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Abstract

We study convergence lower bounds of without-
replacement stochastic gradient descent (SGD)
for solving smooth (strongly-)convex finite-sum
minimization problems. Unlike most existing re-
sults focusing on final iterate lower bounds in
terms of the number of components n and the
number of epochs K, we seek bounds for ar-
bitrary weighted average iterates that are tight
in all factors including the condition number .
For SGD with Random Reshuffling, we present
lower bounds that have tighter x dependencies
than existing bounds. Our results are the first
to perfectly close the gap between lower and up-
per bounds for weighted average iterates in both
strongly-convex and convex cases. We also prove
weighted average iterate lower bounds for arbi-
trary permutation-based SGD, which apply to all
variants that carefully choose the best permuta-
tion. Our bounds improve the existing bounds in
factors of n and x and thereby match the upper
bounds shown for a recently proposed algorithm
called GraB.

1. Introduction

One of the most common frameworks used in machine
learning is the following finite-sum minimization problem,

min F(z) = %Zfi(:c)- (1)
i=1

Stochastic gradient descent (SGD), an algorithm first pro-
posed by Robbins & Monro (1951), is highly capable of
numerically solving finite-sum optimization problems. In
the ¢-th iteration, SGD randomly samples a component in-
dex i(t) and computes a gradient-based update equation of
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the form @; = x;_1 — 7¢V fi4)(21-1), where 7, is a step
size parameter, often set to a fixed constant.

Many prior studies on SGD have shown convergence re-
sults assuming with-replacement sampling of the compo-
nent index ¢(¢) (Benaim (1999); Bottou et al. (2018); Bubeck
(2015) and many others), where we independently choose
i(t) from a uniform random distribution over the index set
every time. This uniform sampling makes each step of SGD
an unbiased noisy estimate of vanilla gradient descent (GD).

In real-world applications, however, it is much more com-
mon to use without-replacement SGD, where each epoch
runs over the entire shuffled set of n components. Without-
replacement SGD has gained popularity for both its sim-
plicity and empirical observations of faster convergence
rates (Bottou, 2009; Recht & Ré, 2013; Yun et al., 2021).
However, theoretical analysis on without-replacement SGD
remains quite elusive, especially because of the lack of inde-
pendence between iterates. Nevertheless, recent works have
managed to successfully deal with without-replacement
SGD in theoretical aspects (Haochen & Sra, 2019; Nagaraj
et al., 2019; Recht & Re, 2012).

A simple and popular method of without-replacement sam-
pling is to randomly shuffle the » components independently
on each epoch, often referred to as Random Reshuffling or
SGD-RR. Some studies show upper bounds of convergence
rates for a certain class of functions (Giirbiizbalaban et al.,
2019; Ahn et al., 2020), while some others present lower
bounds by analyzing a function contained in a certain class
with a slow convergence rate (Safran & Shamir, 2020; Ra-
jput et al., 2020). These preliminary results highlight that
without-replacement SGD is in fact capable of converging
provably faster than its with-replacement counterpart.

A recent line of work (Rajput et al., 2022; Lu et al., 2022b;
Mohtashami et al., 2022) opens a new field of studies on
permutation-based SGD, which covers all cases where the
permutation of the n component functions is chosen accord-
ing to a certain policy, instead of simple random reshuffling.
The aim of this line of research is to design a policy that
yields faster convergence compared to random permutations.
Indeed, a recent result by Lu et al. (2022a) proposes GraB,
a permutation-based SGD algorithm that uses the gradient
information from previous epochs to manipulate the permu-
tation of the current epoch, and shows that GraB provably
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converges faster than Random Reshuffling. This raises the
following question:

Is GraB optimal, or can we find an even faster

(@)

permutation-based SGD algorithm?

1.1. Related Work

Before summarizing our contributions, we list up related
prior results so as to better contextualize our results rela-
tive to them. In all convergence rates, we write O(-) for
upper bounds and (+) for lower bounds. The tilde notation
@() hides polylogarithmic factors. For simplicity, here we
write convergence rates only with respect to the number of
component functions n and the number of epochs K (i.e.,
number of passes through the entire components).

SGD with replacement is known to have a tight conver-
gence rate of O () after T iterations, which translates
to O (nLK) in our notation. One of the first studies on
SGD-RR by Giirbiizbalaban et al. (2019) shows an up-
per bound of O (%) for strongly convex objectives with
smooth components, along with the assumption that n
is a constant. Haochen & Sra (2019) show a conver-
gence rate of O (=35 + 755 for functions with Lipschitz-
continuous Hessians, which explicitly depends on both n
and K. Rajput et al. (2020) further show that the upper
bound for strongly convex quadratics is O (ke + —15).
Follow-up studies prove upper bounds in broader settings,
such as O (L) for strongly convex (but not necessar-
ily quadratic) functions (Nagaraj et al., 2019; Ahn et al.,
2020; Mishchenko et al., 2020), or O (W) under
convex assumptions (Mishchenko et al., 2020). Some
further generalize to other variants of SGD-RR, includ-
ing Minibatch and Local SGD in federated learning (Yun
et al., 2022), Nesterov’s acceleration (Tran et al., 2022), or
Stochastic Gradient Descent-Ascent used in minimax prob-
lems (Cho & Yun, 2023). Meanwhile, investigations on
lower bounds have started from simple quadratic assump-
tions, where Safran & Shamir (2020) prove a lower bound of
rate Q (%7 + —=5 ). Lower bounds were then extended
to smooth and strongly convex settings, as in Rajput et al.
(2020) and Yun et al. (2022) which both derive a lower
bound of Q ().

Recent works provide evidence of designing algorithms
that converge faster than SGD-RR. Concretely, Rajput
et al. (2022) introduce a permutation-based SGD algorithm
called FlipFlop and prove that it can outperform SGD-
RR for quadratic objectives. The authors also propose
a lower bound applicable to arbitrary permutation-based
SGD, by proving that no algorithm can converge faster than
Q (ﬁ) for some strongly convex objectives. Lu et al.
(2022b) and Mohtashami et al. (2022) propose methods to
find “good” permutations via a greedy strategy. Extending
their previous work, Lu et al. (2022a) propose GraB and

gain a convergence rate O (”2%) for PL. functions which

is faster than O (n11<2 ) for SGD-RR (Ahn et al., 2020).

Most prior results (Rajput et al., 2020; 2022) mainly con-
cern achieving tight convergence rates with respect to n and
K, while recent studies delve deeper to unveil how other
parameters can also affect the convergence properties. The
condition number r (defined in Section 2) is an example
of such parameters, which is closely related to the prob-
lem’s geometry. If we take & into account' in the strongly
convex case, the best known upper and lower bounds for

SGD-RR are O ( K ) (Nagaraj et al., 2019; Ahn et al.,

nKk?
2020; Mishchenko et al., 2020) and © (-25) (Rajput et al.,
2020; Yun et al., 2022), which differ by a factor of 2, and

those for permutation-based SGD are @) (nf—;@) (Lu et al.,

2022a) and {2 (#) (Rajput et al., 2022), which differ by
both n and some factors of k—that is, the bounds are not
completely tight for all factors yet.

While it is tempting to neglect the looseness in « by treating
factors in k as “leading constants,” characterizing the right
dependence on x becomes imperative for understanding
the regimes in which without-replacement SGD is faster
than the with-replacement version. For example, the afore-

mentioned rate O (n’};) of SGD-RR improves upon the

known tight rate O (-%) of with-replacement SGD only if
K > k2. It turns out that this requirement of large enough
K is in fact unavoidable in the strongly convex case (Safran
& Shamir, 2021); by developing a lower bound, Safran &
Shamir (2021) show that SGD-RR cannot converge faster
than with-replacement SGD when K < k. Characteriz-
ing the exact threshold (k vs. k2) for faster convergence of
SGD-RR requires a tighter analysis of the « dependence of
its convergence rate.

1.2. Summary of Our Contributions

Towards a complete understanding of SGD-RR and
permutation-based SGD in general, we seek to close the
existing gaps outlined above by developing tighter lower
bounds with matching upper bounds. We present results
under two different kinds of algorithm settings: Section 3
contains lower bounds obtained for SGD-RR, and Sec-
tion 4 presents lower bounds that are applicable to arbitrary
permutation-based SGD algorithms.

Our lower bounds are obtained for without-replacement
SGD with constant step size, which is also the case in other
existing results in the literature (Safran & Shamir, 2020;
2021; Rajput et al., 2020; 2022; Yun et al., 2022). While all

"For this section, we treat s = © (1/u) for simplicity, fol-
lowing the convention of other existing results in the literature
(Haochen & Sra, 2019; Nagaraj et al., 2019; Safran & Shamir,
2021).
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Table 1. A comparison of existing convergence rates and our results for permutation-based SGD. Parameters L, i, v, and D are defined
in Section 2. Algorithm outputs &, i1, and &aye are defined in Section 3. Function classes F and Fp. are defined in Sections 2 and 4,
respectively. The herding bound H, which closely relates to the convergence rate of Algorithm 1, is defined in Section 4. The upper
bound results are colored white and the lower bound results are colored gray. For a more detailed comparison with prior work, please refer

to Table 2 in Appendix A.
Random Reshuffling
Function Class [ Output [ References Convergence Rate Assumptions
Mishchenko et al. (2020) 0 (Ax) K2k
zk uin
R0 n Ours, Theorem 3.1 Q (‘L nKQ) k>, K2k
Ll Ours, Proposition 3.4 ﬁ o7 K2k
T Ours, Theorem 3.3 Q # k>c, K2k
@ae | Mishchenko et al. (2020) o (LoDl K > LD
]:(L:070>V) N 17/3V2/3 4/3 2p2,
& Ours, Corollary 3.5 B K Z max{+5=, » SDeTrE
Arbitrary Permutations

Function Class [ Output [ References Convergence Rate Assumptions
z | Luetal. (2022a) (GraB) 1% %) K>k

f(L7/’[’707I/) e = =
T Ours, Theorem 4.1 Q Ly -

n2n?2K

Full ) zK Ours, Proposition 4.6 (GraB) ) (fan;Kz) n>H, K2 k(r+1)

PL 7 ) T’ v ~ 2 =
a T Ours, Theorem 4.5 Q (HE,L;;g) T=kK>8n, K> max{%z, K3 né}

_1
colLn

T Additionally assumes 7 <

lower bounds proved in the aforementioned papers are only
applicable to the final iterate of the algorithm, many of our
results in this paper apply to arbitrary weighted average of
end-of-epoch iterates, which can be used to show tightness
of matching upper bounds that employ iterate averaging.

Our main contributions are as follows. Here we include
k = O (1/p) in the convergence rates to better describe the
results. Please refer to Table 1 for a complete summary.

2
(%)
for the final iterate of SGD-RR in the strongly convex
case, which matches the best-known corresponding upper

bound O (n’%) up to a factor of «.

e Theorem 3.1 derives a lower bound of rate (2

e Theorem 3.3 extends the lower bound (2 ( ;2) under

strongly convex settings to arbitrary weighted average
iterates of SGD-RR. Proposition 3.4 shows a matching

~ 2
upper bound O (n’}@ ) for the tail average iterate, achiev-

ing tightness up to logarithmic factors.

* Corollary 3.5 shows a lower bound 2 (1/371@/3) for the
average iterate of SGD-RR in the convex case, which
matches the corresponding upper bound in Mishchenko
et al. (2020).

* Theorem 4.1 provides a lower bound €2 (nf—;@
trary permutation-based SGD, which, to the best of our
knowledge, is the first to match the best-known upper
bound of GraB (Lu et al., 2022a) in terms of n and K.

) on arbi-

* Theorem 4.5 relaxes the assumption of individual convex-

nﬁ—;) in the
scenario of arbitrary permutation-based SGD. This lower
bound exactly matches the upper bound in all factors,
including x. Our results therefore answer the question
in (2): Yes, GraB is an optimal permutation-based SGD

algorithm.

ity and obtains a stronger lower bound (2 (

2. Preliminaries

First we summarize some basic notations used throughout
the paper. For a positive integer /N, we use the notation
[N] := {1,2,...,N}. For v € RY, we denote its L and
Lo norm as ||v|| and ||v]|, respectively. We denote the
number of component functions as n and the number of
epochs as K, where n and K are both positive integers.

Some of our results require large /& and we will use K 2 =
to express such an assumption. We use K 2 z to denote the
condition K > Cxlog (poly(n, K, i, L, ...)) when C is a
numerical constant.

2.1. Function Class
The following definitions help us to formally define the class
of problems to which our objective function belongs.

Definition 2.1 (Smoothness). A differentiable function f is
L-smooth if

IVf(x) = Vi)l < Lz -yl Yo,y € RY.



Tighter Lower Bounds for Shuffling SGD: Random Permutations and Beyond

Definition 2.2 (Strong convexity). A differentiable function
f is p-strongly convex if

F) > f(@) + (V@) y - @) + Slly — 2l

for all 2, y € R?. If the inequality holds for 1 = 0, then we
say that f is convex.

Definition 2.3 (PL condition). A differentiable function f
satisfies the u-Polyak-Lojasiewicz (PL) condition if

SIVF@I? > u(i(@) - ), Yo e B,

where f* := inf, f(x) > —oo is the global minimum
value of f.

Additionally, we define the condition number as k := L/ p,
where L is the smoothness constant and p is either the strong
convexity constant or the PL constant.

We also make a common assumption regarding the finite-
sum setup in (1), which is that the gradients of the objective
function and its components are not too far from each other.

Assumption 2.4 (Bounded gradient errors). There exists
72>0andv > Osuchthatforall: =1,...,n,

|Vfi(x) — VF(x)| < 7||VF(x)| + v, Y& € R

Now we define the function class F as follows.

Definition 2.5 (Function Class). We define the function
class F(L, u, T,v) of objective functions F' as:

F(L,p,7,v):={F: f; are L-smooth and convex,
F'is u-strongly convex,
F and f; satisfy Assumption 2.4}.

Note that Definition 2.5 takes into account not only the
properties of F’ but that of the components f; as well. Also,
as seen in Definition 2.2, (L, 0, 7, v) corresponds to the
case where F' is convex.

Remark. One may concern that Assumption 2.4 is too
“strong” compared to common assumptions used for upper
bounds, e.g., the bounded variance assumption:

E[|Vfi(z) = VF(@)|*] < 7'|VF (@) + V.

However, we would like to emphasize that posing stronger
assumptions does not lead to weaker results in the case of
lower bounds. This is because for two function classes with
F C F', a lower-bound-achieving function f € F must
also satisfy f € F', i.e., f also establishes the same lower
bound for F’. For our case, if the components satisfy As-
sumption 2.4, then the function will also satisfy the bounded
variance assumption for constants 7/ = 272 and v/ = 202,

Algorithm 1 Offline GraB (Lu et al., 2022a)

Input: Initial point z; € RY, Learning rate n > 0,
Number of epochs K, Nonnegative weights {ak}fjll,
Initial order o1
Initialize &} = xo
fork=1,...,K do
fori=1,...,ndo
Compute gradient: V f,, ;) (z¥_,).

Store the gradient: z; < V f5, (3 (mf_l).

Optimizer step: =¥ = x¥ | —nz;
end for

k+1 _ ok
Z =T,

. . 1 n
Compute gradient mean: z < - > " | z;

Generate new order: o1 < Herding ({z; — z}._,)
end for

Output: £ = ijll ol / ZkK:ll Ok

2.2. Algorithms

We denote the i-th iterate of the k-th epoch of permutation-
based SGD by =¥, where i = 0,...,nand k = 1,..., K.
We denote the distance between the initial point =} and
the optimal point * as D := ||z} — x*||. We also follow
the conventional notation i ™! = ¥, which indicates that
the final result of an epoch becomes the initial point of its
subsequent epoch. At the beginning of the k-th epoch, we
choose a permutation oy, : [n] — [n]. The algorithm then
accesses the component functions in the order of f,, (1)« e»

fo,(n)- That is, we use the following update equation:

k k k
x; =1 — NV fo, i) (Ti_1)
fort =1,...,n, where n > 0 is a constant step size.

We particularly focus on two different types of permutation-
based SGD. Section 3 states theoretical results based on
SGD-RR, which assumes that the components are randomly
shuffled independently in each epoch.

In Section 4, we study the case when permutations can be
carefully chosen to gain faster convergence. We provide
lower bounds that are applicable to any kind of permutation-
based SGD. To show our lower bound is tight, it suffices
to show that a specific permutation-based SGD algorithm
provides a matching upper bound. To this end, we use offline
herding SGD (Lu et al., 2022a), where the components are
manually ordered to “balance” the gradients.

