a low-degree test
(LDT) that enforces these claims.

We leverage this decomposition to construct an accumulation scheme for R. Our scheme runs the first
two steps (PIOP and transformation to RS proximity claims) like above, but then, instead of enforcing the
proximity claims via the LDT, accumulates them via our accumulation scheme for RS proximity.

* Accumulation for RICS: (Section 7) Our second approach builds on prior accumulation schemes [BC23;
EG23] which reduce claims about an NP relation R to claims about univariate polynomial identities. Our
construction translates these claims into RS proximity claims and then invokes our accumulation scheme
for the latter. In more detail, the accumulator in our construction now consists of two codewords: one
that corresponds to the RS proximity accumulator and one that contains the accumulated witness to the
polynomial identities. The construction maintains the essentially optimal properties of the underlying

2

accumulation for proximity claims. The accumulation verifier checks only ¢ = m Merkle path open-

ings per input, and the accumulation is distance-preserving (unlike the scheme of Biinz et al [BMNW24]).

'In fact, one can key view (a part of) our scheme as performing the first round of the recent STIR interactive oracle proof of
proximity [ACFY24], which means that it will always be more efficient than STIR.



scheme code IVC overhead per step IVC verifier max. IVC length

PIOP + STIR [ACFY24] RS Atz +1o8(5idrs) Aty + 108(mekssy)) Tur poly(\)
[BMNW24] any d- m d-n m?

this paper (PIOP-based) RS k- m k-n poly(\)
this paper (direct) RS m n poly())

Table 1: Comparison of IVC schemes constructed from PCD over a tree of depth d and arity m. All costs omit
constant factors. All rows except [BMNW24] assume conjectures about proximity-gaps in the list-decoding
radius. IVC overhead per step is measured in number of Merkle tree openings. Above n is the size of the
recursive circuit divided by the code rate p, and T is the time it takes to verify a Merkle Tree opening over
n-sized vectors. Finally, & denotes the number of oracles queried by the PIOP verifier. The IVC verifier in the
accumulation-based constructions can be outsourced using a SNARK, e.g., using STIR.

The two approaches are useful in different settings. The first approach offers an easy path to improve the
efficiency of existing PCD constructions rely on recursive composition of IOP-based SNARKSs: simply
replace the LDT with our RS proximity accumulation scheme. On the other hand, the second approach, by
avoiding PIOPs, is able to attain a design that is simpler and more prover- and verifier- efficient than prior
work, and is hence better for new systems.

New model: interactive oracle reductions. Along the way, we formalize a new notion of interactive
and probabilistic reduction protocols that we call interactive oracle reductions (IORs). Roughly, an IOR
from relation R to relation R is an interactive protocol between a prover and a verifier that convinces the
verifier that a claimed instance X; is in R if and only if another instance X3 is in Ro. IORs can be seen as
the IOP analogues of reductions of knowledge [KP23]. We show how to compile IORs to non-interactive
reductions by adapting the BCS transformation [BCS16].

We show how to interpret accumulation schemes as applying IORs for specific pairs of relations, and this
perspective allows us to construct accumulation schemes in a straightforward manner, and also significantly
simplifies our security proofs.

1.2 Related work

Bounded-depth accumulation. As noted in Section 1, the only prior hash-based accumulation scheme is
that of Biinz et al [BMNW?24]. Unlike our work, their scheme supports any (constant-distance) linear code,
including those that enjoy linear-time encoding algorithms [Spi96; DI14; GLSTW23]. However, this benefit
comes with a severe drawback: their scheme only supports a bounded number of consecutive accumulation
steps. In more detail, they construct a family of accumulation schemes that are parameterized by a depth
bound d. This bound affects the choice of the code (larger d requires better code distance), and hence also
prover efficiency (better distance results in worse rate and hence larger Merkle trees) and verifier efficiency
(larger d requires more Merkle tree openings). We also note that the PCD scheme constructed from their
accumulation scheme inherits this depth bound, and, even worse, suffers from a concrete attack once the
depth of the computation graph exceeds the bound.

In contrast, because our scheme does not have a depth bound, we can fix (for each input size) a code
with rate and distance that minimizes prover and verifier costs. For instance, we can arbitrarily choose rate
1/2 to minimize prover costs, or rate 1/4 or even 1/8 to reduce verifier costs. We are also not vulnerable to



the aforementioned attack.

[BMNW24] also introduce several optimizations for [OP-based-accumulation IVC constructions. These
include batch committing to multiple input accumulators, in order to reduce the number of oracle queries.
These optimization also apply to our constructions.

Accumulation from hardness of discrete logarithms. As noted in Section 1, most existing accumula-
tion schemes [BGH19; BCMS20; BCLMS21; BDFG21; KST22; KS23; BC23; EG23; KS24] rely on the
hardness of computing discrete logarithms over elliptic curve groups. This in turn requires the use of cryp-
tographically large fields both to express the computation, which can incur overheads if the computation
does not need such large fields (e.g., it performs arithmetic over small integers). Furthermore, efficient
implementations require cycles of elliptic curves, which are tricky to use correctly in practice [NBS23].

Accumulation from lattice assumptions. Some recent works [BC24; FKNP24] construct plausibly post-
quantum accumulation schemes from lattice-based assumptions such as SIS and Module-SIS. Unlike our
work, they depend on additional assumptions beyond random oracles.

PCD from I0P-based SNARKSs. A number of recent works have constructed PCD directly from IOP-
based SNARKSs [COS20; Pol]. These works follow the standard methodology of constructing PCD from
succinct arguments [BCCT13; BCTV14]: to prove a t-step computation, the PCD prover invokes the prover
for the underlying SNARK to assert that not only was the ¢-th computation step performed correctly, but
also that there exists a valid SNARK proof for the first ¢ — 1 steps.

While these PCD schemes inherit the benefits of their underlying SNARKSs (e.g., plausible post-quantum
security, concretely efficient provers, reliance only on cryptographic hashes, etc.), they incur high asymptotic
and concrete PCD overhead due to the need to express the SNARK verifier as an arithmetic circuit. This
is problematic, as it lower-bounds the computations for which PCD is effective: for computations that are
cheaper than the SNARK verifier, the PCD prover spends most of its time proving the latter instead of the
actual computation.

Asymptotically, even incorporating state-of-the-art improvements like STIR [ACFY?24] results in a ver-
ifier that requires O (log n + Alog log n) Merkle tree openings, whereas our accumulation-based approaches
would require only O()\) openings. Concretely, when instantiating the Merkle tree with an arithmetization-
oriented hash function like Poseidon [GKRRS21], Fractal’s verifier circuit is of size at least 1.1 million gates
[COS20]. In contrast, using our direct approach to accumulate R1CS claims of 220 constraints requires only
roughly 200, 000 gates without standard optimizations used by Fractal like proof of work or tree caps, and
without using high-degree custom gates which our construction supports cheaply. (We set the rate of the RS
code to be 1/16, which results in 128/ 1log,(1/(1/16)) = 32 Merkle tree openings.)

PCD from other SNARKSs. The earliest work on efficient constructions of PCD proceeded by recursive
composition of pairing-based SNARKs [BCTV14]. Like accumulation-based PCD that rely no prime-order
groups (i.e., without pairings), these constructions also require a cycle of elliptic curves to attain efficient re-
cursion. However, unlike the case for non-pairing curves, cycles of pairing-friendly curves are rare [CCW19;
BJS23], and current constructions that meet 128-bit security levels require arithmetic over 1000-bit prime
fields [Gui].



2 Techniques

We introduce interactive oracle reductions, a notion which extends interactive oracle proofs [BCS16;
RRR16] to capture reductions, a framework recently introduced by Kothapalli and Parno [KP23].

(x,w) e R X (x,w) € R X (X,y,w) € R (X,Y)
! ! ! ! v . ¥
m m o
PR PR P
1 1 \ 1 1 1
1 0/1 w’ X’ w’ (X', y)
Argument of Knowledge Reduction of Knowledge Interactive Oracle Reduction

In a reduction of knowledge, a prover P and verifier V interact to reduce the claim that an instance X is
in a language £(R) into the claim that a new instance X’ is in a new language £(R’). Moreover, if P knows
a new witness W with (X', w’) € R’, then it must also know a witness W with (X,w) € R. As an example, a
folding scheme [BCLMS21; KST22; BC23; KS24] is a reduction from R X R to R.

The language of reductions seems to, in spirit, capture the protocols we construct. However, reductions
of knowledge as described by Kothapalli and Parno [KP23] do not capture (1) instances which contain oracle
strings Y; and (2) verifiers having oracle access to prover messages I, which are features we need to analyze
our protocols. Interactive Oracle Proofs of Proximity (IOPPs) [BCGRS17] roughly capture these features,
but are not reductions: in an IOPP, the verifier simply outputs a bit and not a new instance.

Therefore, we define an interactive oracle reduction for a relation R := {(X,y,W)} as an interactive
protocol between a prover and a verifier, where the verifier is given access oracle access to instance strings
y and prover messages II. At the end of interaction, the prover outputs a new witness W' and the verifier
outputs a new instance (X',y’), where Y’ is selected from either the input oracle strings or those sent by the
prover. Informally, if this new tuple (X',y’,w’) belongs to R’, then the prover knows of a corresponding
witness W such that (X, y, w) belongs to R.

IORs, accumulation, and PCD. By adapting the BCS transformation [BCS16], we show that IORs can be
compiled into non-interactive reductions in the random oracle model. We then prove that an accumulation
scheme for a relation R can be constructed from the following (non-interactive) components:

1. A reduction from R to an intermediate relation R acc.

2. A many-to-one reduction from R e to Racc. Here, R is defined to be the multi-instance relation

{(X1y e s Xem)y (W, ooy Wiy)) 2 Vi€ [m], (Xi, Wi) € Race)-

Assuming that R is NP-complete, prior work [BCLMS21] has shown how to construct proof-carrying data
from such an accumulation scheme.

2.1 Accumulation for Reed—Solomon proximity claims

Let C C F™ be a Reed—Solomon code. Suppose we have two vectors f1, fo € F™. Our goal is to reduce the
claim that f; and f are d-close to C to the claim that a related vector f is §-close to C.” For simplicity, we
assume that J is at most the unique decoding radius of the code.

A natural approach is to take f to be a random linear combination of f; and fs; indeed, proximity gaps
for Reed—Solomon codes [BCIKS23] tell us that if either fi or fo is d-far, then f := f1 + r - fo will be
d-far with high probability. However, this fact alone does not give us a many-to-one reduction for proximity

>Two vectors f, g € F™ are §-close if they agree on at least a (1 — §)-fraction of entries. We say that a vector £ is d-close to C
if there exists a codeword which is d-close to f.



claims. The issue is that f is a “virtual” object defined over two vectors; whenever the verifier queries f[i,
it is implicitly querying f1[i] and f»[i]. This implies that the new claim doubles in size (concretely, 2n + 1
field elements). Ultimately, in order to realize accumulation, the size of the new claim must be independent
of the number of old claims.

Prior work. We first recall the approach taken in [BMNW24]. After the verifier samples r, the prover
sends a new vector f which is claimed to be f1 + - f2. The verifier tests this by sampling a random location
i € [n] and checking that the vectors are consistent at the i-th entry: f[i] = fi[i]+7- f2[i]. By repeating this
spot check ﬁ times, the verifier ensures that f is e-close to f1 + r - fo with high probability. Hence,
if either f or fo is d-far, then f is (§ — €)-far from the code. Although the size of the new claim is indeed
independent of the number of old claims, this is not quite a many-to-one reduction. The issue is that the
distance claim degrades from d to § —e. As a result, [BMNW24] are only able to construct a bounded-depth

accumulation scheme, where the number of steps must be a small constant fixed in advance.

Background. Let £ be a subset of [F of size n; this is referred to as the evaluation domain. The Reed—
Solomon code RS[d] C F" is the set of words® f : £ — T where f is consistent with a polynomial of degree

less than d. The quotient of a word f : £ — T relative to =,y € F is defined to be Quotient(f, z,y)(X) :=
FX)-y

<~ - We make the following observations:

1. If f is a codeword in RS[d] with y = f(x), then Quotient(f, z,y) is a codeword in RS[d — 1]. This is
because z is a root of g(X) — y.

2. If Quotient(f, z,y) is d-close to a codeword w € RS[d—1], then f is d-close to a codeword u € RS[d]
with u(x) = y, namely u(X) := w(X) - (X —z) + y.

3. If f is o-far from any codeword v € RS[d] with u(x) = y, then Quotient(f,x,y) is J-far from
RS[d — 1]. This is essentially the contrapositive of Item 2.

Quotients can be generalized to handle multiple points by defining

f(X) = p(X)

[Tj—1(X =)

where p is the Lagrange interpolation of (z;, ;) jepg- If f is o-far from any codeword u € RS[d] with
u(x;) = y; for all j, then Quotient(f, (x1,y1), ..., (z+y¢)) is 6-far from RS[d — ¢t].

This work. We give a many-to-one reduction for Reed—Solomon proximity claims which preserves dis-

tance; the resulting accumulation scheme therefore supports an unbounded number of steps. The protocol
starts off in the same way as before:

QUOtient(f7 (xla y1)7 s (wta yt)) =

1. Verifier samples a random combination r < F.
2. Prover sends a new word f : £ — F. In the honest case, f := f1 + - fo.
3. Verifier samples locations x1, ..., z; < L.

Where we depart is in how the new claim is formulated. The verifier computes y; := fi(x;) + - fa(x;) for
each j, and defines the quotient ¢ := Quotient(f, (x1,y1),-.., (%1, y:)). The new claim is that g is d-close
to RS[d — t]. Observe that ¢ is defined over f and a few (specifically, 2¢) auxiliary field elements, and hence
the size of the new claim is independent of the number of old claims.

Suppose either fi or fy is d-far from RS[d]. We show that ¢ will be J-far from RS[d — ¢] with high
probability:

3Any word f : £ — T can be interpreted as a vector in F”, and vice versa.



1. The random combination [’ := f; + r - f5 is d-far from RS[d] with high probability.

2. Since § is at most the unique decoding radius, there is at most one codeword u € RS[d]| within ¢
distance of f. Fix w if it exists. Since w is d-far from f’, there exists j such that u(x;) # f'(z;) = y;
with probability at least 1 — (1 — )%, Setting ¢ := m, this is all but negligible.

3. We conclude that f is J-far from any codeword u with u(x;) = y; for all j, which implies that ¢ is
d-far from RS[d — ¢].

We are not quite done, because the new claim is about proximity to RS[d — ], rather than RS[d]. Fortunately,
there exist efficient degree correction procedures which allow the verifier to soundly reduce a proximity
claim for RS[d — ¢t] into a proximity claim for RS[d].

To summarize, we have described a reduction for Reed—Solomon proximity claims which satisfies two
key properties. First, the size of the new claim is independent of the number of old claims; this is necessary
for accumulation. Second, the reduction is distance-preserving; this is necessary for accumulating an un-
bounded number of times. Although we focused on combining two claims, our construction can easily be
extended to combine many at once.

Theorem 2.1 (informal). Define the relation Rys where (f,d) € L(Rgs) if f is 0-close to RS[d]. There
exists a many-to-one reduction for Rps.