Specifically, Lu et al. (2022b) prove that as the gap between
the partial sums of consecutive stochastic gradients and
the full gradient diminishes faster, the optimizer converges
faster as well. In their subsequent work (Lu et al., 2022a),
they first propose offline herding SGD, a permutation-based
SGD algorithm that manages this gap via the herding al-
gorithm but requires intensive memory consumption, and
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devise online herding SGD (or GraB) that successfully over-
comes the memory challenges. They prove that both al-
gorithms guarantee the same convergence rate O (L= ).
In our setting, since we are not interested in the usability
of algorithms, we will focus on offline herding SGD (or
Offline GraB) just for simplicity. Algorithm 1 provides a
pseudocode of Offline GraB. For the description of Herd-
ing subroutine in Algorithm 1, see Assumption 4.2 and
Section 4.3.

3. Random Reshuffling

Here we show lower bounds of SGD-RR on the last iterate
and arbitrary weighted averaged iterates for strongly convex
objectives and then extend results to convex functions. We
stress that the lower bounds on weighted average iterates
tightly match the upper bounds both for the strongly convex
and convex case.

3.1. Lower Bound for the Final Iterate

Theorem 3.1 provides a lower bound for the final iterate of
SGD-RR for arbitrary step sizes > 0 in the p-strongly
convex case.

Theorem 3.1. For any n > 2 and k > c1, there exists a
3-dimensional function F € F(L, j1,0,v) and an initializa-
tion point xo such that for any constant step size n, the final
iterate xXX of SGD-RR satisfies

Q L"22 , IfK > cok,
S
) ) lfK < C2K,

v
Q punk

for some universal constants c1, ca.

We take an approach similar to Yun et al. (2022), which is to
construct F' by aggregating three functions, each showing a
lower bound for a different step size regime. The proof of
Theorem 3.1 is deferred to Appendix B.

We can compare Theorem 3.1 with results of Yun et al.
(2022)2 for M = B = 1, which establishes a lower b0und20f
Q(; 7z ) for the large epoch regime K 2 « and (%)
for the small epoch regime K < k. We can observe that
the lower bound in Theorem 3.1 for the large epoch regime

is tightened by a factor of . In fact, the bound can be

compactly written as:
v? K
Q cmin {1, 2} ),
< unk B K )

which can be interpreted as a continuous change from

Q (#;’:‘K) to Q2 (u%;) as K gradually increases past the

threshold K > cak.

We can also compare our results with Safran &
Shamir (2021), which provide a lower bound of rate

Q (;L’:j[( ‘min {1, £ (+ + £) }) under a stronger assump-
tion that the objective and components are all quadratic. The
lower bound for the small K < x regime is identical to ours
since for this case our lower bound also relies on quadratic
functions. However, if K grows past {)(x), then we can
observe that the lower bound in Theorem 3.1 derived from

non-quadratic functions is tighter by a factor of (% + %)

An upper bound for SGD-RR in the p-strongly convex case

under the step-size condition 7 = O(£-) is introduced in

Theorem 2 of Mishchenko et al. (2020).

Proposition 3.2 (Corollary of Mishchenko et al. (2020),
Theorem 2). Suppose that F and f,..., [, are all L-
smooth, f1, ..., fn are convex, and F is u-strongly convex.
Also, let us define

1 « .
oli= =D VA 3)
i=1
Then, for SGD-RR with constant step size

. 2 1 1 M?’ nD2K?
= min<{ — o
g Ln’ unK & Lo? ’

the final iterate ¢X satisfies

E[F(zk) - F*] =0 (LD% *~ + Lo
n B w3nk? )’

Note that the above proposition uses o2 which only relies
on the gradients at the optimal point *, while our lower
bounds involve v? which bounds the gradients for all .
However, we can easily observe that Assumption 2.4 with
7 =0and x = x* implies that ||V f;(z*)||* < v? for all
i, and hence 02 < 2. Therefore it is safe to compare this
upper bound with our lower bounds by simply substitut-
ing the o2 terms with v2. Note that the same applies to
Proposition 3.6.

Now, assuming K 2 « so that the learning rate becomes

1 o wnD?K? <l
S\ 2 )

L2y

then we have E [F(zX) — F*] = O (W , and for this
case we can observe that lower bound shown in Theorem 3.1

matches the upper bound in Proposition 3.2 up to a factor
of Kk = % and some polylogarithmic factors.

3.2. Lower Bound for Weighted Average Iterates

For small step sizes n = O (ﬁ) we can extend Theo-

rem 3.1 to arbitrary weighted average (end-of-epoch) iter-
ates. That is, Theorem 3.3 provides a lower bound which is
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applicable to all linear combinations of the following form,

K+1

Zk 1 akmo (4)
K+1 ?

D k1 Ok

for nonnegative weights a, > Oforallk =1, ...

T =

K 41

Theorem 3.3. For anyn > 2 and k > ci, there exists a
2-dimensional function F € F(L, ;1,0,v) and an initializa-
tion point xq such that for any constant step size n < = Ln,
any weighted average iterate & of SGD-RR of the form as

in (4) satisfies
Q %) , K > en,

E[F(2) - F']={ " )

Q 7) , if K < cak,

for the same universal constants cy, co as in Theorem 3.1.

The full proof of Theorem 3.3 can be found in Appendix C.
Note that, for weighted average iterates, we restrict our-
selves to small step sizes n = O( Ln) while this could look
restrictive, such a choice of step size is commonly used
in existing upper bounds, and we will see shortly that our
lower bound exactly matches an upper bound when K 2
(Proposition 3.4). The tightness also extends to general
convex cases, as seen in Section 3.3.

One might wonder why the lower bound becomes a constant
for small K < k. This is because in the n = O(F-) regime,
K < cok implies n < 02an < W%K, i.e., the step size
is too small for SGD to reach the optimum in K steps.
For instance, K epochs of SGD on F(z) = f;(z) = §a?
initialized at x = x, reaches the point (1 — nu)"% :1:0 >
(1- %)”K o > %’ Hence the iteratg cannot get past Zo,
rendering it impossible to reach the optimal point * = 0.

The difficulty of extending the n = Q(Z- —) regime in The-
orem 3.1 to arbitrary weighted average 1terates originates
from our proof strategy: for small enough 71, we can show
for our worst-case examples that all z5’s (in expectation)
stay on the positive side bounded away from zero, thereby
proving that any weighted average also stays sufficiently far
from zero. However, for larger 7, the iterates may oscillate
between positive and negative regions, making it possible
for an average iterate to converge faster than individual z§s.

Note that our definition in (4) includes the final iterate, as
the choice ap = O forl <k < K and ag41 = 1 yields
T = m{f 1 = X Different forms of algorithm outputs
other than the ﬁnal iterate also frequently appear in prior
works, especially regarding upper bounds for SGD-RR.
For instance, we may choose o = 1 forall 2 < k <
K +1and al = ( to represent the average iterate Ty, =
= Zf , ¥ (Mishchenko et al., 2020). We may also set
Qg —lfor[ 1+1<k<K+1and a = 0 otherwise
to recover the tail average iterate (Nagaraj et al., 2019),

defined as &, := ﬁ%“l Zf:(%W xk.

We further show that the lower bound in Theorem 3.3 tightly
matches the upper bound suggested in Proposition 3.4.

Proposition 3.4. Suppose that F € F(L, u,0,v), and that
we choose 1 as

= min ! Lma 1,10 M
= VaLn® unkK * & Lv? '

Then, for SGD-RR with constant step size n and K > 5,
the tail average iterate Xy satisfies:

E[F (&) —

See Appendix D for a full proof of Proposition 3.4.

Assuming K 2  so that the learning rate becomes

9 L1 wnD?K? < 1
—— max 0
77 /,LTLK I g LI/Q — \/§L’I’L )
then we have E [F (&) — F*] = O (NZLT";Q
(c), (d) in the proof). Then we can observe that the lower

bound shown in Theorem 3.3 exactly matches the upper
bound, ignoring polylogarithmic terms.

) (see Cases

By introducing the tail average &,;, we can obtain a rate
2
of O ( 5 KQ) which is tighter than the rate &) (371@)

for the final iterate =X by a factor of x. Whether we can
achieve the same, stronger upper bound for the final iterate

xX or not is still an open problem.

3.3. Extension to Convex Objectives

One important implication of Theorem 3.3 is that we can
carefully choose a small value of 1 to derive a lower bound
that exactly matches the upper bound for convex objectives.
Corollary 3.5 extends Theorem 3.3 to the convex case.

Corollary 3.5. For any n > 2, there exists a 2-dimensional
Sfunction F € F(L,0,0,v) such that if

L?D?n v }

DT 5)

K > c3max {
then for any constant step size 1 < ﬁ, any weighted
average iterate & of SGD-RR of the form as in (4) satisfies

L1/3,2/3 D4/3
_qug<l/»

E[F(2) o

for some universal constants cy and cs.

We defer the proof of Corollary 3.5 to Appendix C.3.

A matching upper bound for SGD-RR for the convex case

under the step-size condition n = O(2-) is introduced in

Theorem 3 of Mishchenko et al. (2020).
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Proposition 3.6 (Mishchenko et al. (2020), Theorem 3).

Suppose that F' and fi,...,f, are all L-smooth and
fi,-.., fn are convex. Also, suppose that we define o>
as in (3). Then, for SGD-RR with constant step size

1 D2 \'/3
1= ﬂLn’(Lafn2K> ’

. A K .
the average iterate ,,, := % D ket xk satisfies

. . LD>2 L1/303/3D4/3
E[F(wavg)—Flz(')( K T T BRY3

With the same logic as in Proposition 3.2, we can compare
the above results with our lower bounds by substituting o2
with /2.

In Proposition 3.6, if we have a large number of epochs with

1/3
K> 2\/511;2D2n, then 7 = (7@2[)71221() < \/ian yields

K . L1/3,2/3 D4/3
E[F(Zae) — F*] = ()

nl/3K2/3

L?D%n
2

For a large K regime of K = () ( + W) we
may choose a, = 1forallk=2,..., K+ 1landa; =0
so that & = &,y,, and then observe that the lower bound in
Corollary 3.5 exactly matches the upper bound in Proposi-

tion 3.6. Note that the lower bound of K in (5) reduces

2 2 2 .
to O (L V[ﬁ ”) when n = Q (m), which then

matches the epoch requirement that arises in the upper
bound.

4. Arbitrary Permutation-based SGD

So far, we have considered the case where permutations are
randomly shuffled for each epoch. In this section, we study
the scenario when permutations can be chosen manually
rather than randomly. We provide lower bounds that are
applicable to any arbitrary permutation-based SGD. Our
lower bounds match the previously established upper bound
in terms of n and K, and can further match with respect to
+ when the objective is ill-conditioned.

4.1. Lower Bound with Component Convexity

Theorem 4.1 establishes a lower bound on arbitrary
weighted average (end-of-epoch) iterates applicable to any
permutation-based SGD.

Theorem 4.1. For any n > 2 and k > 4, there exists a
4-dimensional function F' € F(L, 1,0, v) and an initializa-
tion point x such that for any permutation-based SGD with
any constant step size n, any weighted average iterate & of

the form as in Equation (4) satisfies

. . Lv?

The main technical difficulty in proving Theorem 4.1 is that
we must construct an objective that demonstrates a “slow”
convergence rate for every permutation over K epochs. To
achieve this, we design an objective that pushes z* toward
a constant direction, regardless of the permutation. The
constructed objective belongs to the class F (L, i, 0,v) and
satisfies component convexity. Here we note that our proof
technique does not require any assumptions about large
epochs. Furthermore, in contrast to the SGD-RR case (The-
orem 3.3 and Corollary 3.5), this lower bound covers the
entire range of step sizes. The full proof of Theorem 4.1 is
written in Appendix E.

As mentioned in Section 3.1, applying a, = 0 for 1 <
k < K and agy; = 1 yields the lower bound for the
last iterate. Our result significantly improves the previous
lower bound and also matches the known upper bound of
permutation-based SGD which will be discussed later in
this section.

Comparison with the Previous Work. To the best of
our knowledge, the best-known lower bound that holds for
any arbitrary permutation-based SGD is proved by Rajput
et al. (2022) prior to our work. Specifically, the authors
show that there exists a (2n + 1)-dimensional function F' €
F(2L,%1L,1,v) such that for any permutation-based

n
SGD with any constant step size,

K * V2

Thus, Theorem 4.1 improves the lower bound rate by a
factor of n and sharpens the dependency on k.

Before we state the matching upper bound, we define an
additional assumption and a function class.

Assumption 4.2 (Herding bound). There exists an algo-
rithm that has the following property: Given z1, ..., 2, €
RY satisfying ||z;]| < 1 for Vi € [n] and > ;- 2; = 0, the
algorithm outputs a permutation o : [n] — [n] such that

k
‘Zi:l Zo()|| < H.

We call an algorithm considered in Assumption 4.2 as the
Herding algorithm, used as a subroutine in Algorithm 1.

Definition 4.3 (Function class). We define the function class
Fpg as follows.
Fpe(L,p,7,v) :={F : f; are L-smooth,

F satisfies p-PL condition,

F and f; satisfy Assumption 2.4}.



Tighter Lower Bounds for Shuffling SGD: Random Permutations and Beyond

Note that Fpy, is a relaxation of F in Definition 2.5. Com-
pared to F, we relax p-strong convexity to u-PL, and we
also do not assume convexity of component functions f;.

We now state the following proposition, provided in Theo-
rem 1 of Lu et al. (2022a), which gives the convergence rate
of Algorithm 1 for objectives belonging to Fp.(L, p, 0, v).

Proposition 4.4 (Lu et al. (2022a), Theorem 1). Suppose
that F € Fpr(L,1,0,v). Under Assumption 4.2, with
constant step size 1 as

2 ((F(a:(l)) — F* + /L) ,u3n2K2> |

Uy 192H? 1212
where Wy denotes the Lambert W function, Algorithm 1
converges at the rate

~ (H?L*V?
K *
Flan) - F O(W)
for K 2 k.

Proposition 4.4 is a slightly different version compared to
the original paper (Lu et al., 2022a); the differences are dis-
cussed in Section 4.3. We emphasize that Theorem 4.1 pro-
Lv?

WZn2K2
based SGD and Proposition 4.4 shows that there exists an

2r2 2
HL”).Note

vides a lower bound 2 ( ) for arbitrary permutation-

WIn2K?2
that the function class considered in the lower bound is a
subset of the function class handled in the upper bound.
Thus, Theorem 4.1 matches the upper bound up to a factor
of k, if we ignore the term H and some polylogarithmic
terms. Therefore, we can conclude that Algorithm 1 is op-
timal in terms of the convergence rate with respect to n
and K. We defer the discussion of herding constant H to
Section 4.3.

algorithm that converges at the rate of O (

4.2. Lower Bound without Component Convexity

Section 4.1 leads us to wonder if it is possible to tighten this
K gap. Our next theorem drops the assumption of component
convexity in the lower bound and shows that we can close
the gap and perfectly match the upper bound, if the problem
is sufficiently ill-conditioned and the number of epochs is

large enough.
Theorem 4.5. For any n > 104, L and p satisfying

2
Kk > 8n, and K > max{%,fig/in/Q}, there exists a

4-dimensional function F' € Fpy, (L, 1, /%, V) and an ini-
tialization point xo such that for any permutation-based

SGD with any constant step size 1, any weighted average
iterate T of the form as in Equation (4) satisfies

) . L21/2

The proof is in Appendix F. Theorem 4.5 provides a sharper
lower bound than the previous result with respect to . In
our construction, some of the components f; are nonconvex
but the constructed objective F' is actually strongly convex;
however, for simplicity of exposition, we stated F' as a
member of a larger class Fp; . Here we discuss the effect of
nonconvex components on the convergence rate.

Nonconvex components. Some of our component func-
tions constructed in Theorem 4.5 are concave in partic-
ular directions, and this is the key to obtaining an addi-
tional  factor. Rajput et al. (2022) also observe that the
presence of nonconvex components can slow down con-
vergence. They prove that for a 1-dimensional objective
F(z)= 13" | %22 —b;x, where all a;’s are nonnegative,
there exists a permutation that leads to exponential conver-
gence, but also that this no longer holds if a;’s are allowed to
be negative. It is an open problem whether the convergence
rate of Algorithm 1 could be improved to match the lower
bound in Theorem 4.1 with respect to « if we additionally
assume component convexity.

Theorem 4.5 provides a sharper lower bound compared
to Theorem 4.1 with respect to . One should be aware,
however, that the function classes considered in the upper
bound (Proposition 4.4) and the construction in Theorem 4.5
mismatch. Therefore, Proposition 4.4 does not guarantee the

272 2 .
O (%) convergence rate for the function constructed
in Theorem 4.5. However, we argue that this issue can be
addressed by extending Proposition 4.4 to a wider function

class, which is done in Proposition 4.6.

Proposition 4.6 (Extended version of Lu et al. (2022a),
Theorem 1). Suppose that F' € Fpy.(L, pu, 7,v) andn > H.
Under Assumption 4.2, with constant step size n as

2 <(F(as3)) — F* + /L) ,u3n2K2> |

= unk 192H21.212

where Wy denotes the Lambert W function, Algorithm 1
converges at the rate

. (H2L??
K *
Fla,) - F —O(M)

for K 2 k(T +1).

The proof of Proposition 4.6 is in Appendix G. We show
that the function class considered in Proposition 4.4 can be
extended to Fpy. (L, i, 7, v) by following the proof step in
Theorem 1 in Lu et al. (2022a) with slight modifications.
The function class of the upper bound (Proposition 4.6) now
includes the construction of the lower bound (Theorem 4.5).
Therefore, when the objective is sufficiently ill-conditioned
and a sufficiently many epochs are performed, our lower
bound perfectly aligns with the upper bound in all factors,
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assuring that GraB is indeed the optimal permutation-based
SGD algorithm.

4.3. Discussion of Existing Results

In this section, we take a deeper look at previous researches
that address permutation-based SGD. We mainly discuss
the dimension dependency hidden in the upper bounds.

Herding Bound. Bansal & Garg (2017) prove that there
exists an efficient Herding algorithm that achieves Assump-
tion 4.2 with H = O (\/dlog n) Also, it is well known
that H = Q(\/ﬁ) (Behrend, 1954; Barédny, 2008). Thus,
both Proposition 4.4 and Proposition 4.6 contain a dimen-
sion term in their convergence rates. Meanwhile, our lower
bound results are based on fixed dimensional functions, so
we can ignore the term H when we compare our lower
bound results to the upper bound results. We also note that
the assumption n > H made in Proposition 4.6 is quite mild
if the dimension of F' is independent of n.

Comparison between Proposition 4.4 and Lu et al.
(2022a), Theorem 1. In the original statement of The-
orem 1 in Lu et al. (2022a), the authors use slightly different
assumptions. Instead of smoothness with respect to the Lo
norm, they assume Lj ..-smoothness as follows:

IVfi(x) = Vi@)lly < Laoo 1z — Yl , Yo,y € RY.

Lu et al. (2022a) also define the herding bound H with
respect to different choices of norms. Specifically, the au-
‘Zle Z5(:) < H with
o0
max; ||z;]|, < 1, and explain that combining the results
from Harvey & Samadi (2014) and Alweiss et al. (2021)
gives Hy, = O (1). With these assumptions, the authors
obtain the convergence rate of Algorithm 1 as the following:

_ (H2L3 2
K * 002,00

thors consider maxyey1,... n}

However, we believe that Equation (7) is not also free from
dimension dependency, since the term L o is likely to
contain the dimension dependency in general (e.g., L2 oo =
VdL holds when F(z) = L |z|? for V& € RY). Itis
an open problem whether there exists a permutation-based
SGD algorithm that gives a dimension-free upper bound

while maintaining the same dependency on other factors.

Revisiting Rajput et al. (2022). We have discussed that
the best-known upper bound of permutation-based SGD
has dimension dependency. Earlier, we mentioned that our
lower bound in Theorem 4.1 improves upon previous results
from Theorem 2 of Rajput et al. (2022) by a factor of n.
In fact, the construction of Rajput et al. (2022) is based on

a (2n + 1)-dimensional function, and applying the upper
bounds for Algorithm 1 to this function results in a conver-
gence rate of O (L), due to the dimension dependency.
More precisely, for the function constructed in Rajput et al.
(2022), H is proportional to v/n and L is constant according
to our Lo-norm-based notations, while we also have that
H is constant and Lz o, is proportional to /n following
the notations in Lu et al. (2022a). (Here we ignore log fac-
tors.) Thus, in terms of n dependency, we conclude that the
actual gap between existing upper and lower bounds is n?
rather than n, and that our results succeed in closing the gap
completely.

5. Conclusion

We have shown convergence lower bounds for without-
replacement SGD methods, focusing on matching the upper
and lower bound in terms of the condition number x. Our
lower bounds for SGD-RR on weighted average iterates
tightly match the corresponding upper bounds under both
strong convexity and convexity assumptions. We also con-
structed lower bounds for permutation-based SGD with and
without individual convexity assumptions, which tightly
match the upper bounds for GraB in fixed-dimension set-
tings, therefore implying that GraB achieves the optimal
rate of convergence.

An immediate direction for future work is to investigate
whether one can find lower bounds for arbitrary weighted
average iterates of SGD-RR when n = Q (£-). In the
discussion following Theorem 3.3 (Section 3.2), we out-
lined difficulties that arise in proving such a result for larger
learning rates n = Q ().

We finally note that the power of general permutation-based
SGD is not yet well-understood for the regime when the
number of epochs is less than the condition number. Safran
& Shamir (2021) show that SGD-RR does not enjoy faster
convergence than with-replacement SGD in this regime,
and it is still unclear whether the same restriction holds for
permutation-based SGD as well.
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A. Comparison with Previous Results

Table 2 shows a detailed comparison of existing convergence rates and our results for permutation-based SGD. Note that the
function class categories are divided with respect to the lower bound results— the selected upper bounds are the results with
the best convergence rates among those of which the function class contains the constructed lower bounds. The upper bound

results are colored white and the lower bound results are colored gray.

Similarly as in Table 1, the parameters L, p, v, and D are defined in Section 2. Algorithm outputs &, &1, and £, are
defined in Section 3. Function classes F and JFp, are defined in Sections 2 and 4, respectively. The herding bound H, which

closely relates to the convergence rate of Algorithm 1, is defined in Section 4.

Table 2. A detailed comparison of existing convergence rates and our results for permutation-based SGD.

Random Reshuffling

Function Class [ Output [ References Convergence Rate Assumptions

; = 3,2
Mishchenko et al. (2020) @ (Hﬁnﬁ) K>x
2 | Yunetal (2022) (:42) k> K2k
Ours, Theorem 3.1 Q MQLT”;{Z k> K2k
.7'-([1“&70,1/) . ~ L2 2 2

A Nagaraj et al. (2019)" O (ugnzﬂ) K2k

Ltail . ~ 2
Ours, Proposition 3.4 @ HQLn e K2k
T Ours, Theorem 3.3* Q 2,L”2 s k>c, K2k

penK ~
@ae | Mishchenko et al. (2020) o (LoDl K > LD
F(L,0,0,v
( ) & Ours, Corollary 3.5* Q % K > max{ Lif?f", eI
Arbitrary Permutations

Function Class | Output [ References Convergence Rate Assumptions
X | Luetal (2022a) (GraB) o Hﬁglgﬁ) K>k

f(Lﬂl’[HO?V) N HLVZ
T Ours, Theorem 4.1 Q TEATRE ) -
zK Ours, Proposition 4.6 (GraB) ) (53?22}?2) n>H,K2Zkr(r+1)
FolL,u7v) | @5 | Rajputetal. 2022)° Q(52) d=2n+1
T Ours, Theorem 4.5 Q (HsLj;’;{g) T=kK>8n, K > max{';—g, n%n%}

T Assumes a stronger condition of ||V f;(z)|| < v forall i and

# Additionally assumes 7 <

1
coLn

* The constructed objective is a member of 7 (2L, *LL,1,v).

B. Proof of Theorem 3.1

Here we prove Theorem 3.1, restated below for the sake of readability.

Theorem 3.1. For any n > 2 and k > ¢y, there exists a 3-dimensional function F € F(L, 1,0, v) and an initialization

point x such that for any constant step size 0, the final iterate & of SGD-RR satisfies

Q(-L2, , IfK > cor,
E[F(zk) - F*] = “QZKQ)
(), FK<aon

for some universal constants c1, Ca.

Proof. We prove the theorem statement for constants ¢; = 2415 and co = 161.

As the convergence behavior of SGD heavily depends on the step size 7, we consider three step-size regimes and use
different objective functions with slow convergence rates in each case. Then we aggregate the three functions to obtain the
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final lower bound, which will be the minimum among the lower bounds from each regime. Throughout the proof, we will
assume n is even. If n is odd, then we can use a similar technique with Theorem 1 of Safran & Shamir (2021), which is to
set n — 1 nontrivial components satisfying the statement, add a single zero component function, and scale by ”T_l

To elaborate, we prove the following lower bounds for each of the following three regimes. Here we denote by F the
minimizer of I; for each j = 1,2, 3. Note that the union of the three ranges completely covers the set of all positive learning
rates, 7 > 0.

o Ifn € (0, ﬁ), there exists a 1-dimensional objective function F;(x) € F(L, u1,0,v) such that SGD-RR with

initialization z = Dy (for any D) satisfies

E[Fi(zy) - Ff] = Q (uD7) -

punK?’ 161Ln
initialization z§ =

e Ifne [ 1 1 }, there exists a 1-dimensional objective function Fy(z) € F(L, i, 0, v) such that SGD-RR with
Wzoo : m satisfies

Lv?
K *

 If n > max {WLK’ ﬁ}, there exists a 1-dimensional objective function F3(z) € F(L, i1, 0,v) such that SGD-RR

with initialization z{ = 0 satisfies

E[Fy(aX) - F5] =0 (MZQK> .

Now we define the 3-dimensional function F'(z,y, z) = Fy(x) 4+ Fa(y) + F3(z), where Fy, Fy, and F3 are chosen to satisfy
the above lower bounds for v replaced by % Note that scaling v does not change the convergence rates above. We denote

the components by f;(x,y, z) = fi,i(x) + f2,i(y) + f3,i(2) fori=1,...,n.
If Hy, Hy, and H3 are L-smooth and p-strongly convex, then H (z,y, z) = Hy (z) + Ha(y) + H3(z) satisfies

pl = min{V?H,(z), V2 Ha(y), V? H3(2)} < V2H(w,y, z) < max{V*H,(z), VH(y), V?H3(2)} < LI,

i.e., H(x) must be L-smooth and p-strongly convex.

Also, if Hy, H», and H3 (each with n components hq ;, ho ;, and hs ;) have bounded gradients (Assumption 2.4) for 7 = 0

and v = ‘2, then H(z,y, 2) = Hi(z) + Ha(y) + Hj(2) satisfies

||th(x7 Y, Z) - VH(ZL', Y, Z)||2
= |Vhwi(z) = VHi(2)|]> + | Vha,i(y) = VHa(y)||* + [[Vha,i(2) — VHs(2)|”

2 2
L S
T T

foralli =1,...,n,ie., H(x,y, z) satisfies Assumption 2.4 for 7 = 0 and v = 1.

Since Fy, Fy, F3 € F(L, p, 0, %) by construction, we have F' € F(L, y1, 0, v) from the above arguments.

Now suppose that we set Dy = ﬁ and initialize at the point (ﬁ, m . m, O).

If K > 161k, then since #K < 1611L we can use the lower bound for F5(y). The lower bound for this case becomes
un n

2 2 2 2
X K K . (v Lv v Lv
E[F(zy,yn 2, ) — F7] _Q<mm{u’,u2nK2’MnK}> _Q<u2nK2>

13
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If K < 161k, then since i K > 161 Ln the middle step-size regime does not exist, i.e., we cannot use the lower bound for
F5(y). Hence the lower bound for this case becomes

E [F(zk, yk, 2K) - F*] = Q( min V2 v =0 v
nﬂynv n - u /J/I'LK - IUTLK 9

which completes the proof. O

For the following subsections, we prove the lower bounds for F}, F, and Fj at the corresponding step size regimes. The
proofs are similar to those of Yun et al. (2022), corresponding to the case M = B = 1 with slight modifications.

B.1. Lower Bound for 1 € (O, ﬁ)

Here we show that there exists F (x) € F(L, u1,0, ) such that SGD-RR with z:} = D satisfies
E [Fi(zk) — F7] = Q (uDj) -

Proof. We define Fy(x) € F(u, i1, 0,0) by the following components:

N M
filz) = F(z) = 5.%2.

Note that F(u, 11,0,0) € F(L, u,0,v) and F; = 0 at * = 0 by definition. Also, note that the components have no
stochasticity, and hence we can drop the expectation notation, E[-]. Then we can easily compute per-epoch updates as:

bt = (1 —pu)zk, Vk=1,... K.

Since x} = 79 = Dg and ) < < > forany k =1,..., K we have
1 nkK D
k+1 nk 0
—(1— D> (1-—) -Dy>=22 8
T (1 —mnu) 0_( nK) 0= ()
where in the last inequality we use (1 — %)m > 1 forall m > 2. Hence, for the final iterate we have 2% > % and
therefore
F(K)_M(K)2>M DO Q_MDQ
W)= 9n ) =5\ ) = 39
which concludes that E [Fy (25) — F}| = E [Fi(zK)] = Fi(af) = Q (uD}). O

1
B.2. Lower Bound for n € [;mK’ 161Ln]

Here we show that there exists F»(z) € F(L, i1, 0,v) such that SGD-RR with 2} = satisfies

1 v
27000 ~ pni/?K
Lv?
E[RGEN)-F=9(5— |-
[ Q(xn) 2] (,u2nK2)
Proof. We define Fy(x) € F(L, u1,0,v) by the following components:

2

filz) = (Lo + pole>o) 5 S tvx ifi< n/2,
! (Llg<o + polz>o0) % — v otherwise,

where we assume pg < and later choose pop = With this construction, the finite-sum objective becomes

2415 2415

2

T
Zfz = (Lla<o + polaxo) o

14
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Note that F;y = 0 at * = 0 by definition, and that i is different from p. While Fy(z) € F(L, po, 0, v) by construction,
we can ensure that (L, po,0,v) C F(L, i, 0,v) because the assumption £ > 2415 implies 1o = 557z > p-
First, we focus on a single epoch, and hence we write z; instead of ¥, omitting the superscripts k for a while.

We use the following definition throughout the paper for notational simplicity.

Definition B.1. Define S,, as the set of all possible permutations of § +1’s and & —1’s, where n is a positive, even integer.
If SGD-RR samples a perrnutation o in a certain epoch, we define the corresponding s € Sy, to satisfy s; = +1if o (i) < 5
and s; = —1ifo(i) > §

Note that following Definition B.1, we can express the iterations for¢ = 1,...,n via s as
=21 =NV feu) (@) =21 — (L1, <o+ prole, ,>0)Tio1 — NVs;.
Also, we can sum up the iterates to obtain

Tn = Tpn—-1 — U(L]lwn,l <0+ HO]lwyl,le)xn—l — NVSn
=2p_o =Ly, _s<o+ prola, »>0)Tn—2 — Nsn—1 — (L4, <o+ pols,_,>0)Tn-1 — NSy

n—1

=20 -0 Y (Lla,<0 + fiola,>0) nl/zsz
=0
n—1

=20 =0 Y (Lls,<o + ptols,>0)i
=0

Now we use the following three lemmas.

Lemma B.2. For (fixed) x9 > 0,0 <i < |%],n< and ;= > 2415,

161L ’

nLv
E[(LL,, 1y,s0)z] < 2Lag — 122
[(L1y; <0 + ftols;>0)i] 5 Lo 480\f

Lemma B.3. For (fixed) xg > 0,0<i<n—1,andn < 161Ln

161 161 -
E [(L]]-ac7¢<0 + uO]]-mZO)xi] < <1 + 160177L> HoZo + ﬁnro\/;.

Lemma B4. [fn < we have the followings.