Moving to the list decoding radius. Up to this point we have assumed that the distance parameter ¢ is at
most the unique decoding radius. We would ideally like to support larger §; this would translate to smaller ¢
and therefore improve query complexity. The key step in the analysis which fails if § were larger is Item 2;
namely, there may be more than one codeword u in the d-ball of f. To resolve this, we leverage out-of-
domain sampling [BGKS20]. In more detail, after the prover sends the new word f, the verifier samples
an additional point z°** € F. The prover responds with a claimed evaluation y°"*; assuming 0 is less
than the list decoding radius, with high probability there exists a unique codeword « in the d-ball satisfying
u(x®"*) = y°"*. This point is additionally quotiented to obtain .

2.2 Accumulation for NP

We describe a highly efficient accumulation scheme for RICS circuit satisfiability. Recall that an R1CS
circuit is defined by matrices 4, B,C' € FM*N and instance length n € N. An instance z € F" is in the
language if there exists a witness w € FN~" such that Az o Bz = Cz for z := (z,w) € FN. Our goal is to
accumulate instances of R1CS. Following the accumulation blueprint, it suffices to give (i) a reduction from
R1CS to an intermediate relation R cc; and (ii) a many-to-one reduction for R pcc.

Informally, Racc encodes an “algebraic” proximity claim in the sense that f must be J-close to a code-
word u which satisfies an algebraic constraint. Let d := N — n. Let P be a multivariate polynomial in & + d
variables with total degree c. For a codeword u € RS[d], let i € F? denote its decoding (concretely, its
coefficient vector). For a scalar e € I, vector v € F¥, and word f : £ — T, we define (e, v, f) € £(Racc)
if f is d-close to a codeword u € RS[F, £, d] such that P(v, @) = e; here, @ € F? refers to the decoding of
u, i.e., its vector of coefficients. We assume that § is at most the unique decoding radius of the code.

2.2.1 Reduction from R1CS to R yqc

For simplicity, assume that M is a power of two and define m := log M. Foreach: = 0,...,M—1—1, define
the multilinear polynomial pow;(Y1,...,Yn) = Ylb1 .- Ybn where by, ..., by is the bit representation of



i. Observe that for all y € F, pow,(y, 4%, v*, . .. ,y2m71) = 9", Racc is defined with k := m + n and the
polynomial

—

M
P(Y1,.. .Y, Z1, o 2n) o= pow; 1 (Yi,...,Ym) - (a] Z-b] Z — ] Z),
=1

(2

where a;, b;, ¢; are the i-th rows of A, B, C. Observe that P total degree ¢ := m + 2. The reduction from
R1CS to Rycc 1s as follows.

1. Prover sends a word f : £ — . In the honest case, f is the encoding of witness w.
2. Verifier samples a random scalar r < .
3. The new claim is that (e, v, f) € £(Racc), where e := O and v := (r,r2,7%, ... 72" ' z) € F*.

Soundness. Suppose that x is not a valid R1CS instance. We show that (e, v, f) ¢ L(Racc) with high
probability. Observe that since § is at most the unique decoding radius, there is at most one codeword u
within ¢ distance of f. Fix w if it exists; otherwise, we immediately have (e, v, f) ¢ L(Racc). Define
2z := (, ). Since x is not a valid instance, there exists i € [M] such that a! z - b1 z # ¢! 2. Equivalently,

M
F(X)=P(X, X%, X4 X" ) =3 X (al 2 b2 — T2

%
i=1

is a non-zero univariate polynomial of degree at most N — 1. Since r is sampled uniformly, we have
P(v,1) = F(r) # 0 with probability at least 1 — %. We conclude that (e, v, ) ¢ L(Racc)-

2.2.2 Many-to-one reduction for R ,cc

Suppose we have many instances (e1,v1, f1), ..., (€m,Um, fm). Our goal is to reduce the claim that
(ei, v, fi) € Race for all 7 to the claim that (e, v, f) € Racc for a new instance (e, v, f). Consider the
reduction:

1. Fix a subset H = {a1,...,an} C F, and define V(X) = [[;",(X — a;), which vanishes on H.
Let L; denote the unique Lagrange polynomial of degree less than m satisfying L;(a;) = 1 and
Li(aj) = 0 for i # j. The prover sends a univariate polynomial ) of degree at most ¢ - (m — 1) —m.
In the honest case, () is the unique polynomial which satisfies

P (Z Li(X) - (%ﬁ')) =) LX) e = Q(X) - V(X).
i=1 i=1

This exists because the left side of the above equation vanishes on H.

Verifier samples an evaluation point o < F.

Prover sends a new word f : £ — F. In the honest case, f := Y ;" L;(a) - f;.
Verifier samples locations x1, ..., x; < L.

Verifier computes e := Q(a) - V(o) + > it Li() - ejand v := Y1 | Li(a) - v;.
Verifier computes y; := Y ;" Li(a) - fi(x;) for each j € [t].

We have the following new claims:

° (e,v,f) € 7?'ACC~

Nk wD
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* (fi,d) € Ras for each i € [m)].
* (g, d—t) € Ras, where q := Quotient(f, (z1,y1),- .., (%, yt))-

This is not quite a many-to-one reduction for Rycc, since we also output several proximity claims. We
resolve this by keeping track of two instances: one for Rycc and one for 7~2Rs It suffices to construct a
many-to-one reduction for R e X RRS, where the verifier (i) reduces m instances for R cc into one instance
for Racc and m + 1 instances for RRS, and (ii) reduces 2m + 1 instances for RRS into one instance for RRS
using Theorem 2.1.

Soundness. We show that if (e;, v;, fi) ¢ Racc for some i, then at least one of the new instances is invalid
with high probability.

1. Assume that fi,..., f,, are d-close to RS[d]; otherwise, the many-to-one reduction for Ras will
output an invalid instance and we are done. In fact, the many-to-one reduction will only output a
valid instance if there is correlated agreement: there exist codewords uy, . .., u;, € RS[d] such that
fi, ..., fm respectively agrees with uy, ..., u,, on the same 1 — ¢ fraction of points. This is implied
by proximity gaps for Reed—Solomon codes.

2. We are guaranteed that there exists some ¢ such that P(v;, @;) # e;. Observe that

m
—P<ZL vl,f») QX) - V(X) = LX) - e
i=1
is a non-zero polynomial of degree at most ¢ - (m — 1), since F(a;) = P(v;,@;) — e;. Define
= Y7, Li(@) - u;. With probability 1 — <=t F(a) = P(v, @) # e.

3. Define f' :=>"", L;(«) - f;. By correlated agreement, v’ is J-close to f’.

4. Since § is at most the unique decoding radius, there exists at most one codeword u € RS[d] within &
distance of f. Fix w if it exists and assume that P(v, @) = e; otherwise, (e, v, f) & Racc and we are
done.

5. Since P(v,u) # P(v,d’), we know that u # «. Since the distance of the code is double the unique
decoding radius, u is 2-far from «’. By a triangle inequality, u is d-far from f”.

6. With probability at least 1 — (1 — §)*, there exists j such that u(z;) # f'(z;) = y,. Setting ¢ :=

m this is all but negligible.

7. We conclude that f is d-far from any codeword u with u(z;) = y; for all j, which implies that ¢
is 0-far from RS[F, £, d — t]. With high probability, the many-to-one reduction for Rys outputs an
invalid instance.

Moving to list decoding radius. As in Section 2.1, we can upgrade 4 to be less than the list decoding
radius. We use the same technique of out-of-domain samples to bind vectors to a unique codeword within
the §-ball. For the construction, we need to send three separate out-of-domain samples. First, we bind each
input f; to a unique codeword. Then, after the challenge o, we bind the virtual polynomial f’. Finally, we
use an additional out-of-domain sample to bind f. We discuss the necessity of these samples in more detail
in Remark 7.15.
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2.3 Proof-carrying data from reductions

Accumulation from Non-interactive Reductions. As we have seen, interactive oracle reductions and their
compiled form, non-interactive reductions, capture natural notions of batching and generalize the existing
frameworks of IOPPs and reductions of knowledge. In this work, we show that given a pair of non-interactive
reductions matching a particular form, we can naturally construct a corresponding non-interactive argument
and accumulation scheme for that non-interactive argument. We state this more clearly in the following
informal theorem.

Theorem 2.2 (informal). Let R and Rycc be indexed relations. Suppose that
* RDXcast is a non-interactive reduction from R to R pce.
* RDXgqrp is a non-interactive reduction from Rjqc to Racc.
Then there exists a non-interactive argument ARG for R and an accumulation scheme ACC for ARG.

(x,w) e R X (acci.X, aCCi W) e [m-4n] (acci-X)icimn]
! ! |
TcAST s
1 1
acc.w acc.X acc.w acc.X

Intuitively, the reduction RDXcast casts a member (X, w) of relation R into a member (acc.X, acc.w)
in the accumulator relation Rcc. While the reduction RDXggrp, folds together multiple members (acc;.X,
acc;.W); of the accumulator relation into a single instance (acc.X, acc.w). An initial observation is that the
reduction RDX¢yst closely matches the shape of a non-interaction argument ARG = (P, V). The argument
prover and verifier can internally run the reduction RDX¢psr to derive a new accumulator instance and
witness. The prover can send, along with the reduction proof, the new accumulator witness and the verifier
can check if the new accumulator belongs to Racc. This immediately gives us an argument for relation R.

(x,w) € R X
1 )

T = (WCAST,aCC.W)

P (7TCAST7 acc.W) < PCAST(X, W)

V : acc.X < Veust(X, Teast)

1

?
(acc.x, acc.W) € Rycc

All that remains to be shown is how to construct an accumulation scheme for ARG. Naturally, the
argument proof 7 can be partition into (7.X, m.W) := (mcast,acc.W). By design, we now have that the
accumulation predicate instance (X, 7.X) is exactly the input to the reduction verifier RDX¢pst. Thus, given
m accumulator instances and n predicate instances, the accumulation prover and verifier can symmetrically
run Veagr to derive m + n accumulator instances.

(accy.X, ---, acCm X, (measty s X1), -+ (TWeast, s Xn))
4 4
4 {
(acciX, - ++, ACCm-X, ACCpe1-X, -+  ACCmin-X)

Now, the accumulation prover can run the reduction RDXgqrp to derive the output accumulator acc <+
(acc.x, acc.w) which folds together the m+n accumulators and produce an accumulation proof pf < 7gorp.
The accumulation verifier just has to check this new accumulator instance acc.X is identical to what is derived
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by running the reduction verifier RDXpgrp. Finally, the accumulation decider just checks if an accumulator
acc := (acc.X,acc.w) belongs to Rycc. We treat this discussion formally in Theorem 4.3 and provide the
corresponding argument ARG and accumulation scheme ACC in Construction A.4 and Construction A.6.

From Reductions to Proof Carrying Data and IVC. What we just described is a method to construct ac-
cumulation from non-interactive reductions. In prior works [BCMS20; BCLMS21], accumulation schemes
for non-interactive arguments can be transformed into IVC and PCD schemes, assuming the non-interactive
argument is for an NP-complete relation and the circuit description of the accumulation verifier is succinct
(Theorem 5.3 in [BCLMS21]). In our construction, these requirements translate to whether the relation R
is NP-complete and if the reduction verifiers Veast and Vegrp are succinct.

While the PCD construction naturally follows from prior work, the security analysis must be slightly
tweaked when considering promise relations, which have both strict and relaxed relations, Rcc and 7~€Acc
respectively. In particular, the knowledge soundness of both the argument ARG and accumulation scheme
ACC hold with respect to a relaxed verifier and decider, V and D, which check that an accumulator belongs
to the relaxed relation 7~3Acc, while in the construction they check pairs belong to the strict relation Rycc. We
observe that the knowledge soundness proof of the PCD construction (Theorem 5.3 in [BCLMS21]) can be
immediately adapted by replacing the verifier and decider with their relaxed variants. Alternatively, we can
also adapt the proof in [BMNW24] which shows how to construct PCD from bounded-depth accumulation.
Unlike our work, which has one relaxed verifier and decider, they have a different relaxed verifier and
decider for each recursive extraction, up to some depth-bound s € N. In our setting, we would just maintain
the same relaxed verifier and decider regardless of the extraction depth.
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3 Preliminaries

Strings and words. For an alphabet 3, a string s € ¥* is a tuple of characters in the alphabet. For a
finite set S, a word w : S — 3 is a function mapping elements of .S to characters in 3. These objects are
somewhat interchangeable; a string s € X" can be viewed as a word over the set of indices [n], and a word
w : S — X can be viewed as a string of length | S| (assuming S has a fixed ordering).

Restrictions. For a string s € ¥" and subset of indices I C [n], the restriction s|; : I — X is defined to be
s|7(i) = s(7). Alternatively, we can treat s| as a string of length n over an augmented alphabet ¥ LI { L},
where the i-th character of s|7 is s(i) if i € I, and L otherwise.

Hamming distance. For an alphabet X, the relative Hamming distance between two strings s, s’ : s € X",
denoted A(s,s’), is the number of locations where s and s’ disagree, divided by n. For a set of strings
S € X", we define A(s, S) := mingcg A(s, §').

Polynomials. For a field I, let F<¢[X] denote the set of univariate polynomials over IF of degree less than
d. Foraset S C IF, the vanishing polynomial Vs (X) := [[,cg(X —a) is the unique non-zero polynomial of
degree at most |.S| that is zero on S. For an element a € S, let L, s denote the unique Lagrange polynomial
of degree less than | S| such that L, s(a) = 1 and L, s(b) = 0 forall b € S\ {a}. For a function f : S — T,
let f denote the unique extension polynomial of degree less than |\S| such that f(a) = f(a) foralla € S,
ie., f(X) = ZaES f(a’) : La,S(X)'

Polynomial quotients. For a field IF, polynomial p € F<?[X], and set S C T, the polynomial quotient
PolyQuotient(p, S) € F<4~I5I[X] is defined to be

p(x) —r(x)

PolyQuotient(p, S)(z) := Vs(z)
s

where r is the unique polynomial of degree less than | S| such that 7(a) = p(a) forall @ € S (in other words,
r is the extension of the restriction of p to .5).

Random oracles. Let 2/()\) denote the uniform distribution of functions that map {0,1}* to {0,1}*. A
random oracle is a function p : {0,1}* — {0,1}* sampled from Z/(\). Our constructions will often use
multiple random oracles of varying output sizes; these can be derived from a single random oracle via
domain extension and output extension. For more discussion, see [CY?24, Section 2.6].

3.1 Relations

Indexed relations. An indexed relation R is a set of triples {(i, X, W) } where i is the index, X is the instance,
and W is the witness; the corresponding indexed language L(R) is the set of pairs (i, X) for which there exists
a witness W such that (i, X,w) € R. For example, the indexed relation of satisfiable boolean circuits consists
of triples where i is the description of a boolean circuit, X is a partial assignment to its input wires, and W is
an assignment to the remaining wires that makes the circuit output 1.

Parameterized relations and R1CS. A parameterized relation R over a (typically implicit) parameter
space P is a set of relations {R(p) : p € P}. The RICS relation is parameterized by a finite field [F;
Rrics(F) consists of triples (i,X,w) = ((A, B,C,n),z,w) where A, B,C are M x N matrices over F,
r € F", and w € FN~" such that Az o Bz = Cz for z := (z,w).

Relations relative to a random oracle. A relation relative to a random oracle, denoted RY, is a set of
relations {R” : p € supp(U)}, where supp(U/) denotes |, supp(U(N)).
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Promise relations. Some proof systems exhibit a gap between completeness and soundness, i.e., com-
pleteness holds for a relation R, but soundness only guarantees membership in a superset relation R D R.
In this case it is useful to describe R as a promise relation, where soundness holds for the associated relaxed
relation R.*

Putting it all together. A parameterized indexed promise relation RY (over parameter space P, relative
to a random oracle) is a set of indexed promise relations {(R”(p), R*(p)) : p € P,p € supp(U)} such
that R (p) C RP (p). We say that R is in N PY if and only if there exists a polynomial-time oracle Turing
machine M such that for every p € P and p € supp(f), R?(p) = {(i,x,w) : M?(p,i,X,w) = 1}.
Multi-instance relations. Let R be an indexed relation. The multi-instance relation is defined to be
R* = {(i, (X1, -, Xm), (W1,...,Wyp,)) = Vi € [m],(i,X;,w;) € R}. This notion readily extends to the
types of relations described above.

3.2 Reed-Solomon codes

For a field FF, evaluation domain £ C T, and degree d € N, the Reed—Solomon code RS[F, £, d] is the set of
words £ — F corresponding to polynomials of degree less than d:

RS[F,L,d]:=={f:L—TF : feFIX]}.

The rate of RS[F, £, d] is p := d/|L|. For a codeword f € RS[F, L, d], let f € F* denote the coefficient
vector of f.

3.2.1 Rational constraints

Definition 3.1. A rational function ¢ = (p, q) is a pair of arithmetic circuits, p : F**! — Fand ¢ : F — F.
For an interleaved word f = (f1,..., fx), fi : L — F, we define ¢(f) : £ — F to be

p(ﬂf, fl(x)a R fk(‘r))
c(f)(z) := .
q(x)
A rational constraint consists of a rational function ¢ and a degree bound d € N. We say that the rational
constraint is satisfied with respect to f if ¢(f) € RS[F, L, d].

3.2.2 List decoding

Definition 3.2. Let f : £ — F be a word, d € N be a degree, and v € (0, 1) be a list decoding parameter.
We define List(f,d,v) := {g € RS[F, L,d] : A(f, g) <~} to be the set of codewords that are y-close to f.
A Reed-Solomon code RS[F, £, d] is (v, £)-list decodable if |List(f,d,~)| < £ for any word f : £L — TF.

Theorem 3.3 (Johnson bound). The Reed—Solomon code RS[F, L,d] is (1 — \/p — n,1/(2ny/p))-list-
decodable for any choice of ) € (0,1 — \/p), where p is the rate of the code.

Lemma 3.4 (JACFY24, Lemma 4.5]). Let f : L — F be a word, d € N be a degree, s € N be a repetition
parameter, and v € (0, 1) be a distance parameter. Suppose that RS|F, L, d] is (v, £)-list decodable. Then
Pr L[Elu,u’ € List(f,d,v),u # o', Vi € [s], 4(x;) = 4 (2;)]

T1,y...,TsF

<(o) (=) =5 (m)

4Alternatively, a promise relation can be defined as a pair (Ryes, Ruo), Where completeness holds for Ryes and soundness holds
for the complement of Ryg.
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3.2.3 Quotients

Definition 3.5 ([ACFY24, Definition 4.2]). Let f : £L — Fbeaword, S C Fbeaset, Ans: S — Fbea
function, and Fill : S N £ — TF be a function. We define Quotient(f, S, Ans, Fill) : £ — FF to be

ent(f.S Fill) () {Fill(az) rxels
Quotient Ans, Fill)(z) := -
s 0y ’ f(z)—Ans(z
o) -Ans(z) %/5(3))5( ) 2 Z5S.

Lemma 3.6 ([ACFY24, Lemma 4.4]). Let f : L — F be a word, d € N be a degree, § € (0,1) be a
distance parameter, S C TF be a subset with |S| < d, and Ans : S — F be a function. Suppose that for every
u € List(f,d,d), there exists x € S such that with i(x) # Ans(z). Then for any choice of Fill,

A(Quotient(f, S, Ans, Fill), RS[F, £,d — |S]]) > d — |S N L|/|L].

3.24 Proximity gaps

Definition 3.7 ((BCIKS23]). Let IF be a field, d € N be a degree, p € (0,1) be arate, 6 € (0,1 — ,/p) be a
distance parameter, and m € N be an arity. The proximity error is defined to be

o se (o ﬂ}
5prox(]F, d, P, (5’ m) = o |F| .

m—1)-d? 1-p 1 _
Fremmii—yi—svsmp” 0 € (2! \/ﬁ>

Definition 3.8 (JACFY24, Definition 4.11]). Let dy.x € N be a target degree, » € F be a field element,
fiy-ooy fm + L — F be words, and dy, . ..,d,, € [dnx] be degrees. We define Combine(dyax, 7, (f1,d1),
coos (fmsdm)) - L — Ftobe

Combine(dyax, 7, (f1,d1),- - (fm,dm))(x)
=S s [ X ) = {Zif i) (SRR e
i=1 j=0 Zi:l i fl(x) : (dmax - dz + ].) re=1.

Lemma 3.9 ([ACFY24, Lemma 4.13]). Let dyax € N be a target degree, fi,..., fm : L — F be words,
di,...,dm € [dnax| be degrees, and 6 € (0,1 — \/p — 1/|L|) be a distance parameter, where p := d* /|L|.
If

Pr [A(Combine(dax, 7, (f1,d1);- -, (fm,dm)), RS[F, L, dnax]) < 6]

r<F
< €prox (dmax; P 57 m - (dmax + 1) - Z dz) )

=1

then there exists a subset S C L with |S| > (1 — ) - |L| such that for all i € [m)|, there exists a codeword
u € RS[F, £, d;] such that u agrees with f; on S.

3.3 Merkle trees

We recall the definition of Merkle commitments along with some useful security properties from [CY?24,
Section 18]. The Merkle commitment scheme is a tuple of deterministic polynomial-time oracle algorithms
MT = (MT.Commit, MT.Open, MT.Check) implicitly parameterized by an output size o € N, alphabet
Y., and string length ¢ € N. All algorithms receive query access to a random oracle pyr € U(0).
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+ MT.Commit receives as input a string m € ‘. It outputs a commitment cm € {0, 1} and a trapdoor
td € {0,1}0900),

* MT.Open receives as input a trapdoor td and subset I C [¢]. It outputs an opening proof pf €
{0’ 1}\[\-Ulog€.

« MT.Check receives as input a commitment cm, restriction a € 3/, and opening proof pf. It outputs
a bit indicating whether or not the opening proof authenticates the restriction with respect to the
commitment.

Lemma 3.10 (MT is complete). For every (unbounded) adversary A,

pur <+ U(0)

(m,I) « AP

(cm, td) := MT.Commit™ (m)
pf := MT.Open”(td, I)

Pr | MT.Check™™(cm,m|r, pf) =1 =1.

Lemma 3.11 (MT is multi-extractable). There exists a deterministic polynomial-time algorithm
MT.MultiExtract such that for every query bound t € N, t-query adversary A, and k € N,

i€ [k] ; pur = U(o) ¢
Pr|  MT.Check? (cmy, Ii, i, pf;) = 1 | (CMirLir @is Pfi)iepy <= AP
mill,] # a; (M, td;)icip) == MT.MultiExtract™ ((cm; ) e (i, tr)
e ‘ Vi € [k], pf; := MT.Open™*(td;, I;)
is at most

3t k-(logl+1)-3t
kmr(t, 0, ¢, k) =35 ( gQU ) '
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4 Non-interactive reductions

Let RY and RY be parameterized indexed promise relations (relative to a random oracle). A (preprocessing)
non-interactive reduction from R to R2 in the random oracle model is a tuple of polynomial-time algo-
rithms RDX = (G,Z,P,V), of which Z, P, V have access to the same random oracle, with the following
syntax.

» The generator G receives as input a security parameter A (in unary) and outputs public parameters pp.

» The indexer 7 is a deterministic algorithm which receives as input public parameters pp and index i,
and outputs a proving key pk, verification key vk, and new index i’.

* The prover P receives as input proving key pk, an instance X, and witness W, and outputs a proof m
and new witness W'.

» The verifier V is a deterministic algorithm’ which receives as input verification key vk, instance X,
and proof 7, and outputs a new instance X'

Completeness. RDX is complete if the following holds. For every adversary A,

p U ]

pp < G(1*)

(i,x,w) < A”(pp
(pk, vk, i) < Z*(pp,

(m, W) Pf’(pk X, W

(i,x,w) € RY(pp)
Pr U
(i",x',w') € R5(pp)

)
i)
)
i ) |

Straightline knowledge soundness. RDX is straightline knowledge sound (with respect to auxiliary input
distribution D) if the following holds. There exists a deterministic polynomial-time extractor £ such that for
every (non-uniform) polynomial-time adversary P,

[ P U
. pp = G(1%)
(i",x',w') € R5(pp) ai +~ D(1%)
Pr A (i, X, 7, W; tr) <= P?(pp,ai) | < negl(\).
(i,x,w) & R{(pp) (pk, vk, i') <= Z¥(pp, i)
X' VP(vk,X, )
L w <« E(pp, i, X, m, W, ai, tr) |

Remark 4.1. We have defined non-interactive reductions for indexed relations in full generality (parame-
terized, relative to a random oracle, and relaxed soundness). Sometimes, full generality is not required; for
example, suppose R is a parameterized indexed relation. Then soundness should hold for the same relation
‘R, and the random oracle is not considered when testing membership in R.

4.1 1IVC and PCD from non-interactive reductions

We construct a non-interactive argument ARG (Definition A.2) for a relation R and a corresponding accu-
mulation scheme ACC for ARG (Definition A.3) from two non-interactive reductions,

>Proof systems do not typically require verifier to be deterministic. For reductions, deterministic verifiers are useful because it
implies that the prover can compute the new instance. Moreover, deterministic verifiers are easy to attain; intuitively, this is because
any randomness can be derived from the random oracle.
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¢ RDXcasT, a non-interactive reduction from R to some relation R ycc, and
* RDXgoLp, @ non-interactive reduction from Rjqc to Race,

all of which are in the random oracle model. Crucially, to construct Proof-Carrying Data (PCD), prior work
[BCMS20; BCLMS21; COS20] requires a non-interactive argument for an NP-complete relation and an
accumulation scheme for that argument in the standard model. However, these works only provide secure
constructions of such non-interactive arguments and accumulation schemes in the random oracle model. By
heuristically instantiating the random oracle with an appropriate hash function, they obtain non-interactive
arguments and corresponding accumulation schemes in the standard model with conjectured security (some-
times referred to as heuristic security). This is a well-known limitation of the random oracle methodology
[CGHO04; GKO03]. We can follow the same approach to obtain a non-interactive argument and accumulation
scheme in the standard model. Furthermore, these prior works also require that the accumulation verifier is
succinct (sublinear, Theorem 5.3 in [BCLMS21]) such that the corresponding circuit description does not
increase in size after each recursive step. If the reduction verifier of RDXc¢pst and RDXgqrp are succinct,
then our constructions will trivially satisfy this requirement. What follows is our formal theorem about the
transformation from non-interactive reductions to arguments and accumulation. For brevity, we defer the
explicit constructions to Appendix A.2; see Section 2.3 for a high-level overview.

Definition 4.2. Let RY be a parameterized indexed promise relation. The corresponding multi-instance
relation (R*)Y is defined to be

R*(P)? == {(, (X1, -y Xm), (W1, ..., Wp,)) : Vi € [m], (i,%;,W;) € R(p)’}.

The relaxed relation R* (p) is defined analogously. A many-to-one reduction is a non-interactive reduction
from R to R* which preserves the index: given an index i, the indexer Z outputs the new index i’ := i (this
requirement is necessary for repeatedly composing many-to-one reductions).

Theorem 4.3. There exists a polynomial-time transformation T such that the following holds. Let R be
a parameterized indexed relation. Let R¥. be a parameterized indexed promise relation in NPY with the
same parameter space as R. Suppose we are given the following non-interactive reductions in the random
oracle model:

* RDXcast = (Geast;s Zeasts Peast, Veast), a reduction from R to Rycc.

* RDXrorp = (Growp, Zrorp, Prop, Vrowp), @ many-to-one reduction from Ryuc to Racc with the same
generator algorithm as RDXcpst (i.e., Grorp = Geast)-

Then T[RDXcast, RDXporp, Racc] = (ARG, ACC), where ARG is a non-interactive argument for R and
ACC is an accumulation scheme for ARG, both in the random oracle model.

Proof. We defer the proof to Appendix A. O
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5 Interactive oracle reductions

We define interactive oracle reductions (IORs), an information-theoretic proof system that adapts interactive
oracle proofs to the language of reductions. Intuitively, an IOR is an interactive reduction where the verifier
has oracle access to the prover’s messages and reads a small number of locations to output the new instance.
The key novelty, however, is that an IOR verifier may also want to output claims about proof strings without
fully reading them.

Formally, we consider indexed oracle relations® where the instance is split into a short instance X and
a tuple of instance strings Y = (Y1, ...,Yn) written over some alphabet . For notational convenience, we
write (i,X,¥,W) € R to denote membership in an indexed oracle relation. In the relaxed relation R, we
allow instance strings to written over an augmented alphabet > U { L }; this will be useful when compiling
IORs.

5.1 Definition

Let R and R’ be indexed oracle promise relations. A (public-coin, holographic) interactive oracle reduction
from R to R’ is a tuple of polynomial-time algorithms IOR = (I, P, V) with the following syntax.

* The indexer I is a deterministic algorithm which receives as input an index i (for R). It outputs a short
index 1, index string I, and new index i’ (for R/).

* The prover P is an interactive algorithm which receives as input the index i, short instance X, instance
strings Y, and witness W. It engages in k rounds of interaction. In the ¢-th round, it sends a proof string
II;, then receives a challenge r;.

* The verifier V is an interactive algorithm which receives as input the short index ¢, short instance
X, oracle access to index string I, and oracle access to instance strings Y. It engages in k rounds of
interaction. In each round, it receives oracle access to a proof string II;, then sends a uniformly random
challenge 7;. At the end of the protocol, it outputs a new instance (X',y’); the new instance oracles
are chosen from the old instance oracles or proof oracles received during the interactive protocol.

Without loss of generality, the verifier is split into two phases. In the interaction phase, it samples challenges
and sends them to the prover. In the query phase, it queries the index, instance, and proof oracles. The
verifier’s output is a deterministic function of its input and the transcript, which we denote

(X, y') := VIV, x 7).
Completeness. |OR is complete if the following holds. For any (i, x,Y,w) € R,

(1, L,7) « I(i) ] _

Py ) € R |0 Bk g, Ik

Soundness. |OR has soundness error ¢ if the following holds. For any (i,x,y) ¢ £(R) and adversary P,

(¢, L") « I(i)

Pr [(i’7x/,)7/’w’) eR WX e (B V(1)) ] < g(i,X).

Efficiency measures. We consider the following efficiency measures (these may be functions of the short
index and short instance).

We emphasize that is not the same as a relation relative to a (random) oracle.
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* Alphabet: % is the set of symbols used to write the index, instance, and proof strings.
* Round complexity: k is the number of back-and-forth interactions in the protocol.