161Ln

1. For (fixed) xo < 0, we have

2. Ifwe initialize at x§ > 0, then we always have P(zk > 0) >

See Appendix B.4 for the proofs of Lemmas B.2 to B.4.
If an epoch starts at (a fixed value) 2y > 0, then from Lemmas B.2 and B.3 we have

n—1

E [z, — z0) ——UZ]E (L1z,<0 + pola,>0)]
=0

15



Tighter Lower Bounds for Shuffling SGD: Random Permutations and Beyond

\.%J n—1

n—1
2 nLv - 161 . 161 -
> —n E <3L$0 - 480\/;> - E <(1 + 160”7L) HoZo + 16()771101/\/;)

i=0 i=|2]+1
3] n—1 [5] n—1
2 161 nLv ~ 161 -
=— =L 14+ —inL — — — —
n 2.3 + Z ( + 160”7 ),uo To— 1N . 480\ﬂ+_ Z 160nu0uxfz
=0 7 L%j+1 =0 z:[%]+1

1] .
200 S (v aiun) s (|3 +1) 2k (o= 3] 1) g (1 1)

2 In 3
<z <2
< 3+ oh00 = 1™

where we use g < TL15 and inL < nln < ﬁ. Also, the constant term can be bounded as:

\.%J n—1 L%J

_ 2 %\ﬂ—i— 1-_%“ %nuomfi < —% ; Vitdt + %nuou LZJH Vitdt
<= 5 ()" i3 (- 6)")
< —% . gzﬁnS/Q + %nuol/- %n?’p
< —nLvn®’? <48() .29\/5 "~ 160 -126-12415> = _%’
where we use g < TLL%’ | 2] > % (forn > 2), and 480?9\/5 — Teoabis > Taeos- Hence we can conclude that
E [z, — 2] > —n (Zano — %)
and therefore
E[z,] > <1 — inLn) To + %

If an epoch starts at (a fixed value) xy < 0, then from Lemma B.4 we have

160 3
> - — > _ - .
E[zn] > (1 161 nLn) o > (1 47)Ln> Zg

From the second statement of Lemma B.4, we can observe that for all epochs we have ]P’(x’g >0)> % because we initialize

1 1 . . .
at Ty > 57500 - W%K > 0. Therefore, taking expectations over xy, we can conclude that each epoch must satisfy

E [z,] = P(zo > 0)E[z,|x0 > 0] + P(zo < 0)E[z,, | 0 < 0]

3 2Lun3/? 3
> P(zy > 0) ((1 - 477Ln) Elzo | o > 0] + 7718000) +P(z < 0) <<1 - 47)Ln> Elzo | xo < 0])

16
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3 n?Lun?/?
>(1-2pmn | E i
—< 4" ”) Lol + 550500

Since the above holds for all pg < 5 4Ll5 , we may choose (g = i.e., our function F5 can be chosen as

_L_
2415°

IQ

L
F: L1 1 —.
h(z) = < ac<0+2415 x20> B

we have Fy(z) € F(L, 5=,0,v) C F(L, 11,0, v).

Note that since x > 2415 is equivalent to ) 5415

5115 2 M
From here we focus on unrolling the per-epoch inequalities for all k, and hence we put the superscripts £ back in our
notation.

If the starting point of an epoch satisfies E[zf] > then using n > e K we easily have

1
27000 ynl/QK ’

. 3 n?Lvn3/?

3 1 v 1 nLvn3/?
l—-nn || —5m= |t | —= | 55
4 27000 un'/?2K unk ) 36000

1 v 1 nLvn!/? 1 nLvn!/? 1 v

Y

> . _ . . — . ] 9
~ 27000 wpn'/2K 36000 uK 36000 uK 27000 pnl/?K ©
Therefore, if we set x(l) > m . m, then the final iterate must also maintain E[mnK ] > Wloo . W By Jensen’s
inequality, we can finally conclude that
E [R(zk) - F5] = [ )]
> E [(z;)’]
2 2415
L
> _—_E[2K
~ 4830 [ ”]
L 1 v 2 Lv?
> . . =Q( ——.
— 4830 27000 pnl/?2K wnkK?
O

1 1
B.3. Lower Bound for n > max { T 161Ln}

Here we show that there exists F3(x) € F(L, u1, 0, v) such that SGD-RR with z} = 0 satisfies

2
E[Fs(zX) - F;] =Q :
Proof. We define F3(x) € F(L, L, 0, ) by the following components:

22 e
fila) %—&—Vx ifi <n/2,
() = ,
! L% — vx otherwise.

With this construction, the finite-sum objective becomes

= %Zfi(x) =
i=1

Note that (L, L,0,v) C F(L, 1,0,v) and F = 0 at 2* = 0 by definition.

i)

First, we focus on a single epoch, and hence we write z; instead of xf, omitting the superscripts k for a while.

17
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Similarly as in Appendix B.2, we can follow Definition B.1 to express the iterations for¢ = 1,...,n via s as
vy =21 — NV feu)(®) =21 —nLla;y —nvs; = (1 —nl)vi —nvs;.

Also, we can sum up the iterates to obtain

Tn = (1 =nL)x,_1 —nvs,
=1 =nL) (1 —nL)xn—2 —nVsn—1) — sy,

=1 =nL)"zg—nv Y (1-nL)" s

=1

Now we can square both terms and take expectations over s € S,, to obtain

n 2
E[z;] =E ((1 —nL)"wg —nv Y (1- nL)"isi)

i=1

n

= (1 —nL)*23 —2(1 —nL)" "z - nvE lZ(l —nL)" s

i=1

2
n
+n?V°RE (Z(l — nL)"isi>

i=1

n 2
= (1 —nL)*"z5 + n*V°E (Z(l - nL)"‘i8i> :

i=1
where the middle term is eliminated since E[s;] = 0 for all 4. By Lemma 1 of Safran & Shamir (2020), we can bound
E (;(1 - nL)"_isz-) > ¢ min {1 + M,02L2n3}

for some universal constant ¢ > 0. Since n > ﬁ, we can further lower bound the RHS by n‘—lL for some universal
constant ¢’ > 0. Then we have
" 2
Efed] = (1 - L) a3 + v °E <Z<1 - nL)"isi) > (1= nl)ad + 2
i=1
From here we focus on unrolling the per-epoch inequalities for all k£, and hence we put the k’s back in our notations.

Unrolling the inequalities, we obtain

E[(@X)?) > (1 - nL)*"E[(«X )% + ¢ T

L
771/2 = nv?
> 1 L 2nK e L 2nk > /
> (L= L) K (@) + ¢T3 (1 =
k:O
where we used :vo = 0. Finally, from n > > K we can conclude that
EFy () — Fy] = B[y ()] = S5 2 Sp? > &2
3\Lp 31— 3\&Lp - 9 n et 277 =9 ,Uﬂ’LK

18
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B.4. Lemmas used in Theorem 3.1

In this subsection, we will prove the lemmas used in Theorem 3.1.

L
Lemma B.2. For (fixed) xo > 0,0 <i <[5, 1 < 1511, and ;& > 2415,

nLv
E[(L1s, <0+ poly, i< L _ =
[( i<0 + polz,>0)wi] 3 o 480 Vi

Proof. For i = 0, the statement is trivial since zo > 0 and i > 2415 implies

2
E [(L]]-x0<0 —|— ,uo]].xozo)zo} LIQ =~ 3LJC0

= Hoo = 5p

Hence we may assume that 1 < ¢ < ng .
Given s = {s;}, € S, (as in Definition B.1), let us denote the partial sums as &; = Z;Zl sj. We will use conditional
expectations under & > 0 and &; < 0, and then aggregate the results to obtain the final inequality.
First observe that
E [(L]Lmi<() + MO]]-xiZO)xil E > 0] < LE [!E2| Ei > 0] s
E[(L1z,<0 + pola,>0)wi| € < 0] < poE [z € < 0],

since (L1y<o + poly>0) < La and (L1y<o + pole>0) < pox for all x € R. By the law of total expectations, we have
E [(lei<0 + uoﬂwizo)l‘i] < LP((‘% > O)E [xl\ E > 0] + /.toIP(S,‘ < O)E [Z‘z| & < 0] . (10)
First, we bound E [x;| £; > 0] for the former term. We can show that

i—1
E[zi|& >0 =E |zg—n-» ((Lly<o0+ pole,>0) T +vsji1)|E >0

<.
Il
o

~
|
-

=E |z0—n- ) (Lls;<0+ pole;>0) (w0 + (z; — 20)) — nv&| E >0

<.
Il
o

i—1
=zoE [1— n- Z (L]lxj<0 + Mo]lezo) &‘ >0
=0

.
|
—_

—nE (L1a, <0 + pola,>0) (25 — x0) | € > 0 — R [&] & > 0]

<.
Il
=)

i—1
< xE 1—77'Z(L]lzj<0+uo]lzjzo) £ >0
=0
i—1
+ LY E(|z; — 2ol & > 0] — quE[&] & > 0]. (11)
=0

Now we use the following lemmas.
Lemma B.5. Ifn > 2 is an even number and 0 < i < 3, then ‘1—/5 <E[&] < Vi.

Lemma B.6 (Yun et al. (2022), Lemma 14). For all 0 < i < n, we have P(&; > 0) =P(&; < 0) > %
We will prove Lemma B.5 later on.

19



Tighter Lower Bounds for Shuffling SGD: Random Permutations and Beyond

Observe that the probability distribution of each &; is symmetric by the definition of S,,. Therefore we have

E[l&]] = P(& > OE[&][& > 0] + P(E& = DE [&]|& = 0] + P(&; < OE[|&]|€: < 0]
= P(gl > O)E [(c/‘llgz > 0] + P(gl < O)E [_gz|5z < 0}

Using Lemmas B.5 and B.6, we can obtain

Vi _ E[&]]
20 2

E[1€])
2P(&; > O)

<E[&E > 0] = 3E[|&]] < 3Vi. (12)
We also use the following lemma, which we prove later on. This is a simple application of Lemmas B.5 and B.6.

Lemma B.7. Suppose that vy > 0,0 < i <n,andn < . Then we have

161L

E [Jz; = zol] <

= 120 (ano + 77’“/)

Now we bound the three terms of Equation (11) one by one. The first term can be bounded simply as
i—1

2B | 1= (Ll <0+ polla,>0) [ & > 0] < (1= npoi)ao. (13)
j=0

For the second term of Equation (11), we use Lemma B.6 to obtain

Ellzs =ol) _ 6m {12 — o)l

Elle: — . < i 2Ol
lles = woll &> 0] < 5" <

and then use Lemma B.7 to obtain

i—1 i—1

nLZE |z; — xol| & > 0] <6nLZE |z; — xol]
j=0 7=0

161 &
<6nL- - — (nijo + 771/[)
483 1—1 1—1
=50 |TPm it vy Vi
=0 =0

4 1 2
< % (nQLzacg . §i2 +7°Lv - 3i3/2>

483 212.2 161 2 -3/2
< —n’L ——n?Lvi’/?. 14
S 1go" Lo+ g Lvi (14)

The last term of Equation (11) can be bounded using Equation (12) as

—nvE[&|& > 0] < nug—[oz. (15)

From Equations (13)-(15), we have

483 161 Vi
Elx;| & >0 1— n2 L% 27,,i3/2
[z & > 0] < (1 —nuoi)zo + 0" + o T =g
4 1 1
= <1 — ot + 1237)2L2i2> To — (20 — 67)Lz> Vi
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3 nz/\ﬂ
< (14— ) - IV
—( +160~161>$0 40 (16)

where the last inequality comes from nLi < nLn < T}l'

Next, we bound E [z;| &; < 0] for the former term. We can show that

IE[J?A(% S 0] S 1‘0+E[|Z‘Z —l‘ngi S 0]
E [Jz; — zol]
P(&; <0)
< g + 6E [|x; — xo]] (" Lemma B.6)

<xo+

161
<zp+6- % (nLixo + nuxfi) (.- Lemma B.7)

483 | 483 -

3 483
=(1+= =2 j 1
( +80> 0+ 35 i, (17)

L

where the last inequality comes from nLi < nln < {57.

Plugging in Equations (16) and (17) in (10), we have
E[(L1s,<0 + pola;>0)zi] < LP(E; > 0)E [2;] & > 0] + poP(E; < 0)E [24] & < 0]

3 7]1/\/2T
< LP(E;
( 1>0) <(1 160-161) 0 40 )

+ poP(& < 0) ((1 + 3> zo + 483771/\[2.)

80 80

3 3
= ’ e — < —
<LIP>(81 > 0) <1+ 160.161) + uoP(&; <0) <1+ 80)) xo

1 483

Since P(&; > 0) = EE=0 < Ly symmetry and P(E; < 0) = 1 — P(§; > 0) < 3 by Lemma B.6, we have

3 3 1 3 5 1 83 2
LP(E; 1+ —— PE<0)(1+—)<(z(1+—")+2 — 2)L<ZL,
€ >0)( +160-161>+“0 (€ 0)( +80> (2( +160~161>+6 2415 80> 3

where we use nLi < Wlp % > 2415, and % (1 + ﬁ) + % . ﬁ . % < % Also, by Lemma B.6 we have

1 483 11 5 1 483 1
LP(&; — —poP(&; < —>-—==-=+——+-— | L=—1L,
(£:>0) a0 1o (£:<0) 80 (6 40 6 2415 80) 480

where we use nLi < ﬁ and ;TLo > 2415. Therefore we have

2
E [(L1s<o + ptola,>0)a:] < 5 Lag — == Vi

Lemma B.3. For (fixed) 19 > 0,0 <i<n—1,andn < 157

161 . 161 -
E[(L1z;<0 + pola;>0)wi] < (1 + 160“7L> HoZo + ﬁTIMOV\ﬂ'
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Proof. Since n < we can easily prove using Lemma B.7 as follows.

161Ln ’

E[(L1z,<0 + pole,>0)7:] < pE [powi]
< poxo + MO]E [|17z' — o]

(ana:o + ny\/)

<
HoTo + ,uo 160

16 161
<1 + 160”7L> HoTo + 16077#0%[

Lemma B4. [fn < we have the followings.

161Ln

1. For (fixed) xo < 0, we have

160
> - — .
E[z,] > <1 1617)Ln) To

2. If we initialize at x} > 0, then we always have P(xF > 0) > L for future start-of-epoch iterates.

1
2

Proof. We divide the proof into three parts. In the first part, we compare with the case of using a quadratic function instead,
sharing the same permutation. In the second part, we assume ¢ < 0 and use the first part to prove the first result of the
statement. In the third part, we assume x¢ > 0 and use the first part to prove the second result of the statement. Note that the
statement in the first part holds for both x¢y > 0 or zy < 0.

Part 1. For comparison, we define and use the same function used in Appendix B.3:

hi(z) = {ng—i—um ifi <n/2,

T2 .
% — vz otherwise

such that the finite-sum objective becomes

3\'*

“LEne

Now let us think of SGD-RR run on the two functions F5(z) and H (x), where both of the algorithms start from the same
point ¢ and both share the same random permutation for all epochs. Let z; ¢ and x; g be the output of the i-th iterate for
SGD-RR on F5(z) and H (z), respectively. Now we use mathematical induction on ¢ to prove that z; p > x; m.

Base case. Fori = 0, we have 29 r = Zo, g = Zo.

Inductive Case. Let us assume that the induction hypothesis z; p > x; p is true, and show that x;, 1 F > 2,11, by
considering the following three cases. Note that fz( )’s are the components of Fy(x), s;’s are defined as in Definition B.1,

andn<161Ln1mphes1777,u>1f L>1- > 0.

161
e If 2; p > x;, g > 0, then we have

Tix1,F — Tig1, 0 = Tip — Tig — N (Vfi(zip) — Vhi(zi 1))
=25 — i — N (puxiFp +vs; — Lag g — vs;)
=1 =nuair — (1 —nLl)zig =0,

sincex; p > x; g > 0and1 —nu >1—-nL > 0.
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e If z; p > 0 > x; p, then we have

Tit1,F — Tiy1,5 = Tir — Tig — N (Vfi(zir) — Vhi(zig))
=z — Tim — N (prip +vsi — Lai g — vs;)
=1 =nuwzir— (1 —nLl)z;g >0,

since (1 — nu)x; p > 0and (1 —nL)x; g <O.
* If 0 > z; p > ; m, then we have
Tig1,F — Tiv1, 0 = Tip — Timg — N (Vfi(zirp) — Vhi(zim))

=X F —TiH — N (Ll‘@p +vs; — Lx@H — I/Si)
=(1—-nLl)x;r — (1 —nL)z;g > 0.

Hence by induction, we have 2,41, > ;41,5 for all 4.

From the above, we can observe that E[z,, p| > E[z, g] = (1 — nL)"zo.

Part 2. For the next step, let us assume o < 0. Let us define

160 .
cp(z)—l—ﬁnz—(l—z) .

Then for z € [0,1 — (£82)7=7], we have ¢(2) = n((1 — )"~ ! — 189) > 0 and hence ¢(z) > ¢(0) = 0.

Also, we can observe that for n > 2:

LT ey
161(n — 1) =161 161 = 161(n—1) = 161n’

which implies that nL < 17— <1 — (122) "~T. Hence we have (nL) > 0, or

160
1—nL)" <1— —pL
(1—=nL)" < 61"

and for xo < 0 we have
" 1
Elzp,u] = (1 —nL)"zo > <1 - nLn) Zo.
Applying Part 1, we can conclude that E[z,, p] > E[z, ] > (1 — 12¥nLn) zo.