* Proof length: L' is the length of the index string, LY is the length of the j-th instance string, and L} is
the length of the i-th proof string. Let L,y denote the maximum string length.

* Query complexity: the verifier reads q' locations from the index string, q} locations from the j-th
instance string, and g% locations from the i-th proof string. Let q denote the total number of queries.

* Randomness: r; is the number of bits in the ¢-th challenge sent by the verifier.

Parameterized reductions. We often parameterize reductions, e.g., by a security parameter. Formally, the
prover and indexer will additionally receive as input some parameters p. Completeness must hold for any
choice of parameters, and the soundness error is allowed to be a function of the parameters (in addition to
the index and short instance).

Remark 5.1 (non-oracle messages). In our constructions, the prover sometimes sends non-oracle messages
in the sense that the verifier reads the entire message (and hence oracle access is unnecessary). We do not
include this in the IOR definition, but it is straightforward to do so. As an efficiency measure, let s denote
the total size (in bits) of the non-oracle messages.

Remark 5.2 (oracle selection). When the verifier outputs new instance oracles ¥’ = (y},...,Y;,), this
should not blow up its runtime or query complexity. We can formalize this by having the verifier output a
tuple of indices § = (s1,...,5n), s; € [n + k], which “select” from the old instance and proof oracles. In
particular, the j-th new instance string will be y; := Select(Y, 11, s;), where

Ys 1<s<n
II,_n, n<s<n+k

Select(y, 11, 5) := {

5.2 Round-by-round soundness

We define round-by-round soundness and knowledge. These are stronger notions of soundness that allow us
to transform IORs into non-interactive reductions.

Definition 5.3. A state function for IOR is a function State for which the following holds.
» Empty transcript: State(p, i, X, Y, @) = 0 unconditionally, where & denotes the empty transcript.

* Prover moves: If State(p, i, X, Y, 7) = 0 for a partial transcript 7 = (IIy, 7, ..., IL;_1,7r;—1), ¢ € [K],
where the prover is about to move, then for any prover message II; € Lp ;, State(p, i, X, Y, 7||II;) = 0.

o Full transcript: If State(p,i,X,y,7) = 0 for a full transcript 7 = (IIy,7q,..., I, k), then the
verifier outputs (X', ¥') := VIV (, x, 7 such that (", X, ") & L(R') (where (1,1, 1') := I(p, i)).

Definition 5.4. IOR has round-by-round soundness error eppy if there exists a state function State such
that the following holds. If State(p,i,x,¥,7) = 0 for (i,x,¥) ¢ L(R) and a partial transcript 7 =
(I1y,71,...,1L;), 7 € [k], where the verifier is about to move, then

Pr [State(p,i,X,¥,7[|ri) = 1] < exbe (P, 1, X).
ri<—q{0,1}"
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Definition 5.5. IOR has round-by-round knowledge error kv if there exists a state function State and
polynomial-time extractor E such that the following holds. If State(p, i, X, ¥, 7) = 0 for a partial transcript
T = Iy, r1,...,1;), i € [k], where the verifier is about to move, then

Pr [State(p, i7 X?Vﬂ THHZHTZ) = 1] > Rrbr(pu ia X)
7‘7;<—{0,1}ri

implies the following. For any transcript continuation (Il;11,...,II,,,W’), the extractor outputs W <
E(p,i,x, ¥, II,w) such that (i,x,¥,w) € R.

Remark 5.6 (limitations of round-by-round knowledge). Definition 5.5 is unsatisfactory in the sense that the
extractor cannot meaningfully take advantage of the new witness to extract the old witness. It nevertheless
suffices because in our constructions, either (a) the prover sends the witness in one shot; or (b) the relation
has empty witnesses (hence, round-by-round soundness trivially implies round-by-round knowledge).

5.3 Non-interactive reductions from IORs
‘We show how to transform IORs into non-interactive reductions.

* In Definition 5.7 we define committed relations. Informally, given an oracle relation R, the commit-
ted relation Com[R] replaces instance strings with Merkle commitments and adds trapdoors Merkle
authentication paths to the witness.

* In Definition 5.8 we define monotone relations. This is a minor technical detail which is required
for the transformation to preserve soundness; informally, it ensures that a cheating non-interactive
prover cannot gain an advantage by withholding Merkle authentication paths from the new witness.
All relations considered in this work are monotone.

* In Theorem 5.9 we give a formal theorem statement for transforming IORs into non-interactive reduc-
tions. This is essentially the BCS transformation (with preprocessing), except we also need to handle
instance oracles.

Definition 5.7. Let R be an indexed oracle promise relation and S be a parameterized set. The commit-
ted relation Com[R, S] = SY is the parameterized indexed promise relation (relative to a random oracle)
defined below.

. ([(x)eS(p)
S(p) := 4 (i, (x,cm), (W, ¥,td)) = (i,x,¥,w) € R(p)
Vj € [n], MT.Commit”MT(yj) = (ij,tdj)

(i,x) € S(p) _
o ((Lxy,w) € R(p)
SP(p) »= q (i, (x,c), (W, ¥,td)) : Vj € [n] :
pf; := MT.Open”"(td;, Domyy)

MT.CheckMT (cmj, Y, pfj) =1

Above, pyr is a random oracle in U (o) derived from p. Observe that if R is in NP and S is efficiently
computable, then SY is in NP¥.
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Definition 5.8. We say that an indexed oracle promise relation R is monotone if the relaxed relation R
satisfies the following property. Suppose (i, x,y) & £(R) with yj : I; — ¥ (recall that a string written over
> U {_L} can be interpreted as a restriction to a subset of indices). Then (i, X, (Y1]4,, - - -,Ynla,)) & L(R)
for all subsets Ay, ..., A, with A; C I;.

Theorem 5.9. There exists a polynomial-time transformation T such that the following holds. Let R and
R’ be indexed promise relations (with strings). Let S and S’ be efficiently computable sets parameterized
by A € N. Let IOR be an interactive oracle reduction (also parameterized by \) from R to R’ such that the
following holds:

* IOR has round-by-round knowledge error Ky such that

(N, 1,X) = negl(\).
ax Korbr ( ) = negl(\)
[i|+[x|=poly ()

e For every parameter \ € N and index i € S()), the IOR indexer outputs a new index i’ € S'()\).
Then T[IOR] is a non-interactive reduction from Com|[R,S] to Com[R', S'] with the following efficiency
measures:

* Proofsize: O(A-k+s+q- (log|X| + A - log Lpax))-

* Verifier complexity: I0R verifier, plus O(k + q - log Lnax) queries to the random oracle.

Proof. We defer the proof to Appendix B. O
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6 Accumulation for Reed—Solomon proximity claims

We describe a many-to-one reduction for Reed—Solomon proximity claims. Intuitively, a proximity claim
consists of a rational constraint (¢, d) and interleaved word f = (f1,..., fx) such that ¢(f) is d-close to
RS[F, L, d]. For completeness, we require that ¢(f) is an exact codeword.

Definition 6.1 (Reed—Solomon proximity relation). The index consists of the following:

* Description of a finite field F and evaluation domain £ C F.

* Maximum degree parameter dyay € N, dpax < |L£]. Define p := (dpax + 1)/|L] to be the rate of the

corresponding Reed—Solomon code RS[F, £, dyax].

* Distance parameter § € (0, 1).
The instance is a rational constraint (¢, d), where d < dpax. The instance oracles f = (fi,. .., fx) are words
fi : L — T, collectively interpreted as an interleaved word in (F*)“. The witness is empty. We define the
indexed promise relation Rgg below.

Ras = {(i, (¢,d), £, L) : ¢(f) € RS[F, £, d]}
Ras = {(i, (¢, d), £, L) : A(c(f), RS[F, £, d]) < 5}

Theorem 6.2. Consider a security parameter A € N. Assume the index and instance are such that the
following holds:
o [F| > 2% 107 - m - dgay” - p73.

. _ . I S
5 e (0,1 1.05 - \/p _1og(1_5>.|g|)-
Then Construction 6.3, when instantiated with parameters s = 1 and t = m, is an interactive oracle

reduction from Ryg to Rys with round-by-round soundness error 2= and the following efficiency measures:

* Alphabet: F.

* Round complexity: 3. The verifier sends the first message.

* Query complexity: t - > " | ki, where k; is the number of oracles in the i-th instance.

Proof length: |L| + t + 1 field elements.

o Prover time: O(|L] - Y% |¢;| + dnax 10 dnax) field operations, where |¢;| denotes the circuit size of
the i-th instance’s constraint.

o Verifier time: O(t - Y., |ci|) field operations.

Moreover, the size of the new instance is independent of the size of the old instance.

Proof. Follows from instantiating Construction 6.3 with s := 1 and ¢ :=
Lemma 6.5.

m, by Lemma 6.4 and

Soundness. We analyze the soundness error given the defined size of IF:
* For d; > 1 we have that eprox (dnax; 0, 0, M - (dpax + 1) — Z;”Zl d;) < €prox(dmax; Py 0, M « dpax) <

(U d‘“ax — (Lemma 3.7)

|- (Y2
. (m =l () dﬂl)ax < o (m 1)( 10_7 3 d““;"pig 5 = = 27 (Plugging in the value for IF)
max W
e /< 0 f 7 p/10 (By Theorem 3.3)

ZQ dma.x
" food = 3 (g

* Assuming that dpax < [L] < |F|/2, we get €504 < % . %
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* Since |[F| > 2* - 100 - dyay - p~2 we have that £, < 277

C (1= 8) < (1= §) 7D =24
Since the RBR-soundness error is the max of these errors, we have that, for the chosen parameters, it is
bound by 27,

Efficiency. The protocol has 3 rounds, 3 prover and 3 verifier messages. The number of oracle queries

ist = m. The total proof lengths consists of one oracle of length |£| and one F elements, along

with Fill of size t = ﬁ. The prover’s runtime is dominated by the computation of f, which takes

1

O(m - |cy| - |L£]) = O(m(- t - |L]) field operations, as well as the computation of Fill. Computing Fill can
be done using an FFT and takes O(dyax - 10g dyax ) field operations. See Section 6.3 for an optimization that
can significantly reduce the number of FFT operations in a repeated invocation of the accumulation scheme.
The verifier needs to evaluate f” at ¢ positions. Each evaluation requires O(m -t) field operation. The overall

runtime is O(m - t?) field operations. O

6.1 Construction

We describe an interactive oracle reduction from Rgg to Rys.

Construction 6.3. The prover and indexer are parameterized by p = (s, t), where s,t € N are the out-of-
domain and in-domain repetition parameters. On input index i, the indexer I outputs short index ¢ := (i, s, )
and new index i’ := i; there is no index oracle string. On input instance X = (¢;, d;);[m) and instance oracles
Y = (fi)ic[m), the prover P(p,i,X,¥) and verifier VY(1,x) engage in the following protocol.

Interaction phase.

1. Vsends r < . R
2. Psends f : L — . In the honest case, f := Combine(dyax, 7, (ci(fi),d,;)ie[m]).
3. Vsends 29", ..., 23" <« F\ L. R
4. Psends yi,...,ys € F. In the honest case, y; := f(x;?“t).
5. Vsends zi",...,zi" + L. Define S := {z$*, ..., 2% ai®, ..., 2"} )
6. P sends Fill : {xji-n}je[t] — F. In the honest case, Fill := PolyQuotient(f,S), restricted to
{wjl'n}je[t]-
Query phase.

1. Define the virtual function f' := Combine(dnax, 7, (¢i(£i), di)icjm])-
2. Define Ans : S — I such that Ans(z$"*) := y; and Ans(z3*) := f'(z}").
3. Define the rational function ¢ := Quotient(-, S, Ans, Fill) and degree constraint d := dyax — |S|.

4. 'V outputs the new instance X' := (¢, d) and instance oracle y’ := f.

Lemma 6.4. Construction 6.3 is complete.

Proof. Since each ¢;(f;) is a codeword in RS[F, £, d;], the combination f” is a codeword in RS[F, £, dpax].
The prover computes f = f, so f is a polynomial of degree at most dpax and PolyQuotient( f ,9) is a
polynomial of degree at most dyax — |S|. Moreover, f agrees with Ans on S this is because the prover
computes the out-of-domain responses honestly, and f agrees with f’ (which is virtually computed by the
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verifier). Finally, Quotient(f, S, Ans, Fill) is precisely the evaluations of PonQuotient(f, S) over L; this is
because the prover computes the hole fills honestly. We conclude that Quotient( f, S, Ans, Fill) is a codeword
in RS[F, £, dyax — |S]]- O

6.2 Soundness analysis

Lemma 6.5. Construction 6.3 has round-by-round soundness error

Erbr(pa ia X) = Inax <5prox <dmaX7 P, 5) m - (dpax + 1 Z d; > 6ood max e? 5)7 (1 - 6)t> y

where ( is such that RS[F, L, dpax| is (0 4 t/|L|, £)-list decodable.
Proof. Define v := § + t/|L]. We describe a state function State as follows.
1. Combined function. We assign State(p, i,X,¥,r) = 1 if and only if A(f’, RS[F, L, dyax]) < 4.

2. Out-of-domain samples. We assign State(p, i,X,V, (r, f, (#5"%) je())) = 1 if and only if at least one
of the following holds:

(@) A(f,RS[F, L, dnax]) <6
(b) There exist distinct codewords u, v’ € List(f, dpax, v) With 4(z"*) = 4/ (2$"*) for all i € [s].

3. In-domain queries. We assign State(p, i, X, Y, (v, f, (z§*) je(s]> (¥5)je[s] (xji“)je[t])) = 1if and only
if there exists a codeword u € List(f, dnax,y) Which agrees with Ans over S.

We analyze the round-by-round soundness errors of State as follows.

1. Suppose that State(p, i,X, ¥, @) = 0 and (i,X,y) € L(R). Since the instance is not in the language,
there exists ¢ € [m] such that A(c;(f;), RS[F, £, d;]) > d. Applying Lemma 3.9, we find that

Pr[State(p,i,X,¥,7) = 1] < eprox (dmax,p, 9, m - (dpax + 1) Zd )

2. Suppose that State(p,i,X,V, (r, f)) = 0. Clearly, Item 2a cannot hold, so it suffices to bound the
probability that Item 2b holds. Applying Lemma 3.4, we find that
_Pr  [State(p,i,x,y, (r, f, (5" jers))) = 1] < €ooa(dnax; £, 5).-
oA
3. Suppose that State(p,i,X,Y, (7, f, (¥3"%) je[s]: (¥j)je[s))) = 0. Then there exists at most one code-
word u € List(f, duax,y) Which agrees with Ans at the out-of-domain samples {z5"*};c[;). In or-
der for State to transition to 1, v must exist and moreover agree with f’ at the in-domain queries
{237} e[y Butsince f’ is d-far from the code, we conclude that
$inPrw [State(p7 1, X, y (7’ f?( C)Ut) €ls)> (y])jE[sb (x;n)]e[t})) = 1] < (1 - 5)t
1 Ty
Finally, we show that State is consistent with the verifier’s decision (this is necessary since the proto-
col ends on a prover message). In particular, let 7 = (r, f, (z ju )jels) (Yi)jels) (ﬂU_}n)jg[ﬂ) be a par-
tial transcript containing all but the prover’s final message and suppose that State(p,i,X,¥,7) = 0. By
the definition of a state function, it must be the case that State(p,i, X, Y, 7||Fill) = 0 for any prover

message Fill. Since this is a full transcript, we must show that the verifier outputs a bad instance, i.e.,
A(Quotient(f, S, Ans, Fill), RS[F, L, dyax — |S|]) > 0. This follows from Lemma 3.6. O
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6.3 Extensions and optimizations

Delaying FFTs. A computationally expensive step for the prover is computing Fill. Generally, this requires
t evaluations of the polynomial, e.g., using an FFT in time O(|L|log |L|). Note that the rest of g can be
computed by evaluating the quotient directly. This can be done in time O(¢ - |£|). The FFT is particularly
expensive if the alphabet of input codewords is some smaller base field IF, but the challenge space is over a
larger extension field F¥. In this case, the alphabet for g, and thus the domain of the FFT, will be F¥. Given
this, we want to delay the FFT for multiple accumulation steps. To do this, the prover can send 0 output
values for Fill. Note that g, now is %I far from the code. Let’s refer to these ¢ locations as holes. Whenever
the verifier queries any of the holes, the prover aborts and then recommits to the actual codeword. This now
requires running an FFT. We now argue that the prover only needs to abort and recommit every once in a
while for reasonable parameters.

Assume there are w holes. The probability that the verifier does not query a hole on a single query is 1 — 1%

IZ|
t-w
or (1 — %)t ~ e I for t queries. After k steps, each with ¢ queries, there should be at most & - ¢ holes.

Thus, the probability that after & steps, no hole has been queried is lower bounded by Hle( - %)t R

P2 2.2
e S T ~e E2r . As long as % <1/2,ie k< @ the probability of querying even a single hole
after k rounds can be upper bounded by 1 — e~1/2 ~ 40%. For |£| = 226 and t = 80, this implies that
with high probability, the FFT needs to be run only every 100 steps or more. To run the FFT efficiently, the
prover maintains a representation of the polynomials as evaluation over £ C F \ £. This ensures that there

will never be holes within £’.

Conjectured security. In Theorem 6.2, we prove that Construction 6.3 is secure for instances up to § €
(0,1 — /p —n) for a small value of 7. The constraint directly influences ¢, the key efficiency parameter
in the protocol as the query complexity ¢ = — log)(‘li 5y ~ 10g2('1)‘/p). The constraint on ¢ is related to the
Johnson bound (Theorem 3.3), which proves that there is only a polynomial (in 1/7 and 1/p) number of
codewords ina (1 — N n) radius of any string. Prior work [BBHR18; BGKS20; BCIKS23; ACFY24],
as well as practical implementations, have taken a conjecture that even within a (1 — p — n’)-radius of any
string, there exists only a polynomial (in 1/p, 1/7) number of codewords, and that the proximity gap lemma
(Lemma 3.7) holds up to 1 — § — . For small 7’ this results in ¢ ~ m, i.e saving roughly a factor
of 2. The conjecture also enables reducing the (irinelcll)sliﬁz'e. If we set s = 2 and use the Conjecture 5.6 from

[ACFY24], we can set the field size |F| > oA . I and achieve round-by-round soundness 2=,
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7 Accumulation for NP

We construct an accumulation scheme for R1CS relations.

MxN
((AaB?CEF ’M’N)7 . For z := (wi)eFN’

— n N—n
RRle(F) = ($ e wel ), Azo Bz = Cx
1, 1)
Consider the polynomial over a field F:
M
Py, Yo, Zay. o ZN) =Y eq((i = 1), Y1, Yo - (a] Z 0] Z — ] ),
i=1

1 Yef{o1ymai=" 2i-1.y,
€ {01} b= * such that

for multi-linear eq(, Y7,...,Y,) = R A
q( 1 m) {0 YG{O,l}m/\i#Z?;QZ_l’YZ

P(Y1,...,.Y,Z)=0€F

if and only if for Z = ||w ((A, B,C, M, N),z,w) € Rpics(F). Let dp = logm + 2 be the total degree
of P.
We first construct a reduction from Rgics(F) to an accumulator relation which we define below. The ac-
cumulator consists of two oracle strings and constraints on these oracle strings. The first oracle string is
equivalent to the oracle in the proximity claim accumulator. The second oracle string, in the honest case,
corresponds to the accumulated R1CS witness. We, then, show how to reduce multiple instances of this
accumulator relation into one.
Accumulator relation. The accumulator relation is defined as follows. The index i consists of the follow-
ing:

* Desciption of a finite field [F and evaluation domain £ C F.

» Maximum degree parameter dyay € N, dyay < |L£]. Define p := % to be the rate of the corre-

sponding Reed-Solomon code RS[F, £, dpax)-

* Distance parameter § € (0, 1).
* A second distance parameter y € (0, 1).

The instance consists of two rational constraints of degree dy = dpax —t — 2 and dy = dpaxy —t — 1, as well
asv € F¥ and error term e € F, X = (v, e, ¢f,¢g). There are two instance oracle strings f, g € FI£I. There
is no witness. We formally define the promise relation R ycc below.

f € RS[F, L, dpax]

Race(P) := 4 (i, (v, €,¢5,¢4), (f,9), L) : i};((g)) : gg[[g:égﬁ

P(ol|f) =e

A(ceg(9), RS[F, L, C{g]) <4

7?/ACC(p) = (|7 (Ua €, Cf, Cg), (fa g)a J—) : Ju © LiSt(f, dma}x fY)’ P(UHU) —

¢/(u) € RS[F, £, dyax — t — 2]
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7.1 Reduction from Ryics to Racc

Theorem 7.1 (knowledge soundness of accumulation). Consider a security parameter A € N. Assume the
index and instance are such that the following holds:

 [F[>2%- 2 m.

«0€(0,1-1.05-/p).

e v=94
Then Construction 7.2 is an interactive oracle reduction (parameterized by A with round-by-round knowl-
edge error 2= and the following efficiency measures:

* Alphabet: T.

* Round complexity: 1

* Proof length: |L|

* Query complexity: 0

Proof. Setn > ,/p/20, the Johnson bound (Theorem 3.3), gives us that £ < 1/(2n,/p), i.e. £ < %. This
implies that rppy < £-m/|F| <272 O

Construction 7.2.

Interaction phase. R
1. Psends f : £ — F. In the honest case, f € RS[F, £, dyay] is the encoding of w € FN~",

2. Vsends rq,...,r, < F.
Output phase.
1. Define the vector ¥/ := (r1,...,7m, T1,...,Tp).

2. V outputs the new instance (v, 0, L, 1) and new instance string ( f, [0]).

7.1.1 Soundness analysis

Lemma 7.3. Construction 7.2 is complete and is round-by-round knowledge sound with knowledge error
Rrbr = KTm

Proof. Completeness is immediate. Given any transcript the extractor E decodes the first message f to
List(f, duax,) and finds a u € List(f, dpax,y) such that P(Y1,...,Y;,,Z) = 0 for Z = &||u. If such a u
exits, E outputs u.

We analyze the round-by-round knowledge error of State as follows. Suppose that State(p,i, &, f) = 0.

N

Then, for all codewords w in List(f, dpax,y), P(Y1,...,Ym,Z,u) # 0. Since P is a multi-linear m-variate
non-zero polynomial, we find that by the Schwartz-Zippel lemma Prz[P(7, Z||1)] < I%\’ and thus taking a
union bound over all ¢ polynomials in List( f, dyayx,y) we find that,

l-m

o < Em
Ffﬂlgm[State(p,l,x, (f,M)] < 7]

If the probability is greater than this, then P(7,Z||@) must be a zero-polynomial for some u in the list
decoding radius and E outputs a valid witness to (i, Z) € L(Rgics)- O
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7.2 Reduction from R, to R ycc

Theorem 7.4 (Security of accumulation). Consider a security parameter A € N. Assume the index and
instance are such that the following holds:
o [F| >2*-10" - m - dp - dgax> - 3t - p~3°.
. — I S
6 (01105 /5 —pgtsma )
o v — I S
Y =0+ g1z
Then Construction 7.5, when instantiated with s = 1 and t = m, is an interactive oracle reduction
(parameterized by \) with round-by-round soundness error 2~ and the following efficiency measures:
* Alphabet: F.
* Round complexity: 5
* Query complexity: 6 <t < m.
* Prooflength: 2 - (|| +t 4+ m + 1) field elements.

Proof. Soundness. We analyze the soundness error given the defined size of FF:

* Eprox(dnax, p, 6,m - (2t +6)) = % < 27 (Plugging in the value for IF).

10
02 ax

* &‘ood:m‘f'(uﬁl%)'

* Assuming that dpax < [£] < |F|/2, we get €0 < M - 1p0—20 . %.

* Since [F| > 2* - m - 100 - dpax - p~2 we have that £, < 277

* Cace = % <27 for [F| > m - dp - 2*.

A

e (1—6) < (1—6)~Toe=9 =274,
Since the round-by-round-soundness error is the maximum of these errors, we have that, for the chosen
parameters, it is bounded above by 27

Efficiency. The protocol has 5 rounds, 6 prover and 5 verifier messages. The number of oracle queries is
t = m to f and g which can be send as one interleaved codeword over F2. The total proof length

consists of two oracles of length | L], each as well as 2m + 2 out of domain responses, along with two Fills

: _ A
of sizet = m UJ

Construction 7.5. We describe an interactive oracle reduction from R} to Racc. On input index i, the
indexer I outputs short index ¢ := i; there is no index oracle string. The prover and verifier are additionally
parameterized by p = (s,t), where s,t € N are the out-of-domain and in-domain repetition parameters,
respectively. On input instance X = (v, e, ¢y, ¢g.i)ic[m) and instance oracles Y = (fi, gi)ic|m)> the prover
P(p,i,x,V¥) and verifier VY(p, i, x) engage in the following protocol.

Interaction phase. Let H C I be an arbitrary sized m subset of F, and L;(X)Vi € [m)], the corre-
sponding Lagrange polynomials, and Vi (X), the vanishing polynomial on H. Define df = dpax —t—2
and dg = dpaxy —t — 1.

1. P sends ¢(X) € F[X], adegree dp - (m — 1) — m polynomial.

In the honest case §(X) - Vg (X) + 7, Li(X) - e; = P(X™, Li(X) - (uil| fi))

2. Vsends z1) « (F\ £)*
P sends yi(l) € I® for all « € [m]. In the honest case yi(l) = f;(zD). @
4. Vsends o € Fand (2 € (F\ L)

R
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i(2®).

5. P sends yi(z) € [F* for all « € [m]. In the honest case y =
6. Foralli € [m], let ¢, := Quotient(-, {2z, )}, Ans! J_)
for Ans/(z(1)) = ygl) A Ansl(z(?)) = yZ@).
7. Vsendsr < F.
8. Psends f,g: L — F.
In the honest case, f := 7 L Li() - fiand

g := Combine(dnax, 7, ((cf,i (f1)7 dy), (C/fl(fz)y dnax — 2), (¢4.i(Gi), dg))ieim))
9. V sends 2z € Fs
10. P sends y((3):9) 4((3):f) ¢ Fs_ In the honest case yg(g)’ 9 . = g(x; (), g))W € [s] and
y§(3)7f) ::'f(ml((3)7f)).
11. V sends x® « Ft.
12. P sends Fill; : Sy — F, where Sy := {z*, 2(2)
In the honest case, Fill; := PonQuotlent(f S
2(3)
S,

3)}
)|:pm
}-

9)la

13. P sends Fill, : Sy — F, where S, := {2,
In the honest case, Fill, := PonQuotlent(g

Output phase.
1. Define v := 3" Li(a) - v;
2. Define e := Vi (a) - ¢(o) + 1% Li(e) - €5
3. Define the virtual functions
* ¢ := Combine(duax, 7, ((¢1i(fi), df), (¢}, (fi), dnax — 2), (¢g,i(3:) dg))iepm)

=>4 f/i(a) “fi

4. Define Ans; : Sy — T such that

o Ansp(z?) =Y Lia) -y
o Ansj(z 2((3), Sy = y((3).)

o Ansy(z'®) := f/(2®)
5. Define the rational constraint ¢¢ := Quotient(-, S¢, Ansy, Fill ).
6. Define Ans, : S, — I such that Ans,(2(3)) := ()9 and Ans,(21?) := ¢/(2®).
7. Define the rational constraint ¢, := Quotient(-, Sy, Ansg, Filly).
8. 'V outputs new instance (v, e, s, ¢g) and new instance strings (f, g).

“We slightly abuse notation and write f(Z) = ¢ for &,y € F" to denote f(z;) = y;Vi € [n]

7.3 Completeness and soundness of Construction 7.5

Lemma 7.6. Construction 7.5 is complete.

Proof. Since f;,cs;(f;) and ¢g;(g;) are codewords, and all in-domain and out-of-domain query responses
correspond to these codewords, we have that both g and f, the outputs of Combine and a random linear
combination are codewords as well. Further we have that P (vi, fi) = e;. Pisa degree dp polynomial.
Therefore, 15(2;11 Li(X)(vs, f;)) — S Li(X)e; is 0 on all of H. Therefore, there exists a degree
m - (dp — 1) — m polynomial §(X) such that P(3>7", Li(X)(vs, fi)) — Sory Li(X)e; = G(X) - Vi (X).
This implies that P(v, f) = e. O
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Lemma 7.7. Construction 7.5 has a round-by-round soundness error

0 Anax \° (m—1)-d
Rrpbr = IMax <€prox(dmaX7p7 o, m - (2t + 6)7m : 5 : <|F’ — E) ) ( ]F) P7 (1 - 5)t>

Proof. We denote by 7; the index, the instance and the transcript up to the i-th verifier message, so that
70 = (P, 1,X). We define the following doom sets. D; is the doom set after the i-th verifier message. We will
show that 7y € Dy implies that there exists an i such that (i,X;) & L£(Racc) with all but negligble probability

for all sets. Concretely, we show that the probability Prc,[7;_1 € Dj_1 A7j = (7j-1]|¢;) € Dj] < mgjb)r
(1) . (6)

for round-by-round errors K.y, . . . , Kype- Lhe overall round-by-round error will be the maximum of these
per-round errors. Let v = 0 +t/|L|, df = dpax —t — 2 and dy = dpax — t — 1. Then the following holds:

* Dy = D} U DY for
- D} = {3i s.t. Vu € List(fi, dnax, 7) : ¢1i(u) & RS[F, £,ds] V P(v;|ju) # e;}
- Dj = {3i s.t. Vu € List(g;, dnax,7) : ¢g,i(u) & RS[F, L, d,]}
« D; = D} U DY for
_D{:D({ﬁ{vfiav(uaul)GLiSt(fiadmax77): ( )#u( )\/U—U}
- D} = Dg
Claim 7.8 (Dg to Dq). Let Prx(l)[m € Dy A (To,x(l)) Q/ Dl] < KIE‘b)I‘ If 79 € Dy and (T y ) Q D+, then

there exists an 7 such that two polynomials in the list decoding radius of f; are equal at z(1). The probability
that two degree dyax polynomials are equal at s points in F \ £ is bounded by (Wﬁﬁ)s' A union bound

over all ( ) points in List( f;, dnax, y) and over ¢ yields that ml(rb)r =m- 82 (‘F‘f‘“ \E|>

* Dy = D} U DIAC U DY for DY = DY and
- DJ*™ = {3i Vu € List(fi, dnax,7) : ¢1,4(u) & RS[E, £, df] v u(aV) # yi}