Part 3. Now suppose that we initialize ¢ > 0. For H(z) and some given permutation s € S,,, we have

oy = (L—nL) "o —nv > (1—nL)"'s;.
=1

Now let us think of pairs of permutations s, s’ € S,, which satisfy s; = —s, for all 4. By definition, the set S,, can be exactly

partitioned into % (7:;2) disjoint pairs. Let us temporarily denote the final iterates obtained by choosing the permutations s

and s’ by 22 ;; and fo/ 11» tespectively. Then we can observe that

/
S; + s;

1 ] s’ n S n—ia n
5@t o) = (1= L) = 31— (S5 = (1= i,

i=1

which means that each pair of outcomes will be symmetric with respect to (1 — nL)"xo. Hence the whole probability
distribution of (1 — nL)™"x, g will stay symmetric with respect to the initial point z.
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Considering outputs after multiple epochs, we can sequentially apply the same logic to prove that the distribution of
(1 —nL)~"kgk n, g Will always stay symmetric with respect to o} for all k. In other words, for each k, the distribution of

outputs k g conditioned only on the first epoch o} will be symmetric with respect to (1 —nL)"*z¢ > 0. This automatically
implies that we must have P(z* m > 0) > P(xk "> (1 —nL)"2q) > 1 for any starting point = > 0. Finally, since
Part 1 ensures ), > x¥ ;. we can conclude that P(x}; , > 0) > P(x} 5 > 0) > 3. O

Lemma B.7. Suppose that xo > 0,0 < i <n,andn < 161L . Then we have
161 , -
E[|lz; —xo]] < 160 (anO + nu\fz) .

Proof. From ;41 = x; — 1 ((L1y,<0 + ptols,>0)i + vsi41), wehave foralli =1,..., n:

1—1
E [|Iz — QZ‘()H =E - - Z ((L]]_,Ej<0 + [Lo]]_zjzo) T; + Z/Sl'_;,_l)
=0

<0 E[|(LLs<0 + poLe; 50) 75]] + mvE Z

<L Y Ellzgl) + mE (]

i—1
< nLixg +nL ZE [lzj — zo|] + nuV/i. (.- Lemma B.5)
3=0

Now let us think of a sequence h(i) defined by h(0) = 0 and recursively as

i—1
h(i) = nLizo + nLZh(j) + nvﬁ, fori=1,...,n.
j=0

Then obviously /(i) monotonically increases since h (i) — h(i — 1) = nLxg +nLh(i — 1) +nu(vi—+i—1) > 0
We can plug in h(j) < h(i) forall j = 0,...,i — 1 to obtain h(i) < nLizo + nLih(i) 4+ nv\/i, and hence

nLizo + nv/i

h(i) <
0= =50

Also, by induction, we have E [|z; — x¢|] < h(7), since the sequence E [|z; — x¢|] satisfies a recurrence of the same form
but with an inequality. Hence, from nL: < nLn < 161 we get

nLizg + nu\i 1 ( ) ( )
E [|z; — zo|] < < L < > (nL
[lzi — xo]] < T—nLi = 1—nn nLizo + Vi oo \7 izo + Vi

Lemma B.5. Ifn > 2 is an even number and 0 < i < 3, then 1%" <E[&]] < Vi

Proof. We assume 7 > 1 since the statement is vacuously true for 7 = 0.
For the upper bound, we use E [|&;|] < V/i as in Lemma 12 of Rajput et al. (2020).

For the lower bound, we start from the following equation in Lemma 12 of Rajput et al. (2020):
1
E[[&ill=(1- S E[I&]] +P(& = 0).
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We can explicitly compute fori = 1,..., 5:

() )

2

(3)

2

P(gz = 0) = ]l{z iseven} °

where &; = 0 has nonzero probability if and only if 7 is even. We also use the following lemma.

Lemma B.8. For even, positive integers n, i withn > 4 and 2 < 1 < L%J, we have

O 2
> 2

This lemma yields P(&; = 0) > %ﬂ for even i. We prove Lemma B.8 at the very end of Appendix B.4.

First, suppose that ¢ > 2 is an even integer. Then since ¢ < 2, we have for ¢ > 4:

1
Bl = (1- -5 ) ElE-1l+ PE-1 =0
2 2
>|1-—-)E 51'— +]]-z'— iseven _  ——
> (1= 2 ) BlE + Lt coms 2
2
— (1-2) g
2 2 2
> (1--— 1-—)E 51-, ]]-if iseven”  —&
(1=3) (=3 e+ denonsisy)
2\? 2 2
=1——=) E[|&_ 1—— | ——. 18
(1-2) Elleal+ (1-2) 25 a3
We can also explicitly compute the base case ¢ = 2 as
2-("%) 4 (m—2)(2)NB) 4(m)(2 -1 -
Be =2 L 01) A @oAHE_ DG _n=2 1L, 2
(%) (35 —2)!n! n(n —1) n—1 n—1 n

2
from the fact that & = %2 each occurs (";2) times among a total of (2) cases, and & = 0 otherwise. Also, note that we
2 2

automatically have E[|&5] > 1— 2 > *1/—05, which proves the given statement for i = 2.

Now, unrolling the inequalities in (18), we have for ¢ > 4:

sl (1-2) B+ (1-2) 2
(2 (=8 meee () )+ (D) s

(-3 s (-2 s (-

Y

p=0
. L72
2\ ! 2\ (2 2\ % 2
>(1-2 1-2 1-2) — - Equation (19
—( n) +< n> ( n) N T (' Equation (19))
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2 12 2\ 2 2
>(1-2 1-= 1-= .
(-0 DIECD ) s
9\ [t 2\ 27 2
(B 6o
n =0 n 5vViE— 2
(1 2> 1-(1-2)" 2
U ey e
2 1 2\’ 2
=(1-= J1=(1-2 =
( n) & ( < n)) 5Vi—2
2 1 1 2
>(1-—= _ | . 20
—( n) To3 ( 1+3;> N 20)
_n(n—2) 2 2
N (n—l) ‘n+2i 5/i—2
(=2 M no Vi), on o ViV @1
n—1 /i—2 n+2t 5 n+2 5 10
In (20) we use (1 — z)" < Hm forall 0 <z < 1andr > 0. In (21) we use the fact that 27 < n and 7= - ‘7/_;2 > 1,

which is equivalent to
in—272>@G—-2)(n—-1?2 < 2(n-1)2>i2n-3),

which can be easily verified since i(2n — 3) < 2Z(2n — 3) = n? — 3n < 2(n — 1)% forall n > 2. Also, note that we have
to deal with the last iterate separately since Lemma B.8 applies only for 7 > 2.

Now suppose that ¢ > 1 is an odd integer. Then we have

E{|€inll = (1 - 711_) (€3]] + ()((,f)_) = (1 — ni@) 1] (.- iis odd)

and since ¢ + 1 is even, we can use the previous result as

n—1 n—1 Vi+1
E[&]] = mEH&HH > — 1 10

: - n—i Vi
Finally, since S > 1> i We can conclude that

Efe]> " Vitl Vi
M=n—i—1 10 T 10°

Lemma B.8. For even, positive integers n, i withn > 4and 2 < 1 < ng, we have

Bl

>

Proof. From Theorem 1 of Mortici (2011), for all n > 1 we have the expression

n

n!l=+/7(2n+ ay,) - n—, for some value 0.333 < a,, < 0.354.
en
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Since % > 1, we have

(D02 e (3) ml(i+ o) Vali+ o)

> e (24 ay) oi (20 + o)

(Z) V(i + i) VI(n =i+ amiy2) /(2n + an)

1 /@2i+a;) V20 —14) +an_;) (n+ans)
n—i+am-iy2) \/(2n+an)
1 /(20 +0.33) /(2(n =) +0.33)  (n+0.33)
VT (i+0.354)  (n—1i+0.354) (2n + 0.354)
L VE VR a2 Vi
~ /7 1.354i 1.354(n — i) v/2.354n  1.3542v/2.3547 \/i(n — 1)

2 1 2

3
_|_
=

<

N

>

> 2 - > _Z
T 1.3542v/2.3547 Vi 5Vi
2 _ _ 2
C. Proof of Theorem 3.3

Here we prove Theorem 3.3, restated below for the sake of readability.

Theorem 3.3. Forany n > 2 and k > cy, there exists a 2-dimensional function F € F(L, u,0,v) and an initialization

point x such that for any constant step size n < czﬁ any weighted average iterate & of SGD-RR of the form as in (4)
satisfies

) Q(£25), ifK > e,
E[F(z) - F'] = - ) ,
0 %) : if K < cor,

for the same universal constants c1, co as in Theorem 3.1.

Proof. We prove the theorem statement for the same constants ¢; = 2415 and co = 161 as in Theorem 3.1.

Similarly as in Appendix B, we use different objective functions for two step-size regimes and aggregate the functions to
obtain the final lower bound. Here we also assume n is even, where we can easily extend to odd n’s by the same reasoning
as in Appendix B.

Here we prove the following lower bounds for each regime. Here F" is the minimizer of F; for j = 1, 2.
o Ifn e (0, ﬁ), there exists a 1-dimensional objective function Fy(z) € F(L,u,0,v) such that SGD-RR with
initialization x(l) = Dy (for any D) satisfies
E[Fi(&) — F{] = Q (uDj) -

e Ifne [ﬁ, ﬁ}, there exists a 1-dimensional objective function Fy(z) € F(L, i, 0, v) such that SGD-RR with

initialization Jfé = Wzoo . m satisfies

E[Fy(i) — Fi] = O </§1’;> .
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Now we define the 2-dimensional function F'(z,y) = Fj(x) + F3(y), where F; and F; are chosen to satisfy the above
lower bounds for v replaced by % Following the analyses in Appendix B, from Fy, Fy € F(L, u, 0, %) (by construction)

we have F' € F(L, ;1,0,v).

Now suppose that we set Dy = ; and initialize at the point ( , 27000 unlu/2 K).

If K > 161k, then since we can use the lower bound for F;(y). The lower bound for this case becomes

1 1
wnk S 161Ln

A . V2 Lu? Lv?
E[F(&,9) — F*] :Q(mln{ R nK2}> =0 <M)
If K < 161k, then since n K > 161 T, the latter step-size regime does not exist, i.e., we cannot use the lower bound for
F5(y), and the lower bound for this case becomes

EW@@—FW:QCR)

which completes the proof. O

C.1. Lower Bound for 1) € (0, /mK)
Here we show that there exists Fy (z) € F(L, i1, 0, v) such that SGD-RR with 2§ = D satisfies

E[Fi(2) - F{] = @ (uD3).
Proof. We define the same F (z) € F(u, 1,0, 0) as in Appendix B.1 by the following components.

fil@) = Fi() = 5-

Note that F(u, 1t,0,0) € F(L, 1,0,v) and Ff = 0 at * = 0 by definition.
We start from Equation (8) in Appendix B, which gives

1 nK DO

zgth = (1—nu)"™ - Dy > <1 - nK) Do > v

for all k. Then for any weighted average & we have
o Sitonat S el Do
AT D
and therefore
2 2
< K (Do pD,
F > [ ==
which concludes that E [Fy(2) — Ff] = E[Fi(2)] = Fi(&) = Q (uD3). O
1 1

C.2. Lower Bound for 7 € {M—K, m}
Here we show that there exists F»(z) € F(L, 1,0,v) such that SGD-RR with 2§ = 57555 - m satisfies

E[Fy(i) — F}] = Q (ufny;) .
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Proof. We define the Fy(x) € F(L, u,0,v) as in Appendix B.2 by the following components:

2 . .
fila) = (L]lx<0+,uo]l;czo)%+l/:c ifi <n/2,
i(z) = 2 .
(Llpco + pola>0) & —va  otherwise,
L

where we assume 1o < 557z and later choose g =

_L_

34T With this construction, the finite-sum objective becomes

1 & x?
Fy(z) = - ;fi(I) = (Llz<o + pola>0) CR
Note that 'y = 0 at * = 0 by definition, and that i is different from p. While Fy(z) € F(L, po, 0, v) by construction,
we can ensure that 7 (L, p9,0,v) C F(L, 1,0, ) because the assumption x > 2415 implies p19 = 5== > p.

We start from Equation (9) in Appendix B, which gives

1 v
B [$}8+1] =E [mﬁ] Z 27000 ' Mnl/QK

for all k. If we set xg > ﬁ . m then all end-of-epoch iterates must maintain E[z¥] >

that for any weighted average & we have

1 X v . . .
27000 pnl PR This implies

E[#] = E

K+1 1 v
K+1 K+1 ! N
P akxlgl _ 2k B E - 2k=1 %% 27000 * iR 1 v

K+1 K+1 = K+1 = 12
k1 Ok b1 Ok o1 Ok 27000 pnl/?K

Finally, by Jensen’s inequality, we have

E[Fy(2) — F3] = E[F2(2)]
L .
> 5345 E 7]
> R[]
4830

L 1 v 2 L2
— 4830 27000 unl/2K w2nk?2

C.3. Proof of Corollary 3.5

Here we prove Corollary 3.5, restated below for the sake of readability.

Corollary 3.5. For any n > 2, there exists a 2-dimensional function F € F(L,0,0,v) such that if

&)

L2D?
K >c3 max{ i v } ,

1

then for any constant step size n < oL

any weighted average iterate & of SGD-RR of the form as in (4) satisfies

TA/3,2/3 D4/3
BIF@) - =0 ()

nl/3K2/3

for some universal constants cs and cs.

Proof. Suppose that c;, co are the same constants as in Theorem 3.3, and let c3 = max{c‘?/ 2, c3}. We use results of
Theorem 3.3 in Appendix C, but we view the initialization Dy for the first coordinate as a separate constant instead of setting
to a certain value like Dy = ﬁ
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1/3,,2/3 . . . .
Let us choose u = W. First, we can check that our choice of p and K> c3 ;LDZl/Q > ¢3 7o implies
2/3712/3,,1/3 172/3
K_L/D/n/K/ S 2B,
- 2/3 =3 =

2p2, .
and K > c3 & V% % implies

5 L2/3D23pl /323
2/3

1/3
=c3' K 2 oK.

K>c?

Since k > ¢1 and K > ¢k, by Theorem 3.3 there exists some F), € F(L, i, 0, v) satisfying

. N . 9 Lv?
E[Fu(w)—FM]:Q min MDO,W .

for initialization (Do, 37555 - m) Note that we have D? = D + 5507 - m nK2 Since K > ¢3—%— ;¢D7L1/2 , or equivalently
D> c;;ﬁ, we have Dy = Q(m) and therefore
Lv?
; 1 : 2
E [F‘“(:B) — FH] =0 <mln {/,LD ,M}> .
. . . L1/31/2/3
Letting F' = F), and plugging in & = 55575,5/5 273, We can conclude that
R . I,1/3,2/3 DA/3
BIF@) - =2 (e )
Finally we can check that F' € F(L, u,0,v) C F(L,0,0,v) for all 4 > 0, which completes the proof. O
D. Proof of Proposition 3.4
Here we prove Proposition 3.4, restated below for the sake of readability.
Proposition 3.4. Suppose that F € F(L, 11,0, v), and that we choose 1) as
. 1 9 R wnD?K?
= min —— max og| ———— .
K \f 2Ln’ unK & Lv?
Then, for SGD-RR with constant step size n and K > 5, the tail average iterate &y satisfies:
. . _ (LD? __1 K L2
E[F(wtail)F}O( K e 9v2 +/,62’I’L[(2>
Proof. We start from the following lemma from Mishchenko et al. (2020).
Lemma D.1 (Mishchenko et al. (2020), Lemma 3). Assume that functions f, ..., f, are convex and F, f1, ..., f, are

L-smooth. Suppose that o2 is defined as in Equation (3). Then SGD-RR with step size n < \/ian satisfies
1
E[|lzft! — 2*|?] < E[||lzf — z*|?] — 2mmE [F(z§™) — F(z*)] + 5773Lafn2

Note that the assumptions in Definition 2.5 of F(L, i, 0, v) includes all the required conditions above, plus an additional
condition that F' is u-strongly convex. Also, note that the o2 term from the original paper can be replaced with v/2, which is
safe by the same reasoning as what we mentioned in Proposition 3.2. Hence we can use the following inequality:

E [lok™ —a*|”) < B[ — a*|”] ~ 20nE [F(a§™) ~ F(a*)] + 50° L’
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From strong convexity, for all k£ we have
E[F(@f™) - F@")] > SE et — 2| (22)
Now we apply (22) to only exactly half of the term involving E [F(zg ') — F(z*)] to obtain

npn " . ) 1
(14 2V E [Jab - )] < E[laf - 2°|2] - ok [F(ah*) - F(a")] + 5 Lv*n?.