_ plIACC _ P(o]| S50y Li(a) -wi) # 37 Li@) - e + () - V()
2 for unique u; € List(f;, dnax,7) : ¢f.i(u;) € RS[F, L, df] A ui(zM) = ylm

Claim 7.9 (D, to D3). Let Pro[r1 € Dy A(r1,a) & Da] < k), and let u; € List(f;, duax, 7) be the unique
polynomial such that ¢ ;(u;) € RS[F, L, dyax — |¢f,i(u;)], and u;(x (1)) = y;. If such a u; does not exist
then (71, a) € DI, if any two u; agree on () then 1y & D{ sor, € DI = DY. Letu := 3" Li(a)u;
Note that by assumption Ji, s.t. P(v;||u;) # e;. The probablhty over « that P( 1% ) = G(a) - V(a) +

Sy L; () - e, is equivalent to two dp - (m — 1) polynomials agreeing on a random point. This probability

(2) _ dp-(m—1)
rbr — F

is bounded by &
* Dy = D{AC U DI U DY for DY = DY, D} = Dj "

— DA = {Yu € List([, duax,7)  u(@®) £ X Li(e) -5 v P(ullu) # €}
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Claim 7.10 (D3 to D3). Let Pr o) [m2 € Do A (72, 2?) & D3] < /@S”)r. Either there exists an ¢ such that all
polynomials in the list decoding radius of f; do not satisfy the constraints ¢y ; or c}’i or we have for all u one

of the following two cases:
u = u’. Inthiscase P(u) = P(u') # e

u # w’. The probability that v and v’ agree on z(?) is bounded by (Hﬁ“j"c)s
Taking a union bound over all ¢ polynomials in List[f’, dyax, 7] we get I{E.i)r =/ (‘I?‘mjxﬁ)s

* Dy = D} U DY for

_ DZJ; _ D:{,ACC
- Dz = {A(g/, RS[]F,E, dmax]) > 5}

Claim 7.11 (D53 to Dy). Pr,jr3 € D3 A (13,7) & Dy < £\ If 3 € DI or 73 € DY then for
some ¢ € [m] one of the constraints ¢, c},i or ¢, won’t be satisfied, i.e. the quotiented codeword is far
from the code. We can ergo bound the probability that the resulting combined ¢’ is close to the code, using

the proximity-gap Lemma 3.9. For this recall that df = dpaxy — ¢ — 2 and dy = dpax — t — 1. Since
3m(dpax + 1) — 71 (df + dy + dpag — 2) =m0+ (2t + 6) by K59 = Eprox(duag, p, 6, m - (2t + 6))

* Dy = D{ U DY for

— D{ = D{ 1 {¥(u, ) € List(f, dpax,7) : u(z®) £ w/(&®) v u = u'}
— DY = DY {¥(u, ') € List(g, dpax, ) : u(z®) £ w/(@®) v u = o'}

Claim 7.12 (From Dy to D3). Pr @[ € Dy A (14,20) & Ds] < RS,)I We compute the probability over

y®) that 74 € Dy implies (T4, x(3)) ¢ Ds. This is the case if two polynomials in the list decoding radius of
g or f are equal at independently chosen s points z(3) € F\ L.

Assume 4 € D f: . Using a union bound over all pairs in the list decoding radius, we get that the probability

S
that 74, 2 ¢ DEJ: is bounded by % . <|]FC|IT‘X£‘> . This is a necessary condition to escape the doomset and
thus suffices as an upper bound.

Otherwise, i.e. 74 € D¥. Using the same union bound, we get the bound on the probability that 74, ) ¢
DS,

S
Overall the probability is bounded by the max of the two cases, i.e. k) — % . (“F‘fiﬁ)

rbr
. _nf g
Ds = Df U DY

— D} = {Vu € List(f, dnax,7) : ¢f(u) & RS[F, £, d]) vV P(v||u) # e}
- DY = {Vu € List(g, dnax,7) : A(cg(u),RS[F, L,d]) > 6}

Claim 7.13 (From Dj5 to Dg). Pryn[ms € D5 A (15, 2™) & Dg] < ni?}r.
75 € DY. If 75 € DY then there exists at most one codeword u € List(g, dpax, ) such that u(x(g)) =
y((3).9) - Additionally A(u, g’) > d. The probability that ¢’ and u agree on z™ is bounded by (1 — §)*. If

they do not agree than ¢, (g) is at least ¢ far from RS[F, £, d| by Lemma 3.6.
Else,i.e. 75 € Dg. Let v/ be the unique polynomial in List(f’, dgag, ) such that u/ () = 7 | Li(a)-

yl@). Let u be the unique polynomial in List(f, dgay, ) such that u(z(®)) = 3((3)./) Tf no such polynomial
exists then ¢;(f) is 0-far from RS[F, £, d]. Otherwise, we have one of three cases:
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1. u & List(f’, dyax, 7). In this case A(u, f) > v > § and the probability that u and f’ agree on z** is
bounded by (1 — 4). If not then ¢ (f) is §-far from RS[F, £, d].

2. u € List(f', duax,v) and u(z?)) # 37 ﬁi(a)-yi@). In this case c¢(u) ¢ RS[F, £, d] by Lemma 3.6,
and thus c¢( f) is é-far from RS[F, L, d].
3. u=u and u(z?) = 3", Li(a) - y'?). Then, by assumption P(v||u) # e.

)

The error is the max of both cases, i.e., ngi)r = (1-4).

Note that 7 € Dg = (i, (v, e, ¢y, ¢q)) & L(Racc)-
The overall round-by-round soundness error is

7 82 dmax s (m — 1) . dp
Rrbr = Ilré?g]((ﬁggr) = <5Prox(dmax7pa 67m : (2t + 6))7m : 5 ’ (‘IF’ — [,) ) 7(1 - 5)t> .

Remark 7.14 (Extension to arbitrary P). Our construction is written for a polynomial P that encodes RICS,
but we note that, like ProtoStar [BC23], it directly applies to more general P, including ones that perform
higher-degree checks like those required for encoding a customizable constraint system [STW23] or high-
degree Plonk checks [CBBZ23]. This is beneficial because higher degree relations are more expressive and
have smaller witnesses; indeed, recent works [Xio+23; DMS24] have shown the concrete benefit of using
degree 5 to 7 constraints, and so supporting them can significantly reduce the cost of committing to a new
witness. However, this is traded off with a larger G(X') (linear in the degree). The protocol does not need
to change in order to accommodate different P. The only difference is that ¢(X') is now a higher degree,
(dp — 1) - m — m, polynomial, and that the soundness contains a d’TT'm term. As long as F > dp - m - 2,
the soundness error remains 2.

Remark 7.15 (Number of out-of-domain samples). Note that the protocol requires three rounds of out-of-
domain samples. We give a brief intuitive explanation for these samples and in what scenarios the first can
be omitted. The first round binds the prover to use a unique polynomial u; within the list-decoding radius of
each f;. This is important as otherwise there could be up to /™ possible combination of codewords within
the list-decoding radiuses. This is used, when bounding the probability over c that P(> ;" ﬁi(a) ‘up) = e.
The second out-of-domain challenge, after the choice of a, connects f' to u' = S Li(a) - u;, ie. a
prover can only succeed if u’ is in the list-decoding radius of f’. The final out-of-domain challenge forces
the prover to use a unique polynomial in f. An astute reader will notice that in accumulation, f becomes an
input f; to the next round reduction-of-knowledge. This means that we ensure that the prover uses a unique
polynomial within the list decoding radius of f, twice: Once at the beginning of the reduction and once at
the end. This seems superfluous. However, in accumulation, we cannot guarantee that the accumulator was
generated in a particular way, e.g., is the output of a previous accumulation step. For completely arbitrary
inputs, we cannot guarantee that there is a unique polynomial corresponding to the constraint within the
decoding radius of the input. In many practical applications, however, one can safely skip the first round
of out-of-domain samples as long as the application checks that input accumulators are the output of an
accumulation procedure. This is the case in IVC and PCD.

Remark 7.16 (Conjectured security and delaying FFTs). The optimizations described in Section 6.3, equally
apply to Construction 7.5. Importantly, under a commonly taken coding conjecture ¢, the number of queries
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A

can be reduced from roughly ¢ ~ m tot ~ og(17p)" Additionally, it is possible to delay FFTs by not

computing and sending Fill values until the code is queried at one of the holes. At that point, the prover can

Vel

run an FFT and compute a codeword without holes. This should at most happpen every ~~— steps.
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A Proof of Theorem 4.3

Theorem 4.3. There exists a polynomial-time transformation T such that the following holds. Let 'R be
a parameterized indexed relation. Let RY. be a parameterized indexed promise relation in NPY with the
same parameter space as R. Suppose we are given the following non-interactive reductions in the random
oracle model:

* RDXcast = (Geast, Zeasts Peast, Veast), a reduction from R to Rcc.

* RDXrowp = (Growp, Zrorp, Prop, Vrop), @ many-to-one reduction from Ryac to Racc with the same
generator algorithm as RDXcpst (i.e., Grorp = Geast)-

Then T[RDXcast, RDXrorp, Racc] = (ARG, ACC), where ARG is a non-interactive argument for R and
ACC is an accumulation scheme for ARG, both in the random oracle model.

Proof. Follows immediately from Lemma A.5 and Lemma A.7. 0

A.1 Accumulation schemes

Here, we include the definition of non-interactive arguments and accumulation schemes. The construction of
PCD from our follows exactly as in [BCLMS21]. However, unlike in [BCLMS21], our definitions include
a relaxed version of the verifier and decider, which are used in the corresponding knowledge soundness
definitions. Theorem 5.3 in [BCLMS21], the generic construction of PCD, follows almost immediately
from our definitions. Essentially, it suffices to replace the verifier and decider in the knowledge soundness
proof with their relaxed variants. This is similar to how recent work [BMNW24] builds proof-carrying
data from bounded-depth accumulation. However, here in our setting, there is only one relaxed verifier and
decider rather than up to s for some bound s € N; hence, the generic construction and proof follows almost
immediately.

Definition A.2. A (preprocessing) non-interactive argument in the random oracle model is a tuple of
polynomial time algorithms ARG = (G,Z, P, V, V) that satisfy the following properties.

Completeness. ARG is complete if the following holds. For every adversary A,

pUQ)
(i,x,w) € R*(pp) pp ¢ G(17)
- n (i,x,w) < A”(pp) | =1,
VP(vk,x,m) =1 | (pk,vk) < Z”(pp,i)
T < Pp(pkvwi)
and (A)
B p— U
VP(vk, X, ) = 1 ppG(1Y) | _
Pr| U (ix,m) « A(pp) |
VEvko X m) =11 o uk) - T2 (pp, i)

Knowledge soundness. ARG is knowledge sound (with respect to auxiliary input distribution D) if the
following holds. There exists a deterministic polynomial-time extractor £ such that for every (non-uniform)
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polynomial-time adversary P,

[ p UL T
A
VP(vk, X, ) = 1 pp%g(l )
Y ai «+ D(1Y)
Pr A . S0 2| < negl(N).

(i, x,w) & R”(pp) (i,x, m; tr) <= P’ (pp, ai)
Y (pk, vk) <= Z”(pp, i)

i w < E(pp, i, X, ,ai,tr)

Definition A.3. Let ARG = (G,Z,P,V, f)) be a non-interactive argument in the random oracle model for
index relation R” such that the proofs have a canonical partition into pairs 7 := (7.X, 7.W).

An accumulation scheme for ACC for ARG in the random oracle model is a tuple of polynomial-time
algorithms ACC = (G,1,P, V, D, f)), which shares the same generator algorithm as ARG. An accumulation
scheme must satisfy the following properties.

Completeness. ACC is complete if the following holds. For every adversary A,

Vi € [n], VP(vk,X;, ;) = 1A p— U
Vj € [m], D(dk, acc;) = 1 _ pp < G(1%)
Pr (Ia [Xia (ﬂ-i'x7 ﬂ-i'Wﬂ i€ln]’ [accj]je[m]) A Aﬂ(pp) -1
v ( avk, [Xi, mi X] > 1 (pk, vk) <= Z*(pp, i) ’
[acci X]ic[m], acc.X, pf (apk, avk,dk) < I?(pp, i)
/\D(dk, acc) =1 (acc, pf) «— P (apkv [Xiaﬂ—i]ie[n]v [accj}je[m]) i
and
D(dk,acc) =1 P Z/l(f\\)
Pr Y pp G(17) | _
- i P :
D(dk,acc) =1 (I, acc) « A (pp)
’ (apk, avk, dk) < I?(pp, i)

where each accumulator has a canonical partition into pairs acc := (acc.X, acc.w).
Knowledge soundness. ACC is knowledge sound (with respect to auxiliary input distribution D) if there
exists a deterministic polynomial-time extractor E such that for every (non-uniform) polynomial-time ad-
versary P, the following holds

' p U T
pp < G(1*)
: A
v avk, [Xi’ﬂ-i'x]ie[n]’ 1 al < D(l )
[acci X]ic[m], acc.X, pf

< ia [Xiaﬂ-i'x]iG[n]’ 7tr) epp(vaai

AD(dk, acc) = 1 [acci X]ic[m), acc, pf
’ (pk, vk) < Z(pp,

)
Pr ) | < mnegl()).
)

i

/\ -

Ji € [n], VP(vk, X;, m;) # 1 (apk, avk, dk) < I?(pp, i
v3j € [m], D(dk, acc;) # 1 ([ W], [2065: W )

i, [Xiﬂl'i.X]

i€[n]’ it
[acc; X];em), acc, pf 1ah r) 1

+— B <pp,

A.2 Construction

ARG Construction. The non-interactive argument Construction A.4 can be viewed as a simple wrapper
around the non-interactive reduction RDXcys7. Effectively, the prover and verifier both execute the reduction
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RDXcast to reduce the claim about R to Rycc. Now, the prover can simply include the output witness R acc
as a part of the argument proof. To be specific, the argument proof will simply consist of both the reduction
proof mcast and the output witness acc.W for Rycc. The argument verifier simply derives the corresponding
output instance acc.X using mcpst and checks the output instance-witness pair belongs to R pcc.

Construction A.4. We define ARG = (G,Z,P,V, V) as follows.

G(1"): Output pp < Geasr(17).

Z7(pp,i):

1. Compute (pkeagr, Vkeast, i) <= Zgysr(Pps ).
2. Output (pk, vk) := (pkeasrs (Vkeast, I/, pP))-

PP (pk, X, W):
1. Compute (meast, acc.W) — Plygr(pk, X, W).
2. Assign (w.X, m.W) := (7casT, ACC.W).
3. Output 7 := (7.X, T.W).

VP (vk := (vkeasr, I/, pp), X, 7 := (mcast, acc.W)):

1. Compute acc.X < VgAST(VkCAST, X, WCAST)-

2. Check that (i’, acc.X, acc.w) € Ric(pp).

]}p(Vk := (vkeast, 1, pp), X, 7 1= (WCASTaaCC'W)):

1. Compute acc.X < Vg1 (vkeast, X, Teast)-

2. Check that (i, acc.x, acc.w) € R%..(pp).

Lemma A.5. Construction A.4 (ARG) is a non-interactive argument for R.

Proof. Since ARG is a trivial wrapper around the non-interactive reduction RDX¢yst, the algorithms remain
polynomial-time.

Completeness. Since ARG is a trivial wrapper around the non-interactive reduction RDXcast, completeness
follows immediately from the completeness of RDXcast and the fact that Rl (pp) € Rhcc(PP)-

Knowledge soundness. Consider an arbitrary polynomial-time adversary P. We construct an adversary
‘Pcast against the non-interactive reduction RDXcpst as follows:
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75gAST(PPa ai):

1. Compute (i, X, 7, 7;tr) < P(pp, ai).
2. Assign (mepsT, acC.W) := .

3. Output (i, X, TeasT, ACC.W; tr).

By the knowledge soundness of the non-interactive reduction RDXcyst, there exists a corresponding extrac-
tor Eqast. We construct an extractor for ARG as follows:

E(pp, i, X, m,ai, tr):

1. Assign (mepsT, aCC.W) := 7.

2. Compute W < Ecast(pp, I, X, TeasT, aCC.W, ai, tr).

3. Output w.

By the construction of the relaxed argument verifier 1?, knowledge soundness of RDX, and Remark 4.1, we
have that

[ p U T
. pp + G(1Y)
P —
. v (Vk”xw) 1 ai < D(1%)
. (i,, m; tr) < PP (pp, ai)
P
(1%, W) & R*(pP) (pk, vk) <= Z(pp, i)
i w < E(pp, i, X, ,ai,tr) |
[ p UML) T
) pp  G(1*)
(i, acc.x, acc.w) € Rice(pp) ai D(1Y)
< Pr A (i, X, TeasT, acC.W; tr) < Plysr(pp,ai) | < negl(A).
(i,x,w) ¢ R”(pp) (Pkeasts Vkeast, 1) < ZE,sr (PP, 1)
aCC.X < VgAST(VkCASTa X, 7TCAST)
L W < gCAST(pp: i,X77TCAST,acc.W,ai,tr) |

O]

ACC Construction. The accumulation scheme (Construction A.6) for ARG (Construction A.4) can simi-
larly be viewed as a simple wrapper around the non-interactive reduction RDXgqrp. The first step is to cast
the argument verifier claims to claims for Rpcc. This is done by simply calling VE,gr, which is used in the
argument verifier to generate an instance acc.X for Racc. Now that we have m + n claims for Rycc, the
prover and verifier both execute the reduction RDXpgrp which exactly reduces m + n claims for Rpcc to a
single claim for Rycc. The accumulation proof pf is simply the reduction proof mrgrp for RDXgqrp, and the
output accumulator is the output instance-witness pair in R ycc. The decider (relaxed decider) just check this
pair belongs to Racc (7~3Acc)-

Construction A.6. We define ACC = (G,I,P,V,D, f)) as follows. The generator algorithm, G, is defined
in Construction A.4.
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1 (pp, i):

1. Compute (pkepst; Vkeast, ') = Zoasr(pp, ).
2. Compute (pkggrp, VKroLp, 1) < Zhorp (PP, 1')-
3. Olltpllt apk = (VkCASTu kaDLD7 VkFDLD), avk = (VkCAST7 VkFOLD)a and dk := (i/, pp)

Pp(apk := (vkeast, PKporp, Vkrorp), (Xi, TFz')z‘e[n}> (acci)ie[m]):

1. Foreach:=1,...,n,

(a) Compute acc(,, 44)-X < Vst (Vkeast, Xi, m;.X) and assign aCC(yp44)- W 1= T.W.
2. Compute (porp, acc.W) <— Phorp (Pkporp: (acci-X)ic[m+n)» (acci.w)ie[ern]).
3. Compute acc.X < Vigrp(VKrorp, (aCCi-X)ic[m-tn]> TFOLD)-

4. Output acc +— (acc.X,acc.w) and pf < 7Tpqrp.

% (avk := (vkeast, VKroLD), (Xi, Ti-X)ig[n], (2CCi-X)ic[m]» aCCX, pf) :

1. Foreachi =1,...,n,
(a) Compute acc(,, 44X < Visr(Vkeast, Xi, 7i.X).

2. Check that acc.x = Vi p(Vkrowp, (3€C;-X)icmtn), PF).-

D¢ (dk = (i, pp), acc):

1. Check that (i, acc.x, acc.w) € Rhyec(pp)-

D?(dk = (i’, pp), acc):

1. Check that (i, acc.x, acc.w) € Riec(pp).

Lemma A.7. Construction A.6 (ACC) is an accumulation scheme for ARG.

Proof. Since ACCis a trivial wrapper around RDXcpst and RDXy¢c, the algorithms remain polynomial-time.
Completeness. By construction of V¥ and D?, if Vi € [n], VP(vk,X;, m;) = 1 and V j € [m], D(dk, acc;)
= 1, then [acc;.X, acC; W];c[min] € Ricc(pp). Thus, since ACC is a trivial wrapper around RDXpcc, com-

pleteness follows immediately from the completeness of RDXycc and the fact that R (pp) € Rhee(pp)-

Knowledge Soundness. Consider an arbitrary polynomial-time adversary P. We construct an adversary

Prorp against the non-interactive reduction RDXgqrp as follows:
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73150LD(PI37 ai):

1. Compute (i, [Xi’ﬂ'i‘x]ie[
2. Assign (acc.X,acc.W) := acc and 7porp = pf.
3.
4

. Foreachi=1,...,n,

[acc; X]ie[m), acc, pf; tr) «— P*(pp,ai).

n)’
Compute (pkest, Vkeast, 1) < Zhysr(pp, 1)

(a) Compute acc(,, 14X < Vésr(VKeast, Xi, 7i.X).

Output (i’, [acc; X]ig[m-+n], TFOLD, ACC.W; tr).

By the knowledge soundness of the non-interactive reduction RDXgqrp, there exists a corresponding extrac-
tor Epgrp. We construct an extractor for ACC as follows:

1.
2.
3.

4.

E(pp7 i, [Xi, m.x] icin)’ [acc; X]ie[m), acc, pf, ai; tr):

Assign (acc.x,acc.w) := acc and mggrp := pf.

Compute [acci.w]ie[ern] <+ Erarp(pp, 1/, [acci.x]ie[ern],wFOLD, acc.w, ai, tr).

m+n
i€lm+1]"

Output ([TI‘i.WhE[n}, lacc; 'W]je[m])'

Assign [m;.W];e[p) := [acc; W]

By construction of the relaxed argument verifier V and relaxed decider D, construction of the accumulation
verifier V and Pgqrp, and by knowledge soundness of RDXgqgrp, we have that

45



[ pUQR) ]
pp + G(1%)
v < 3Vk7 [Xi’ﬂi'x]ie[n]’ ) 1 ) al +— D( )‘)
[acci X]ie[m]» acc.X, pf ( i, [xi, ;] i€[n]’ ;tr) P*(pp, ai)
AD(dk, acc) = 1 [acci X]ie[m], acc, pf
Pr A (pk,vk) < Z*(pp, i)
Ji € [n], VP(vk,X;, m;) # 1 (apk, avk, dk) < I”(pp, i)
v3j € [m], D(dk, acc;) # 1 ([”’mdiehnj[accfwdjehnﬂ
P o) pp, I, [Xi;ﬂ-i'x]ie[n]a aistr
i [acc; X]ic[m), acc, pf 7 |
[ pUQR) T
pp < G(1%)
ai + D(1%)
i, [Xi,ﬂ'i.X] iclnl? )
i€ln] s tr ,al
v avk, [Xia’iTi.XLE[n]v 1 ( [acci X]ie[m]» acc, pf (pp )
[acc; Xlig[m), acc.X, pf (pk, vk) <= Z”(pp, i)
<Pr AD(dk,acc) = 1 (apk, avk, dk) < 17(pp, i)
A (Pkeasts VKeast, 1) <= Z&ysr(pp, i)
[(I",acc;.X, acc; W)]ic[mtn] & REOIFTM(pp) | Vi € [n], acC(imiy-X < Vst (Vkeast, Xi, 75.X)
([acc(eri).W]Z.e[n], [accj.w]je[m})
b X, miX] s
«~—E PP, 1, [ d ]ze[n] ,aijtr
L [acc; X]ie[m) - acc, pf

(", acc.x, acc.w) € R (pp)

< Pr A
[(,aces X, ace; W)]icmn) & Rice " (PP)

< negl(\).

p U

pp < G(1

ai « D(1*

;tr) «— 751501_13(p|37 al

HA
I, [acci'x]ié[m+n]a
TFOLD, ACC.W

(kaOLD7 vkrorp, i/) — Ilf‘)oLD(ppa I

P
acc.X < Vigrp (VkFOLD; [accl Le[m—i-n]a TTFOLD

)

PP, i/> [acci~x]i€[m+n]a

acc;.W|; — & i
[acci Wlicmn] FDLD( TroLD, ACC.W, ai, tr
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B Proof of Theorem 5.9

We first recall Theorem 5.9 and give a full description of the transformation T in Construction B.2. To prove
knowledge soundness, we follow the modular approach outlined in [CY24, Section 26.1.2]. In more detail,
we decompose T = FS o T; into two transformations:

» T, takes an interactive oracle reduction from R to R’ and returns an interactive reduction (in the
ROM) from Com[R] to Com[R/]. In Appendix B.2 we show that if IOR is state-restoration knowledge
sound, then so is the interactive reduction.

 The Fiat-Shamir transformation FS takes an interactive reduction (in the ROM) and returns a non-
interactive reduction (in the ROM) between the same relations. In Appendix B.3 we show that if
the interactive reduction is state-restoration knowledge sound, then the non-interactive reduction is
knowledge sound.

Theorem 5.9. There exists a polynomial-time transformation T such that the following holds. Let R and
R’ be indexed promise relations (with strings). Let S and S’ be efficiently computable sets parameterized
by X € N. Let IOR be an interactive oracle reduction (also parameterized by \) from R to R’ such that the
following holds:

* |OR has round-by-round knowledge error Ky, such that

or( A, 1L, X) = 1(\).
x| Forbr ) = negl(X)
lil+/x|=poly(A)

e For every parameter ) € N and index i € S()\), the IOR indexer outputs a new index i’ € S"(\).
Then T[IOR] is a non-interactive reduction from Com[R, S| to Com[R’, S| with the following efficiency
measures:

* Proof size: O(A-k+s+q- (log|X] + A - log Lpax)).

o Verifier complexity: IOR verifier, plus O(k + q - log Lyax) queries to the random oracle.

Construction B.2. Given IOR = (I, P, V), T[IOR] = (G,Z, P, V) is defined as follows. We use domain
separation to split the random oracle p into a Merkle tree oracle pyr and Fiat—Shamir oracle pgs. The Fiat—
Shamir oracle is further split into oracles for each of the verifier’s challenges: prs = (pi)ic]> pi ~ U(rs).
Without loss of generality, assume that the verifier’s challenges are at least A bits.

G(1):
1. Output pp = 1M

Z7(pp, i):

1. Run the IOR indexer (¢, T) := I(1%, ).
2. Commit to the index string (icm, itd) <— MT.Commit™(I).
3. Output pk := (pp, i,¢,I,icm,itd) and vk := (¢, icm).
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PP(pk, (X, cin), (W, ¥, td)):

1. Fori=1,...,k:
(a) Compute the i-th proof string

P(l)\a i,X,y,W) =1
P(Stl;l,’l“l;l) 1> 1

(Sti, Hl) — {
(b) Commit to the i-th proof string (pcm,, ptd;) <— MT.Commit”(IL;).
(c) Derive the i-th challenge

o p1(t,icm,X,ecmy, ... ,cmp, pcmy) =1
1 T .
pi(ri—1,pcm;) 1> 1

2. Compute the IOR prover’s output W' < P (st 7).

3. Compute the IOR verifier’s output (X', 5) < VI¥:II(, x, 7). Record the queries made by the IOR
verifier to the index, instance, and proof strings.

4. Select new instance strings and trapdoors: for j = 1,...,n/, let y;- := Select(Y, f[, s;) and td; =
Select(td, ptd, s5).

5. Set answers and compute opening proofs:

(a) Letans; := I|g: and pf; := MT.Open(itd, Q1), where Q' denotes the set of queries made
by the IOR verifier to the index string I.

(b) Forj =1,...,n,letans 4 := yj\QsJ(_ and pf ; := MT.Open(td, QY), where Q} denotes the
set of queries made by the IOR verifier to the j-th instance string Y.

() Fori = 1,...,m, let ansiny; = ILj|ge and pfy ,y; = MT.Open(td, Q7), where Q;
denotes the set of queries made by the IOR verifier to the i-th proof string I1;.

6. Output 7 := (pc, ans, p?) and (W’,V’,ta').

VP (vk, (X, cm), ):

1. Check opening proofs:

(a) If MT.Check”? (icm, ansy, pf,) rejects, output L.
(b) Forj =1,...,n,if MT.Check™"(cmj, ans1j, pf, ;) rejects, output L.
(c) Fori=1,... k,if MT.Check™(pcm;, ans;n14, pf1, ;) rejects, output L.

2. Fori =1,...,k: derive the i-th challenge

S p1(t,icm,X,ecmy, ..., cmy, pcm;) =1
7 = .
pi(ri—1, pcm;) i>1

3. Compute the IOR verifier’s output (X', 5) < V2is(;, x, 7).

4. Select new commitments: for j = 1,...,n’, let cm; := Select(cm, pcim, s;).
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5. Output (X', cm’).

Proof of Theorem 5.9. Let E be the IOR state-restoration extractor, & := &;[E| be the IR state-restoration
extractor from Lemma B.6, and £ := £[&;] be the non-interactive reduction extractor from Lemma B.9;
these are all straightline extractors. Let P be a non-interactive reduction prover which outputs at most n bits,
makes at most tyr queries to pyr, and makes at most tgg queries to prs. Let X = (X, cm) and W = (w, Y, t?j)
denote an instance and witness in the committed relations. The knowledge error of Pis

Kk := Pr

(i,)_(,V_V) Q Com[7§,|s]p(pp)
(",x',w') € Com[R'|s/]*(pp) | W

Since committed relations do not access prs, it will be convenient to define the relations relative to pyr and

explicitly sample the individual oracles. Define Z := {(i,x = (x,cm) : (i,x) € S(A),|i| + [X|] < n}.

Rewriting, we get

From Lemma B.9, we obtain

X
k< Pr| (i,x,w) ¢ Com[R]™
(", X', W) € Com[R']P

From Lemma B.6, we obtain

li| + x| <n

(i,x) € S(N)

(i,X,y,W) ¢7~?’
(iI,X/,V/,W/) e 7%/

k <Pr

+ K‘MT()\atMTa Lmaxa 1 +n+ k) +

(i,x) e Z
k<Pr| (i,x,w) ¢ Com[R]™"
(", X', W) € Com[R']P

pur < U(N)
prs < U(N)
p = (PMT; PFs)

_ tr

I

—

pur < U(N)
psk + U(N)

(i,x, ¥, II,w, 7) <= Gamergg(psr, P[P; [P]]#)

w :=E(i,x,y, IL, W, tr)
(¢, i) := I(1%, i)

(X/? y,) = V]LV,H(L’ X7 77)
tés

22
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w, W) & pr

W= E(i, X, m, W tr)
(pk, vk, i) := ZP(1*, i)
X' = VP(vk,X, )

psr < U

(i,%, @, W', 7) <~ Gamerg (psr, P:[P]"") Ifs
o Ton

W= gi(laxa «, 7tr) 2

(pk, vk, i') == T (1%, i)




Observe that 15[75l [75]] makes at most tpg moves. By straightline state-restoration knowledge soundness of

IOR, we have )

t
K< HSR()\,th,TL) + HMT(/\,tMT, Lpax, 1 +n+ k) + %
Setting n = poly(A), trs = poly(A), and tyr = poly(A), n = poly(A), and k = poly(A), we get r =
negl(A). -

B.1 State-restoration soundness

We define state-restoration soundness for IORs, and show that round-by-round knowledge soundness im-
plies state-restoration soundness.