Since 0 < nun < nln < % < 1 implies Hﬁ <1 - 6% and 2 < H_lmm < 1, we obtain
2 2
E [[lagt —2*|P] < T3 mm (E [l — 2*[|*] — nnE [F(xg™) — F(z*)] + ZWSLVQTLZ))
2

(1= ZE) £ lah - a7?] - sk [Faht) - F)] + 5oLt @3)

N

We derive two different types of weaker inequalities from (23), as:
1
E [lof* - a*|?) < (1 - Z£2) E[laf - 2"[12] + 5n*Lo*n?, 24)
2 1
E |zt — *|?] <E[||lzf —z*|?] - gW”E [F(zith) — F(z*)] + énBLu2n2. (25)

From (24), we can unroll the inequality to obtain

K-1 )
k 1 J
E [Hw’é“ — ac*||2] < (1 — %) E [Hwé - a:*HQ} + 5773L1/2n2 (1 — %)
j=0
(oo} .
J
< (1= 2) B [lab - o' 2] + gu'Lrint Y (1- 22)
§=0
Wm)k 1 |2 L 3. 5 o 1
=(1-—) E — —n°L _
(1=757) Bl = ")+ g Lo sy
nun\* 3 n?Lvin .
= (1)t pe 3 b (D = ||z} — ")
272
< e~smmnkp2 4 % " Lvn (26)
which holds for all k.
From (25), we can rearrange terms as
. 3 . 3 . 3.
mmE [F(zith) — F(z*)] < SE [[lzf —2*)?] - SE [lzg ™ —2|?] + Zn%ﬂnz

and average the inequality from k = [£] to K to obtain

K —
EARagn
< 1 §E |:Hm[2] w*H2:| °E [”wKJrl —:B*||2] +*773LV277/2
TK-[81+1\2 0 2 0 4
3/2 (57 ]2 3 3. 9 9
< E 2= + -n°L . 27
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Therefore we have

r K
N * 1 *
E[F(2w) — F*]=E | F K Z |~ F
K-[3]+1 =
i k=[%1]
- ) X
=E |F g™ F"
K—[5]+1 2
i k=31
K
< i 2 Pl - Fe)
TK-[X1+1
1,5
3/2 (57 2] 4 3,21,
S S O
e T L R
3 €1 . 3
el L M o R U2
2 2
- WLK (e—éwn(m—l)m + g Ly n) + %nQLVQn
3D2 1 K 9 LV2 1
_ oD (K1) 9N —n?Lv?
mK 3 /~LK+277 o
3D? _, 9 nLv® 1
< 27 —gnenK | 7 Zn?Lvn.
_nnKe +2 ,UK+277 ven
Note that in the last inequality, K > 5 implies [5] — 1 > £.

(151 <

(. By (26), for k = [£])

*.» Jensen’s inequality)

(. By (27))

el

+

1)

(28)

Now we will divide into four possible cases according to how we choose 7, and then derive that desired upper bound holds
in each case from Equation (28). Note that we have max {1 log (M> } = lifand only if K <

. . Lv®
again equivalent to uD? < S0

Case (a) Suppose that n = an < WLK log ( %

From Equation (28) we have

/21172,

PEEISYE K

which is

2), where max {1 log (M)} = log (%)

X o 3D% . 9 plv? 1
E [F (&) — F*] < - nunk = nuK §n2Lu2n
< 3v2LD? e~ n 81 Lv? og winD?K? 81 Lv? og? wnD?K?
- K 2 uinkK? Lv? 2 u2nkK? Lv?
~ ( LD? ,LL Li?
=0 WEEI o s )
K wnk
Case (b) Suppose that n = —4— < —2_ where max { 1, log ”BLZ‘KZ =1.
pp n V2Ln unk Lv
From Equation (28) we have
3D 1 9 nLv? 1
E[F(&u) — F*] < ——e 9™ 4 . *Lv?
F(@a) - F) < 200 Ty T
3vV2LD? _ 1 81 Li? 81 Lv
e v2L/i 4
- K 2 u?nK? 2 punK?
~ (LD? __1_ x Lv?
=0 ov2 L/n 4
K wnk?
Case (¢) Suppose that n = —— log (”3”D2K2) < —-—, where max {1 log (M>} = log (M)
HTLK Lv? = V2Ln’ Lv? .
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From Equation (28) we have

. o 3D . 9 nLv? 1
E[F(&w) — F*] < 777176 STH K+§,77 - i : 27 .20
uD? Lv? n 81 Lv? o winD?K? 81 Lv? 00 wnD?K?
310g(u nDsz) w3nD?2K?2 2 u?nK? & Lv? 2 uPnkK? & Lv?
L2 1 n gl (yg’nD?KQ) 81 81 1og (u3nD2K2)
12nEK? | 310, (‘“3"5?(2) Lv? Lv?
wnk?
Case (d) Suppose that ) = W < fL , where max {1 log (M)} =1.
From Equation (28) we have
3D? 9 nLv? 1
E[F (&) — F¥] < ——=e amni 4 . —n?Lv?
P (@) ]_nnKe9 2 MK+27] v
7pD2+871 Lv? +§ Lv?
©3e 2 unK? 2 pPnK?
Lv? 1
< K2 : <3e +81>
~ Lv
-0 (M%K 2) '
Therefore Proposition 3.4 holds for all cases, which completes the proof. O

E. Proof of Theorem 4.1

Here we prove Theorem 4.1, restated below for the sake of readability.

Theorem 4.1. For anyn > 2 and r > 4, there exists a 4-dimensional function F € F(L, i, 0, v) and an initialization point
xo such that for any permutation-based SGD with any constant step size 1), any weighted average iterate & of the form as in

Equation (4) satisfies
. « Li?
Proof. Similarly as in Appendix B, we define objective functions for three step-size regimes and aggregate the functions to

obtain the final lower bound. Here we also assume 7 is even, where we can easily extend to odd n’s by the same reasoning
as in Appendix B.

We will prove the following lower bounds for each regime. Here F" is the minimizer of F for j = 1,2, 3.

o Ifn e (O, W) there exists a 1-dimensional objective function Fy(z) € F(L, u,0, v) such that any permutation-
based SGD with initialization z§ = 2/12/ satisfies

. * Li?

e Ifn € [ m}K’ L) there exists a 2-dimensional objective function Fy(y,z) € F (L, 1,0, ﬂl/) such that any

permutation-based SGD with initialization (yg, 23) = ( 5T 0) satisfies
.. N Lv?
Fy(g,2) — F; = Q (/W) :
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Note that 4 and 2 share same weights {ak}kK;ll.

e Ifn > %, there exists a 1-dimensional objective function F5(w) € F(2L, u, 0, v) such that any permutation-based
SGD with initialization wj = —% satisfies

punK
. " Lv?

Now we define the 4-dimensional function F'(x) = F'(z,y, z,w) = Fi(x) + F3(y, z) + F3(w), where I, F,, and F3 are
chosen to satisfy the above lower bounds.

Following the analyses in Appendix B, we have F' € F(2L, i, 0, 2v), which allows us to directly apply the convergence
rates in the lower bounds of Fi, F5 and F3 to the aggregated function F'.

When K < £, the second step-size regime becomes invalid. In this case, we define F'(z,y, z,w) = Fi(z) + Fi(y) +
Fi(z) + F5(w) € F(2L, 11,0,2v). The final lower bound is then the minimum of the lower bounds obtained for the

. . . . . 2
remaining two regimes, which is {2 (ﬁ%)

Note that we assumed x > 4 and our constructed function is 2L-smooth and p-strongly convex. Thus, k > 4 is equivalent to
< % throughout the proof.

Finally, rescaling L and v will give us the function F' € F(L, p1, 0, v) satisfying F(&) — F* = Q (#‘2’;2) O

For the following subsections, we prove the lower bounds for F, F», and Fj at the corresponding step size regimes.

1
E.1. Lower Bound for n € (0, W)

LY?y

PIETY S satisfies

Here we show that there exists Fy (x) € F(L, u1, 0, v) such that any permutation-based SGD with z{, =

Fl(;i:)Ff_Q< Lv? >

12n2K?2

Proof. We define Fy () € F(u, p,0,0) by the following components:

K2
fi(z) = F(x) = 5%

Note that F(p, p1,0,0) € F(L, p1,0,v) and F}f = 0 at 2* = 0 by definition.
In this regime, we will see that the step size is too small so that {xﬁ}szl cannot even reach near the optimal point. We

1/2 . . . . . o
start from 2§ = ug/T‘;( Since the gradient of all component functions evaluated at point x is fixed deterministically to px,

regardless of the permutation-based SGD algorithm we use, we have

L1/2 1 nk L1/2 1 nK
ay = (1 —np)"™* > - (1 > > - <1 >

132K\ nK 1w32nK \©  nK
(@) LY2p 1 1\ ® LY, 1
> e (1= = ) 2 oo
u3nK e nK u3/2nK 2e

where (a) comes from Lemma E.2 and (b) comes from the assumption that n > 2. Therefore, we have & = ) (%) for

any nonnegative weights {ak}f:ll. With this Z, we have

A *_:U’AQ_ LVQ
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1 1
E.2. Lower Bound for 7 € [ i z)

Here we show that there exists F5(y, z) € F(L, u, 0,v/2v) such that any permutation-based SGD with (y3, 23) = (i, O)
satisfies

N N Lv?
Fy(9,2) — Fy =Q <M2”2K2> .

Proof. Let us define the function g1, g—; as follows.

L x?
g+1(z) = (L]]-z<0 + 2]lm>0> > + vz,

L x?
971(3?) = (L]lz<0 + 2]1517>0> ? — V.

Note that g, and g_, are j-strongly convex since u < L. We define Fy(z) € F(L,u,0,v/2v) by the following

2
components:

g+1(y) +9-1(2) if i <3,
fi (ya Z) = '2
g-1(y) + g4+1(z) otherwise.
With this construction, the finite-sum objective becomes
n

1 L 2 L 22
Fy(y,2) = o Zfz(yaz) = (L]ly<0 + 2]1y>0) % + (L]lz<0 + 21z>0> o
i=1

Note that F5 = 0 at (y*, z*) = (0, 0) by definition.

We start at (y§, 23) = (5%,0). We now use the following lemma to find the lower bound of {y% + zﬁ}i(:l that holds for
every permutation.

Lemma E.1. Consider the optimization process whose setting is given as E.2 with n < % Forany 0 <t < § — 1 and any
ke{l,-- K}, ifyb, + 25 > 0 holds, then
n?Lv

2

nL
y§t+2 + Z§t+2 > <1 - 2) (1-nL) (ygt + ZIZCt) +

holds regardless of which functions are used at the (2t + 1)-th and the (2t + 2)-th iterations of the k-th epoch. Consequently,
ifyk + 28 > 3:7:]” yk 42k > 317;L holds regardless of the permutation oy

The proof of the lemma is in Appendix E.4. In our setting, y§ + 2z} = 57 = sz T since 7 < % Thus, we have
Y + 2y > giop forevery k € [K].

For g + Z, we get

K+1 K+1
Dt o (Y6 +20) s Do
Sidier 3-ul oy

ny nv v
= > —_— = Q 3
3—nL 3 (,unK>

and using the inequality 2(a? + b?) > (a + b)?,

j+i=

- . L g2 L 32
Fy(9,2) — F5 = (L]ly<o + 2%20) % + <L112<0 + 2]1z20> >
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E.3. Lower Bound for ) > 1

Here we show that there exists F3(w) € F (2L, u1,0,v) such that any permutation-based SGD with w} = e satisfies

N " Lv?
Proof. We define F3(w) € F(2L,2L,0,0) by the following components:

fz(w) = Fg(’w) = LwQ.

Note that F(2L,2L,0,0) C F(2L, 1, 0,v) and Fy = 0 at w* = 0 by definition.

. . . o K .
In this regime, we will see that the step size is so large that {wﬁ } o diverges. We start from w§ =
of all component functions at point w is fixed deterministically to 2Lw, we have for every k € [K],

n . Since the gradient

— (=L w > 1Y — (Y
( 77) Wy = K nk )

where we used the fact that n is even in the second step. Thus, regardless of the permutation-based SGD we use, we have

w:Q(/mK) and Fy () — Fg:LwZ‘:Q(#z;Z). O

E.4. Lemmas used in Theorem 4.1

In this subsection, we will prove the lemmas used in Theorem 4.1.
Lemma E.1. Consider the optimization process whose setting is given as E.2 with n < % Forany 0 <t < 3 — 1 and any
ke{l,--- K}, ifyk, + 25 > 0 holds, then

nL n?Lv
y2t+2 + Z2t+2 (1 - 2) (1—=mnL) (yét + Zét) + 5

holds regardless of Which functiam are used at the (2t + 1)-th and the (2t + 2)-th iterations of the k-th epoch. Consequently,
lfyo + ZO > 5 nL’ Fk > 3 T holds regardless of the permutation oy,.

Proof. Without loss of generality, assume y%, > 25,. Since we assumed y5, + 25, is nonnegative, y%, > 0 holds. Depending
on which function is used at (2¢ + 1)-th iteration of k-th epoch, we consider following two cases:

(@) y§t+1 = yzr nVg- 1(1/2t) and 22t+1 = ZQt 77V9+1(22t)
(b) y§t+1 = y2t 77V9+1(y2t) and z2t+1 = Z2t nVg- 1(22t)

Note that y5%, 4o T 25, 4o is independent of which function is used at (2¢ 4 2)-th iteration of the A-th epoch, because

y§t+2 = (1 -n (L]l k<03 ]lym+ )) y§t+1 +nv and Z§t+2 = (1 -n (L]l ko<ot 3 1z2t+ >o)) Z§t+1 Fnyso
that summation of y and z results in the canceling of v terms.

36



Tighter Lower Bounds for Shuffling SGD: Random Permutations and Beyond

Case (a) For Case (a), y5, , = (1— %)ygt +nv > 0 holds since y5, > 0, but the signs of 25, and 25, | | are undetermined.
Thereby, we split the cases by the signs of 25, and 25, 11-

First, assume 25, < 0 and 2%, ; < 0. In this setting, y§, > 0, %, ., >0, 25, <0, 25, ., < 0. Then,

nL
y§t+2 + Z§t+2 = (1 - 2) y§t+1 + (1 - UL)Z§t+1

- (1 - 772L> ((1 - 772L) yh, + 771/) + (1 —nL) (1 =nL)z5, —nv)

2 2
n-Lv Lv
= (1 - 2) Y5, + (1 —nL)>25, + 9

nL n’Lv  nL nL
= (1 - 2) (1 —nL)(yh, + 25) + s +t5 (-5 ys, — (1 —nL)z3,

nL . n?Lv
> (1- ) a-nn + 0 + 52

where the last inequality holds because y%, > 0 and 25, < 0.