Definition B.3. The IOR state restoration game Gameror With functions p = (p;);c[x) and adversary P is
defined below.

Gamergr(p, P):

1. Repeat the following until P exists the loop:
(a) P sends amove (i,x,¥, (ITy, ..., II;)) with i € [k].
(b) Set Ty = pi(ijxa yv (Hb s 7HZ))
(c) Return r; to P.
2. Poutputs (i,x,y, Iy, ..., II}),W, (A1, ..., Ay)).
3. Foreachi=1,... k,setr; := p;(i,x, (I, ..., IL;)).
4. Output (i, X, (IT;) ;e W's (Aj) jeny (1i)ici)-

Let tr denote the list of move-response pairs performed in the loop. We use the following notation to describe
an execution of the state-restoration game:

(i, X, f[,W’, ff, T) & Gamergr(p, P).

Definition B.4. IOR has straightline state-restoration knowledge error kg, if the following holds. There
exists a polynomial-time extractor E such that for every move budget ¢ € N, ¢-move deterministic adversary
P, parameters p, and set .S,

p = (pi)ieg  U(ri)icpq) ]
(ix) €S (i, X, _/,ﬁ,w/,/f,_f’) & Gamergg(p, f’)
| (xywgr | GRDEIRD < Ker (1P, S).
(i/,X/,y*,W/) cR/ (X.,S) = VI (0, X, 7) .
vj e n'l,y; = Silect(YLH,sj)\Aj
i w <+ E(p,i,x, ¥, II,w', A, tr) i

Theorem B.5. Suppose that R’ is monotone. If |OR has round-by-round knowledge error kypy, then IOR
has straightline state-restoration knowledge error

ksr(t, P, S) := (%?exs(t + k) - Kror (P, 1, X). (B.1)
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Proof. Since R’ is monotone, the adversary’s restrictions A cannot improve its advantage. It therefore
suffices to bound the following probability:

p= (PZ)ze[k] FU((rz)ze[k])
(i,x) € S (i,x,y, I, W, 7) & Gamergr(p, P)
Pr| (ixy,w) &R (¢, L") :==1(p,i)
(ilaxlvy/awl) eR ( ) = VH’V’H(L,X, 77)

W % E(p7 i’ X7 y? ﬁ7W/7 tr)

Rearranging, we find that this is identical to the state-restoration knowledge error of an IOP where the prover
sends the new witness as an additional message and the verifier performs all of the highlighted steps:

p= (pZ)ze[k] —U(ri)iek)

¥, (T, . T, W), 7) <= Gamergr(p, P)
(i,x)es (¢, ,’) ( i)
Pri GxIWER | 0 g m Vs

= (i",X,y",W) e R/
W<—E(p,i,x,y,ﬁ,w’,tr)

Observe that the round-by-round knowledge error of this IOP is precisely x.y. We conclude by appealing to
[CY24, Theorem 31.2.1], which relates IOP state-restoration knowledge to IOP round-by-round knowledge
precisely as in Equation (B.1).’ O

B.2 Replacing oracles with Merkle commitments

Lemma B.6. Let E be an IOR state-restoration straightline extractor. There exists an IOR state-restoration
prover P[] and deterministic polynomial-time IR state-restoration straightline extractor &; := E;[E| such
that, for every tg-move IR state-restoration prover P; that makes at most tur queries to pyr, P[Pi} makes at

"There are a few technical details which we address here. First, [CY24] restricts index-instance pairs by imposing a size bound,
whereas we test membership in S. This only changes how we compute the SR knowledge error, i.e., what index-instance pairs we
quantify over to find the maximum RBR knowledge error. Second, a direct application of [CY24, Theorem 31.2.1] would say that
the SR knowledge error is (¢ +k -+ 1) - Kyor, since the IOP has k + 1 rounds. However, a close reading shows that the SR knowledge
error is in fact (¢ 4+ k) - kror; this is because the final round only contains a prover message, and the RBR state function cannot
change after the verifier’s last message.
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most tg moves and the following holds for any set Z:

pur < U(N) 1
psr < U(N)
(i,x) e Z (i, (x cm), &, (W, ¥, td ), )
Pr (i, (x,cm), (w,y,td)) € Com[?é]f’MT <~ Gamerr(pss, P;”")
(", (¥, *’) W,y td")) € Com[R]* | (w, g, td) := & (i, (x, i), &, (W, ", td ), tr)
(pk, vk, i) := Z; (1*,1)
i (X', ch’) := VP (vk, (X, chn), @, 7)

_ o — U - (B.2)
(i,x) € Z p.SR - Z/—{»()\), tr =
<Pr (i, x, V) ¢ R (i,x,V, H_,W 77_})_’<.IGameIOR(PSRa P[P;]u)
(i,,X/,y/,W,) c 7%/ w ZZ_F(LX) V’P’.W )tr)
(¢, L") == I(1%,0)

i (X,y") := VIV, x 7)
+ ’{MT()\a tMTa Lmax, 1 +n+ k)

Construction B.7. Given a state-restoration prover P; for T;[IOR], the state-restoration prover P[P;] for
IOR is defined as follows.

f)[’ﬁi]PMT:

1. Initialize an empty query-answer trace tryr.
2. Simulate P; while answering its queries:

(a) When P; makes a query to the oracle pyr, answer according to pyr and append the query-
answer pair to tryr.

(b) When P; sends a move (i, (X, cin), (pcmy, . .., pcm;)) with i € [k]:

i. Lettr C tryr be the query-answer pairs for pyr since the previous move (or the beginning
if this is the first move).

i. Extract commitment openings:

—

((y17 tdl)a ceey (ym tdn)7 (Hh ptd1)7 SRR (Hla ptdi))
:= MT.MultiExtract((cmy,...,cm,, pcmy, ..., pcm;), tr)

iii. Send the move (i, x, ¥, Iy, ..., II;) for the IOR state-restoration game.
iv. Receive the challenge r; from the game.
v. Return r; to P;.

3. Finally, P; halts and outputs (i, (x,cm), (pcmy, . . ., pcm,, (afis, p?)), (w,y’, ta’)). )
4. Let tr C tryr be the query-answer pairs for pyr since the last move while simulating P; .
5. Extract commitment openings:

((ylvtdl)v DRI (yn,tdn)a (Hla ptdl)a ey (Hka ptdk))
:= MT.MultiExtract((cmy, ..., cmp, pcm;, pcm,), tr)
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6. Foreach j = 1,...,n/, set the restriction A; := Dom y;.
7. Output (i, x,y, I, W, A). Also, implicitly output cin, pém, ans, pf, y’, td’ (these are only used in

the analysis).

Construction B.8. The IR state-restoration extractor &£; is defined as follows.

gi(ia (X7CFn)7 (pcm17 s

3. Extract commitment openings:

5. Output (W, ¥, td).

((y1,tdy), ...

, pcmy, (afis, p_{c))7 (w,y’, t?i/), tr):

1. Split the prover’s trace tr into an IR state-restoration game trace trig and oracle trace tryr.
2. Set tror := IORTrace(trg, trur), where IORTrace is the deterministic algorithm which computes
the IOR state-restoration trace corresponding to P[P ], as defined in Construction B.7.

) (ynv tdn)v (Hla ptdl)’ KRR (Hk7 ptdk))
:= MT.MultiExtract((cmy,...,cmy,, pcm;, pcm, ), trur)

4. Run the IOR state-restoration extractor: W := E(i, X, , ,w, trior).

Proof of Lemma B.6. Define the random variable X as follows:

(

(i,X,Y,b, trior, trur, 7)

pur < U(N)
psr < U(N)
(i, (X, ci), pém|| (afis, pf), (W, ¥, td’), 7)
Lt GameIR(PSR,ﬁiPMT)
(vj,td;)5—q[[(1L;, ptd, )k
:= MT.MultiExtract(cm||pcm, tryr)
(pk, vk) := T (17)0)
(X', ci’) := VP (vk, (X, cin), pém|| (afis, pf), 7)
b= (i, (X,cm’), (w,y’,td")) € Com[Ry]?
trror := IORTrace(trg, trur)
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Define the random variable Y as follows:

pur < U(N)

pUQ)

(i,x, Y, L, W, A, 7 cin, pcm, aiis, pf, y’, td’)
m GameIDR(p’ P[’]ii]pMT)

(1) = 11, )

(X, 5) := VIVI(, x 7)

(I,%,¥, b, trror, trur, 7) | Vj € [n],y* := Selectgy,f[, 55)|A;

by = (i, X, §*, W) € Ry

(icm, itd) := MT.Commit™T (I)

by := CheckAll”™ (icm, cth, pcim, anis, p_{‘)

Vj € [n],cm’; := Select(c, pcim, s;)

by := \T_y MT.Verify?® (cm’,, ¥ td})

b:=by ANby N bs

It suffices to show that X and Y are syr(. .. )-statistically close. Unwrapping Z;, Vs, and Com[7~€2} in the
definition of X, we get the following (differences from Equation (B.3) are highlighted ):

pur < U(N)

p UL

(i, (x, cin), pém|| (afis, pf), 7, (W, ¥, td"))
trir,trur GameIR(p’,]SipMT)

(5, td;)5—q [[(1L;, ptd,)k_,
:= MT.MultiExtract(cm||pcm), trur)

(1) := L1, i)

(icm, itd) := MT.Commit™(I)

(i,X, ¥, b, trrgg, tryr, 7) (B.4)

by := CheckAll”™ (icm, cth, pcim, anis, p_{‘)
(X.5) = Vo™(1,x,7)

Vj € [n'],cm]; := Select(cth, pcim, s;)

by = (i,x,¥ W) € Ry

by := \T_y MT.Verify”™ (cm’,,y/ td))
b:=bi Nby A bs

trigr := IORTrace(trIR,trMT)
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Define the event E as follows (differences from Equation (B.4) are highlighted ):

puT U()\)
p UL
(i, (x, ci), pc||(afis, pf), 7, (W, ', td"))

trur S PMT
+— Gamen(p,Pi" )

(b2 A b
(0211 00) (95t (0T ptd )y
:= MT.MultiExtract(cm||pcm), trur)
H|Domansl = ans; (L ]I) — I(1>\ I)
n I . 9
k/\j=1 YjlDomans,,; = ansi; (icm, itd) := MT.Commit”(I)
Ni=1 Hi‘DOI;llananJri :, anSi+n+i by := CheckAll” (icm, cth, pcim, anis, p_{c)
Nj=1Y; =Y; (X', 5) := V(X 7)

Vi e [n’],,cm; := Select(crh, pcim, s;)
b := N\j_; MT.Verify™ (cm’, y’, td)
vj € [nl]vy;f = SeleCt(ya I1, 8j)|Domy;

Observe that (X | F) is equivalent to the following distribution (differences from Equation (B.4) are highlighted ):

pur < U(X)
p U
(i, (x, cin), pcm| |(afis, pf), 7, (W, ¥’ td"))
trir,trur GameIR(p,PipMT)
(), td;)5—q || (1L, ptd; )i,
:= MT.MultiExtract(cmm||pcm), trur)
(¢,1) == I(17, i)
. (icm, itd) := MT.Commit™ (I
(I’:(;Z(’lﬁ’i:):sg’;?gm by := CheckAll” (icm, crh, pcim, ans, p_i:) (B.5)
(X, 5) = VIV (, x 7)

Vj € [n'],y; := Select(¥, IL, 5;)Ipomy;
Vj € [n'],em’; = SeIectN(c?n7 pcm, s;)

by := (i,X, ¥* ,W) € Ra(p)

b3 == N\j_y MT Verify (cm’, y), td})
b:=0by ANby A bs

trigr := |ORTI’3C€(T.I’IR, tI’MT)
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This is equivalent to the following distribution (differences from Equation (B.5) are highlighted ):

pur < U(XN)

p UL

(i,x,¥, I, W, A, 7 cin, pém, afis, pf, ¥/, td')
Lt o meror(p, P[P3]PT)

(1, 1) = 101, )

(icm, itd) := MT.Commit™" (I)

by := CheckAll” (icm, crh, pcim, anis, p?)

(X, 8) = VIVIL(, x, )

Vj €[]y} = Select(¥, 11, 5;) |4,

Vj e [n_’],cm;- = Selef:t(c_rh, pcim, s;)

by = (|,>/(,y*,w’) € Ra(p)

b3 == Njy MT Verify (cm’, y), td’)

b:=0b1 ANba A b3

(i7 X, V; b7 trIUR) trl"lTv F)
conditioned on F

Some rearranging shows that this is identical to the definition of (Y'|E). It remains to give an upper bound
for the probability of E. From Lemma 3.11, we get <yt (A, tur, Lnax, 1 + n + k).
O

B.3 Fiat—Shamir transformation

Lemma B.9. Let £; be an IR state-restoration straightline extractor. There exists an IR state-restoration
prover P [-] such that the following holds and a non-interactive reduction straightline extractor £ = E[&;]|
such that, for every non-interactive reduction prover P that makes at most tur queries to pyr and tgs queries
10 prs, Pi[P] makes at most tgs moves and the following holds for any set Z:

pur < U(X)
prs < U(N)
(i,x) e Z p = (pur; prs)
Pr| (i,x,W) ¢ Com[R]~ i, X, T, W) < PP
(i",%', W) € Com[R/]™ | w:=&(i,x,m,W,tr)
pk, vk, i') := ZP(1},)

—~ =

I X' = VP(vk, X, ) | (B.6)
pur < U(N)
(i,x) € Z p'SR <__,U(/\) o o )
<Pr| (i,x,W) ¢ Com[R]"" (_',7(7 %W_/a@ifamem@smPi[P]pMT) + Li
(V,X, W) € Com[R)en | Wi= &l XaW,tr) 2
(pk, vk, 1) := Z; (14,1)
X = VO (vk, X, @, 7)

Proof. This is a straightforward adaptation of [CY24, Theorem 16.1.1], which transforms interactive proofs
(or arguments) into non-interactive arguments. Observe that any reduction can be viewed as an argument
where the prover additionally sends the new witness and the verifier additionally tests membership in the
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new relation. From this perspective, the experiment on the right side of Equation (B.6) is equivalent to the
state-restoration experiment for an interactive argument, and the experiment on the left side is equivalent to
the knowledge soundness experiment for the Fiat—Shamir transformation of the interactive argument.
There are a few minor technical differences which we address here. First, we give the interactive prover
751 access to a random oracle pyr; this is justified since the reduction only makes black-box use of 751-
Second, the relations R, R’ are defined relative to pyr and we additionally test membership in an arbitrary set
Z; this is justified since the distributions of index, instance, and witness in the experiments are statistically
close [CY24, Lemma 16.3.3]. ]
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