Next, assume 25, > 0 and 25, ,; < 0. In this setting, y5, > 0, y5,,, >0, 25, >0, 25, ., < 0. Similarly,

nL
Ysiio + 2540 = (1 - ) Y5 + (1 —nL)2b,

() () ()0
() )
)
o

2
n“Lv nL nL
( 1 —nL) y2t+z2t)++2<1_2>y§t

2
n?Lv

Finally, assume both 25, > 0 and z§t+1 > 0. In this setting, y5, > 0, y§t+1 >0, 25 >0, z§t+1 > 0. Since

E o _ L k

0< 2541 = (1 -1z ) 25—, 28, > 777””2 holds. Then,

L>v2t+1+(1 ”2L> i
(- )se) () (-2) )
; b+ (1- "QL)

(1—nL)(yb, + 25,) +

33 3 3
”\m“\w“\

—nL)(y5, + 25,) +

k k
Yorqyo T 22440 = (1 -

-

(-

(-
(s

In the last inequality, we used the fact that %, > 0 and 2%, > #2/2

n?’Lv L (1 7)2L>( A k)7772L1/

5 + > You + 2oy 2
n?Lv
5

[ S w\i w\i w\ﬁ ME

> (1- 77L)(y§t + Zéct) +

We don’t have to consider the case when 25, < 0 and 25, > 0 hold, because 25, ; = (1 —nL)z%, —nv < 0if 25, < 0.
Thus, we have proven the first inequality of the lemma for Case (a).
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Case (b) For Case (b), we consider three cases depending on the signs of y&, 41 and 2%, 11

First, assume y%, ., > 0 and z5,,, < 0 hold. In this case, if 25, > 0, then 25, , = (1 - %) 25, + nv > 0; therefore,
2%, < 0 should hold. So in this setting, we have y%, > 0, y5, 11 >0, 25, <0, and 25, 11 < 0. Using this fact,

Ysirz T Zpgn = (1 - T]2L> Yaer1 + (1= nL)25y
= (1 — 772L> ((1 - 772L> Ys — 77]/) +(1=nL) (1= nL)z5, + 1)
= (1 - 7]2L>2?J L+ (1 —nL)?z5, — 7722Ll/
= (1 - 772L> (1 —nL)(y5; + 25,) + UQQLV + 772L ((1 - 772L> yse — (1= nL)z3, — 2771/)
= (1= ) -k o+ )+ T+ I (ks — o)
> <1 - 7’213) (1= nL)(ys; + 22,) + "QQL”-

Second, assume y§t+1 < 0Oand 25, , > 0.If 25, < 0, the setting becomes y5, > 0, y§t+1 <0,25 <o, z§t+1 > 0 so that

nL
Ysiio+ 2510 = (L—nL)ys, + (1 - 2) 5

= (1-nL) <(1 - ’72]‘) yh, — 771/) + (1 - "2L) (1 —nL)2%, +nv)

nL 2Ly
= - (1) o+ o4+ T

If 25, > 0, the setting becomes y5, > 0, y5, ., <0, 25, >0, 25, ., > 0 so that

nL
y§t+2 + Z§t+2 =(1- UL)y§t+1 + (1 - 2) Z§t+1

() () (0 E) o)
=(1—77L)(1—772L>(y§t+25t)+n; 772L( —772)

nL n?Lv
> (1—=nL) (1_2> (y5; + 25,) + 5

Lastly, assume y5,,; > 0 and 25, > 0. If 25, < 0, the setting becomes y%, > 0, v, > 0, 25, < 0, 25, > 0 s0 that

nL nL
y§t+2 + Z§t+2 = (1 ~ 5 > y§t+1 + <1 9 ) Z§t+1

nL nL nL
(1 — 2) (<1 — 2) yh, — nu) + (1 - 2) (1 —nL)2%, +nv)
nL n?’Lv L nL
=(1-nL) (1 2) (y§t+Z§t)+ B JF? 1*? yi*nv
nL n Lv 1L
=(1—-nL) (1 2) yb; + 25,) 5 T 7y§t+1
nL 7]2LV
> (1—nL) (1 2) ybe + 25) + 5
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If 2%, > 0, the setting becomes y&, > 0, y’gt_H >0,z >0, z§t+1 > 0 so that

k k k nLy\ i
Yorqyo T 23440 = <1 - Yorqp1 T (1 - 2) 241

)
AR e
<

2
2
n“Lv  nL
) (s + 220) + =5 +

) (yéct + th) +

L
> - (1-0) o+ 50+

We do not have to consider the case when y5, 41 and 2%, 41 are both less than 0, because yk, 1t 2%, 11 = 0 always holds.
This can be shown by case analysis on the sign of 25,: if 25, > 0, then

X nL nL
y§t+1 + Z§t+1 = (1 - 2) ygt —nv+ (1 - 2) Z§t + nv
nL , )
= (1 - 2) (yét + Zét) >0,

and if 25, < 0, then

) nL )
y§t+1 + Z§t+1 = (1 - 2) ys, — v + (1 —nL)z5, +nv

L
=(1- TIL)(?/};t + Zét) + %y’;t > 0.

Therefore, we have proven the first inequality of the lemma for Case (b).
Putting the results of Case (a) and (b) together, we have

n?Lv
2

nL
Ysryo + Zorye = <1 - 2) (1—nL) (y5, + 25,) +
forany0 <t < § —landany k € {1,---, K}, proving the first part of the lemma.

It now remains to prove the second part, namely that

k k nv
> —

holds if y& + 25 > Sj; 7 - From the first part of the lemma, we can see that the updates over a single epoch can be bounded
as

L 2Ly
sz (1) () o+ b+
nL 2 n n?Lv i) nL\" ;
> (1—2) (1 =nL)% (4§ +26) + 5~ (1—2> (1-nL)’

n 1—(1—nL

nL\ 2 n n’Ly < 2)

(1—2) (L—nL)® (y§ +25) + 5 ©
1—(1—%)(1—@)
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nL : 5k k nv nL % n
=1-— 1—nL)> 1—(1—-— 1—nL
< 2)( nL) (yo+zo)+3_nL 5 ) (1—nl)?
nv nL 2 o 5 & nv
= 1—— 1—-nL)> —
3—77L+( 2) (1 —nL) (?Jo‘*‘% 3_nL

nv
3—nL’

>

This ends the proof of the lemma. O

Lemma E.2. For anyt > 2, the following inequality holds:

(-1

Proof.

F. Proof of Theorem 4.5

Here we prove Theorem 4.5, restated below for the sake of readability.
Theorem 4.5. For any n > 104, L and i satisfying k > 8n, and K > max {%27 K3/2p1/? } there exists a 4-dimensional

function F' € Fpy, (L, W, %, V) and an initialization point xo such that for any permutation-based SGD with any constant

step size 1), any weighted average iterate & of the form as in Equation (4) satisfies
A . L2V2

Proof. Similarly as in Appendix B, we define objective functions for four step-size regimes and aggregate the functions to
obtain the final lower bound. Here we also assume n is even, where we can easily extend to odd n’s by the same reasoning
as in Appendix B.

We will prove the following lower bounds for each regime. Here F’ is the minimizer of F for j = 1,2,3,4.

e Ifne (O7 ﬁ) , there exists a 1-dimensional objective function F} (x) € Fpr.(L, i, 0, v) such that any permutation-

Lv

Pk satisfies

R " L?1?

based SGD with initialization 2§ =

o Ifn € {ﬁ, TQL}’ there exists a 1-dimensional objective function Fy(y) € Fpp (L, i, ﬁ,y) such that any

permutation-based SGD with initialization y§ = £ satisfies

) . L2V2
Fy(9) — F3 =Q <Mgngl(g> .
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e Ifne [%, %], there exists a 1-dimensional objective function F3(2) € Fpg, <L, 1, %, V) such that any permutation-

based SGD with initialization 2§ = £% satisfies

) . L2I/2

e Ifn > %, there exists a 1-dimensional objective function Fy(w) € Fpy.(2L, i1, 0, ) such that any permutation-based

1/2 .
Lfn” satisfies

w3/2nK
) . L21/2
Fy(d) - Fi = (,M> :

SGD with initialization w} =

Now we define the 4-dimensional function F(z) = F(z,y, z,w) = Fy(x) + F2(y) + F5(2) + F4(w), where Fy, Iy, F3,
and F} are chosen to satisfy the above lower bounds.

In fact, our constructed F, Fs, F3, and F} are strongly convex; however, for simplicity of exposition, we stated as a member
of a larger class Fpg.. Following the analyses in Appendix B, F'is a 2L-smooth and p-strongly convex function.

Also, if four functions Hy, Ha, H3, and Hy4 (each with n components hy ;, ho i, h3 ;, and hy ;) satisfies Assumption 2.4 for
7 =710 and v = vy, then H(x) = Hi(z) + Ha(y) + Hs(z) + H4(w) satisfies
IVhi(z) — VH()||* = [Vhyi(x) — VH(2)|* + | Vhe,i(y) — VH2 ()|
+|Vhs,i(2) — VH3(2)[|* + | Vha,i(w) — VHy(w)]?
< (7o 1 H1(@) ]| + 10)* + (70 [ H2 ()| + v0)* + (0 || H3(2) || + v0)* + (70 | Ha(w)]| + v0)?
< @27 | Hi(@)|* + 208) + (278 | Ha(n)|1* + 205)
+ (275 | H3(2)I” + 213) + (273 | Ha(w)|* + 2133)
2 2 2 2
< 20 (1L @)1 + | Ba ()| + [ Ha ()P + [ Ha(w) ) + 808
— 272 |H(@)|® + 82 < (270 |[H (=) + 310)°.

foralli = 1,...,n, ie., H(x) satisfies Assumption 2.4 for 7 = 27 and ¥ = 3. Combining these results, we obtain

F e Fpp (2L, o, %L, 31/) , which allows us to directly apply the convergence rates in the lower bounds of F, F5, F3, and

F to the aggregated function F'
Note that we assumed « > 8n and our constructed function is 2 L-smooth and u-strongly convex. Thus, k > 8n is equivalent
to % > 4n throughout the proof. Also, combining K > max {’j—j, k3/2n1/ 2} and k > 8n, we have K > ’j—f > k and thus

2“; = < -2 holds so all step size regimes are valid.

Finally, rescaling L and v will give us the function F' € Fpy, (L, W, %, 1/) satisfying F'(z) — F* = Q (%) O
For the following subsections, we prove the lower bounds for Fy, F5, F3, and F} at the corresponding step size regime.

F.1. Lower Bound for 1) € (0, ﬁ)

Here we show that there exists Fi (z) € Fpr.(L, i1, 0, v) such that any permutation-based SGD with z{ = HZIJ:K satisfies

R . L2I/2

Proof. We define Fy(x) € Fpe.(u, i, 0,0) by the following components:

_ _H
filz) = Fi(z) = 5:102.
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Note that Fpg (1, 1, 0,0) C Fpr.(L, 1, 0,v) and F}* = 0 at 2* = 0 by definition.

In this regime, we will see that the step size is too small so that {xfl} x—; cannot even reach near the optimal point. We

start from x§ = MZ,L:K. Since the gradient of all component functions evaluated at point x is fixed deterministically to px,

regardless of the permutation-based SGD algorithm we use, we have
Lv 1 \™ Lv 1\
k 1 nk
=x5(1 — > 1-— > 1-
Tn = @1 =)™ 2 wnK < 2nK> ~ wPnK ( QnK)
Lv 1\ @ Lv 1 1\® Ly 1
> -—(1-—— > —-|1—-— ) > —=—.
w2nkK nk wnk e nkK w2nK 2e

where (a) comes from Lemma E.2 and (b) comes from assumption that n > 2. Therefore, we have & = ) (

Lv
wnK

) for any

nonnegative weights {c }+—;". With this &, we have

2.2
Fl(:z)Ff—g;@2—Q< Lv )

F.2. Lower Bound for 7 € [ﬁ, %}

Here we show that there exists F»(y) € Fpe (L7 1, %, V) such that any permutation-based SGD with y} = sor satisfies

. " L?1?
Fy(9) - Fy =Q (M) .

Proof. We define F5(y) by the following components:

fily) = {gl(y) ifi<n,

g2(y)  otherwise,

where

Note that all the components are L-smooth and F' is u-strongly convex. Moreover,

IVfi(y) = VEW) = (Ly —v) — pyl| < (L = pwyl +v

< Ll +v = IVR0)] + .
955010 = VE) = | (-2 (12 ) )~ | < 02w+
<Lyl +v = IVE(o)l + v
and thereby F» € Fpg, (L, W, %, y). Also, we can easily verify F5 = 0 aty* = 0.
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To simplify notation, we will write V f;(y) = a;y — b; temporarily. Then, a; € {L,—L (1 — )} b; € {v, —v} holds and
we can write y* as

u¥ =y — 0V forry (U6) = (1= nao, 1)) ¥ + Mboy (1)

Y5 =yt =V for2) (UF) = (1 = Naoy2)) YF + Nboy(2)
(1= 1o, 2) (L= 0oy1)) Y6 + Mboy@) + Mo 1) (1= Mg, (2)) -

n

uh =y =V o (i) =] (1 = nao,)) vh + 772 bory 1] (1=n0.0)) - (29)
=1 =1 Jj=i1+1
Define S := [T/_, (1 = 1a0,(:)) = [Ti=; (1 = na;) and Ay := 0377 boay [1j—i1 (1 = nao(j))- Then, we can write
Equation (29) as y* = Sy + A,. Note that S is independent of the choice of o1, and A, is the term that we can control
using permutation-based SGD.

We now consider which permutation o minimizes A,. Choose an arbitrary o and assume there exists t € {1,--- ,n — 1}
such that f,;) = g2 and fy(;41) = g1. Then, define another permutation o’ by o’(t) = o(t + 1), o’(t + 1) = o(t) and
o'(i) =o(i)fori e {1,--- ,n}\ {t,t + 1}.

Let y, and y,» as the value of y* generated by o and o’ starting from the same y%, respectively. Since

bo(i) H?:H_l (1 — nao(j)) = by (i) H;L:i+1 ( — Nagr(j )) fori € {1,--- ,n}\ {t,t + 1}, we have

n

Yo — Yoo = H ( O] yo + nzba(z H 1 - 77%(;‘))

1=1 j=i+1
H(l—n%/ (2) Yo +nzb0’ (7) H 1 7’]@01(]'))
=1 j=i+1
=77(ba (t) H — Ng(s)) + bo(is1) H — N (j))
Jj=t+1 Jj=t+2
n
— ba’(t) H (1 naa/(J ol (t41) H 1 — 77&0 )
j=t+1 j=t+2
=1n H (1 —nas) | - (—1/ l1-nl)+v—v (1 +nL (1 - L>> — (—1/))
j=t+2
=17 H (1 - naa(j)) < 2npy > 0. (30)
j=t+2

Thereby, we can conclude that the permutation ¢ that minimizes A, should sat1sfy o(i) <n/2fori <mn/2and o(i) > n/2
fori >n/2,ie., fy;) = g1 fori <n/2and f,;) = g2 fori > n/2. Let 0* denote such o.

With this permutation o*, A,+ becomes

n Z_1 21

_ S2\) S BETANY
Ay = <1+77L( L)> _:0(1 nL)" —nv ;<1+77L<1 L>> .

7

NE

Here we introduce g := 1 — L # and m := % to simplify notation a bit. Note that 5 > 1 — % holds since we assumed
Z > n. Then A,~ can be rearranged as

Lo (o) (LB -

Aa-*: v - ].+ L m
nv - (1+nLpB) L L5
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=L%-((1+77L6)m(5—1)—6(1+nL6) (1—nL)™ +1).

Using Lemma F.1 (substituting L to z), we have 75 - (1 +nLB3)"™ (8 —1) = B(1 + nLB)™(1 —nL)™ +1) = 1 ;’BL”

‘We now show a lower bound for S.

H (1 —mnay)

=1
(L=nL)™ (1 +nLB)™
= (1 —nL1~-p) - n*L*p)"

2p 272 2p\\"
= (1-nz-F -2 (1-F
O i )
> (1—2npu— nsz)

o ) =dnu)™ > 1 —dgmy, (fz,mK_n< )
T (=20 > 1 - 2PmI2 (f % <p<2)

S

2

We start at y§ = 5oz - Being aware of k = TL in the construction, we first verify that

v v K v K2 _4L1/ 1 Lv

60L  60L K =~ 60L nk 602 nk ~ 240;2nK

For the case when 2,unK <n< %,
yvlz = Syé + AU1
Lv n’mLv
>(1-4
= (=)o a g + 30
Lv nLv n?nLv
= — "' = 2
240;°nK  120pK | 60 (rn=2m)
_ Lv nnLv 1
T 2402nK 60 \2unk
Lv
> —
~ 240p2nK
Applying this process in a chain, we then gain y* > 240;6# forall k € {1,---, K}. Therefore, regardless of the choice of
~ * TN 21/2
(@ HS 5 = @ (Ghi ) holds and Fa) = F5 = 43 = 0 ().
For the case When L<n< - L, we have
= Syé + AUl
n*mLv
1—2p’mL?)—
> (L= 2P mI®) g +
-
~ 60L°
Applying this process in a chain, we then gain y* > gor forall k € {1,---, K'}. Therefore, regardless of the choice of
{arhit', 9 = Q (%) holds and F>(9) — Fy = 4% = Q (’“’ ) =Q (3721@)’ where we used K > %2 in the last
step. O
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F.3. Lower Bound for 1 € [n%, %]

Here we show that there exists F3(z) € Fpr. (L, s ﬁ, V) such that any permutation-based SGD with 2§ = Sfl”L satisfies

. . L?1?
By(®) - F5 =9 (M) -
Proof. We define F3(z) by the following components:

522 — vz ifi =1,
——L 24 ¥ » otherwise
4(n—1) n—1 :

fi(z) =

With this construction, the finite-sum objective becomes

Note that all the components are L-smooth and F' is u-strongly convex since we assumed ﬁ > . Moreover,

|2

L
<Lzl +v =2n[[VEs(2)| + v < m IVE(2)] + v,

Lz
2n

IV AG) - VRG] = (@2 -) o

Lz n v _%
) 2n

1V fa(2) — VEs(2)]| = H <_2(

n—1 n—1

L
<Lzl +v =2n|[VF5(2)[| +v < m IVE3(2)]| + v,

and thereby F3 € Fp, (L, 1, ﬁ, 1/). Also, we can easily verify Fiy = 0 at z* = 0.

Similarly as in (29), we temporarily write V f;(y) = a;y — b; where a; € {L7 —ﬁ}, b; € {V, —ﬁ} holds. We
then write y% as Sy§ + A,,, where S := [, (1 — na,,;)) = [1;~; (1 — na;) is independent of the choice of oy, and
Ay =1 E?:l bo(i) H?:i 41 (1 — naa(j)) is the term that we can control using permutation-based SGD.

We will first find what permutation o leads to the smallest A,. Choose arbitrary o and assume that o(1) # 1. Define
t := o~1(1). We then define another permutation ¢’ by o/(t — 1) = 1, o/(t) = o(t — 1) and o'(i) = o(i) for

ie {1, )\ {t—1,1).

Let 2, and z,- as the value of z¥ generated by o and o’ starting from the same 2§, respectively. We will show that z,, > Zo) -
In a similar manner as (30),

2o — 2ol = SZ§+AU —SzéC — Ay

L () (Crzr-me) - (g -0)

j=t+1

n

i 11 (”20:51)) ‘<2<ZL—V1>>>O

j=t+1

holds. Thus, we can conclude that the permutation o satisfying o(1) = 1 is the permutation that minimizes A,. Let o*
denote such o.

With this permutation *, A,+ becomes

T]L n—1 nv n—2 T]L )
Age = (14 12 — 1+ 1=
g ”V( +2(n—1)) n—1¥< +2(n—1))
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(el T (L) D)
() aL/(20n - 1))

21/ nL oy

Note that nLL < 1, so 2% — nv is nonnegative. Using Lemma F.4, we have

1

L \"! L 5n2L?
<1+”)> ceF <1y m 2

2 32 (32)

Substituting (32) to (31) results

2v nL  5n*L? 2v
Agr > — — = =
- ( + 2 + 32 L "

_ 3n°Lv n 5n3L%v
16 32
3n?L
> U V.
16

We start at 2§ = 2% Using S = (1 — L) (1 + 2(2751)) > 1 —nL, we have
= SZé + Aa‘*

> (1-nL)z +
v 3n*Lv
=(1-n )&TL 16
v 3nv 3n?Lv
8L 8n 16
4 3nLv 2
T 8L 16 (” B nL>
>
— 8nL
Applying this process in a chain, we then gain zk > 3—” forall k € {1,---, K}. Therefore, regardless of the choice of

2

ap Bt 2 = O () holds and F3(2) — FF = 2—Q v ) — (L2 ), where we used K > x3/2n'/2 in the
k=1 nL 3 4n

3n°Lv
6

n3L u3n2K?2
last step. O

F.4. Lower Bound for n > +

Here we show that there exists Fy(w) € Fpr.(2L, 1,0, v) such that any permutation-based SGD with w§ = TK satisfies

N " L?1?
Proof. We define Fy(w) € Fpr.(2L,2L,0,0) by the following components:
fi(w) = Lw?.
Note that Fpe (2L,2L,0,0) C Fpr.(2L, p,0,v) and Fy = 0 at w* = 0 by definition.
In this regime, we will see that the step size is too large so that {w } o diverges. We start from wh = 2/12{ - Since the
gradient of all component functions evaluated at point w is fixed deterministically to 2Lw, we have for every k € [K],

L1/2 L1/21/
o i nk nk
=(1-2nL) >1 K = <u3/2nK> ,
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where we used the fact that n is even in the second step. Thus, regardless of the permutation-based SGD algorithm we use,
wehaveﬁ):Q< L2y )andF4(’tD)*Fj:Lu§2:Q(i>. O

u3/2nK BnZEK?

F.5. Lemmas used in Theorem 4.5

In this subsection, we will prove the lemmas used in Theorem 4.5.

Lemma F.1. For any evenn > 104, any 0 < x < % and any 1 — % < B <1, letm = 5. Then, the following inequality
holds:

ma?Q

(L+ B2)™ (8= 1) = B(L+ )™ (1 —2)™ + 1> —. (33)

Proof. To prove the lemma, we focus on the coefficients of 2k for 0 < k < 2m.

Define aj, as the absolute value of z*’s coefficient in (1 + Sz)™ (8 — 1). Using the factthat 1 — L < 8 <1, a), =
](72)6’“(6 — 1)’ < %’“ B mz;l. Note that for k > m + 1, ay, is 0.

m

Let b, be z*’s coefficient in 3(1 + Bx)™(1 — x)™. While the sequence of coefficients {b; } have alternating signs, we can
define a positive sequence c;, which upper bounds the sequence |b|. Since (1 + Bz)™(1 — 2)™ = (1 — (1 — B)x — Bx?)™,

L %]
b = B - DN Ce G C i)

t=max{0,k—m}

L5 ,
m:

<L > AU i R

t=max{0,k—m}

m!
ti(k —2t)(m — k +¢)!

A
:Ck

Then z*’s coefficient in LHS of Equation (33) is lower bounded by —(ay, + ¢ ). For even k < m, we have

Cht1 (1— 5) max m!/(tN(k+1—=2t)!(m—k—1+1t)!)
cr t<| k) m!/(tV(k — 2t)!(m — k 4+ t)!)
< l m—Fk+t
T mae<|k E+1 -2t
1
< — max(m—k+1t)
me<| %]
1
<—-m
m
—1. (34)
For odd £ < m, we have
%
k41 m! m!
chr = B +) B =B
+1 (EF)(m — E20)] ; Hk+1—20(m—k—1+1)
k+1
[T ml/(tNk+1=2)(m—k—1+1)!)
1 . (1 —
== ST ( 3)2@3 mlJ(0(k — 26)l(m — k + )1
%
m
= o

For kK > m, we have

Cht1 ml/(tNk+1—=2)(m—k—1+1)!)
o =P s Tk — 20 (m — & + 6]
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1 m—k+t
< — max
mi<|k) k+1-2t
1
< — max (m—k+1t)
me<| ]
w(n3)
< —-|\m-=
-m 2
1 m
< - .=
m
1
= —, 36
: (36)

Using (34), (35) and (36), we will show ¢, < m " for 4 <k <2m.

mt

7.' (p 1)!

Note that ¢; = (1 — 3) - m < 1. Also, we can easily prove > ©_,
mathematical induction. Therefore, for k < m,

 for Vm > 3,V2 < p <m — 1 using

—1 kfl

Ck<zzom*|§

cp < Zf 0% L < (é_i), if k is even,

if £ is odd,

and applying Lemma F.2 and Lemma F.3, we finally get ¢, < m;;

For k > m,

k—l

Thus, we have proven ¢, < ™ " for 4 < k < 2m. Since we also have a;, < ™~—, we can conclude that aj, + ¢, < 2

when 4<k< 2m.

i.e., the absolute value of the x*’s coefficient of LHS of our statement is upper bounded by £

We now consider the coefficient of ¥ when k < 4. For k = 0, the coefficient is
B-1)—-p-1+1=0.
For k = 1, the coefficient is
pm(B —1) = B(Bm —m) = 0.

For k = 2, the coefficient is

7 (5) 6-n-s (amor () -om) <o 2 - MO,

For fixed m, RHS is a quadratic with respect to 3, and it is minimized when g is 1 — % Hence the above equation can be
lower bounded by

— m —1 + i
2 2m
2
> ?m (m > 10). (37)
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For k = 3, the coefficient is

(3 02 ((5)em o () -(5) 7o ()9

2 3
:g-m(m—l)(m—2)—£ m*(m —1) + i - (m+1)m(m —1). (38)

For fixed m, (38) is a cubic function with respect to 3. Differentiating this function, we get

m(m —1)(m —2)

B2(m + 1)m(m —1) = Bm*(m —1) + G
(52 (m+1)—Bm+ 62>
(ﬂm B-1) +52+m62>
p, m—2 g_1>_L
<6+/3+ 6) (ch-1z——)
m—2
-0 (- 252)
1 m—2 1
(m 5 ) (As1&p-12-—)
> 0. (-m>4)
Thereby, (38) is minimized when §is 1 — % and substituting such 5 to (38) results
_ 1 _1)2 _1)3
16’”-m(m—1)(m—2)—(12m)-mQ(m—l)—F(?)’”)-(m—I—l)m(m—l)
w11 s
6 3m?2 6
m2
Z_F' (39)

Remind that 2*’s coefficient in LHS of Equation (33) is lower bounded by —(ay, + ¢ ). Summing up (37), (39), and the fact
,;71 for k > 4, we obtain

(14 Ba)™(8 1) — B(1L+ Ba)™(1 - 2)™ + 1

that ay, + ¢, < 2

2m
2m 4 m° 4 p 2 mFt
=57 76" ;} k!
2 = 2. mk1
> gme — %mzz — kzﬂlxk 7;;
2 1 2 2 2 - (mx)k ..
> Smx — me —mat s Z o (- mz <1).

is an increasing function of ma so it is maximized when ma is 1. Thereby we can

For the last term, 2 — S adl 4
further extend the above 1nequahty as:

2 1 1 1 1
mx2—6m$2—mx2-2<e—1—1!—2!—3!>

5
2 1 1
gm.’EQ — 6m$2 — gmxz
1
%me
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. k
Lemma F.2. For m > 52 and even 4 < k < m, % > ;"72 holds.

(2_1)!

Proof. We first consider the case when k > 14. Since m > k, it is sufficient to show ms=2 > ((’;_11))!'. Taking log on both
E_1)1

sides, this inequality becomes

I k—1
(2 — 2) logm > Zlogz’.

k

’L:2

Using Zf:ﬁl logi < [ 2 log x dx, we will instead prove following inequality when k& > 16:
-2 2

k
Jilogzdr  plogk — Elogh — &

k - k
E_9 E_9

logm >

2X log(2X)—X log X— X _
Define f(X) := os( ))c—z = = Xlogxﬁleogz X Then,

Xlog X +2X1log2 — X\’
/X _
N e
X —2log X —4log?2
(X —2)?

We can numerically check that f/(£) > 0 holds for & > 14. Therefore, for fixed m, arg maxsqy f (&) =2|2].
We now have to prove logm > f (|%2]). Let s = [ 2. Then f (| 2]) becomes

slogs+ 2slog2 — s

O

Combining log m > log(2s) and

S slog s+ 2slog2 — s

- s—2

< (s —2)log(2s) > slog s+ 2slog2 — s
< s> (s+2)log2+2logs

= 52> 26 <= m > 52,

log(2s)

we have proven the statement.

Now, we are left to prove the lemma for &k < 14. Exchanging m? and k! in the statement of the lemma, we have

k!
m3—1> - ' (40)
(5-1)

We can numerically check that

e for k = 4, m > 25 is sufficient,

e for k = 6, m > 19 is sufficient,

e for £k = 8, m > 19 is sufficient,

e for k = 10, m > 20 is sufficient,

e for k = 12, m > 21 is sufficient,
for (40) to hold. This ends the proof of the lemma. O
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k—1

Lemma E3. Form > 52and odd 4 < k < m, " > firts
Sy

Proof.
mb=1 m  mF2 m m% m%
Bk (k=1 SR = TRy e AT
: : (- (=)

where we used Lemma F.2 in the first inequality. This ends the proof. O
Lemma F.4. For x < 1, the following inequality holds:

6% <1+ E + 571‘2

2 327

Proof. Using Taylor expansion,

G. Proof of Proposition 4.6

Here we prove Proposition 4.6, restated below for the sake of readability.

Proposition 4.6 (Extended version of Lu et al. (2022a), Theorem 1). Suppose that F' € Fpy (L, u, 7,v) and n > H. Under
Assumption 4.2, with constant step size 1 as

2 ((F(ac(l))—F*+V2/L)/¢3n2K2>
Wo 5

T nK 192H2 12,2

where Wy denotes the Lambert W function, Algorithm I converges at the rate

H2L2u2)

K * A
Pla,) - F O(W

Sfor K 2 k(1 +1).

Proof of Proposition 4.6. While Lu et al. (2022a) gained convergence rate for F' € Fpy.(L, 1,0, ), we found out that their
result can easily be extended to F' € Fpy.(L, u, 7,v) with a slight adjustment. We basically follow up the proof step in
Theorem 1 of Lu et al. (2022a). We first state 2 lemmas that will help us prove the proposition.
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Lemma G.1 (Extended version of Lu et al. (2022a), Lemma 2). Applying offline GraB to a function F € Fpy.(L, pi, 7, V)
withmnL < 1 results

2 K K
F(af) = F* < pM(F(ah) - )+ =37 pFFag = 237 pf = V(b
k=1 k=1
where p = 1 — 5% and A = max,,—1,... ||:c — a:OHforall k € [K].

Lemma G.2 (Extended version of Lu et al. (2022a), Lemma 3). Applying offline GraB to a function F' € Fpy.(L, p, T, V)
withqnL < % results

Ay < 20w+ 2nn(1 + 1) - [|[VF ()|, and
A < 2nHv + (2nHT + 20n) - [|[VF () || + (4nHL(T + 1) + 8ynL) - Ap_y
fork e [K]\{1}.

We defer the proofs of the lemmas to Appendix G.1. We start by finding the upper bound of Z,If:l pK ”‘“A%. From
Lemma G.2, we have

Ag < 2nHv + (2nHT + 20n) - [|[VF () || + (4nHL(T + 1) + 8ynL) - Ap_y
for k € [K]\ {1}. Taking square on both sides and applying the inequality 3 (a® + b* + ¢*) > (a + b+ ), we get
A2 < 30 (AHL(r +1) + 8nL)> A2, + 1202 H*2 + 1202 (Hr +n)* |VF («f) "
Similarly, for £ = 1, we have
A2 < 8n*n?(1 +1)? HVF(:I:%])H2 + 8n*n?v2.

Hence,

K

> pRRAY

k=1

K—kAi +pK_1A%

I
b‘ﬂw

™
||
N

IA
M=
X

-k (3172 (4HL(T +1) + 8nL)* AZ_, + 1202 H*? + 1202 (HT + n)? ||VF(w’5)H2>

e
Il

2

pi1 (8n2n2(r+1)QHVF(asé H + 8n%n? 2)

+

-1 2 i —(k—=1) A2 120> H?v? K—1,2 2 2
<3p~'n? (AHL(7 + 1) + 8nL)* Y p¥ A+ 54—, 8K~ 1n?n?y
k=2

Nk

+1202(HT 4+ n)? ) pi-* HVF(:E’S)HQ + 8Pn2(r +1)2pK 1 HVF(:E(lJ)H2 .

b
I|

2

From the assumption that H < n, HT + n < n(7 4 1) holds. Then, we get

12 2H2 2
S KA < 3p7 P (AHL(T + 1) + 8nL)’ ZpK AR+ =
k=1 k=1

K
+ 85?02 120203 (r +1)2 Y KR |V E )| 1)
k=1
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We now define our step size as:

, 1 2 (F(xg) — F* +v?/L) pPn’K?
7 = min , Wo .
64nL(T 4+ 1) unK 192H2 2?2

With this step size range, p = 1 — 152 > 1 — % > % and

1
We first focus on 7 < gz -

4HL(T+1) n 8nL
64nL(T+1)  64nL(t +1)
H 1 1

=60 T8F+1) “ 4

n4HL(t +1)+8nL) <

holds. Thereby,

3p "2 AHL(T + 1)+ 8nL)* <3-2- — <

D
N |

holds and (41) becomes
K 24772H2 2 K K 2
E p kAQ — + 32p 172n21/2+2477 (T+1)2 E p *kHVP(wg)H .

Substituting this inequality to Lemma G.1, we obtain

nnL? X nm K 2
Flal) = B < g% (F(a}) — F7) + T 37 kg = TS g+ VE(ah)|
k=1 k=1
12 3 L2H2 2
< pK(F(z}) — F*) + n ;l,p 1 16p5Pn3L202
i 2 N i 2
+ 12003 L2 (1 + 1)? ZpK_k HVF(:E’S)H -7 ZpK_k HVF(:E’S)H
k=1 k=
24n2L2H?? .
< pK(F(xd) — F*) + el e S 16p5n*n3 L2172,

where the last inequality holds because

o 48n*n? L3 (1 +1)?

18

- P G
642 ( = GanL(r + 1))

12n3n3L2(T + 1)2 =

IA

m
4

nn
T

nn
4

The RHS of (43) can further be extended as

24 2L2H2 2
(1- @) ((F(xb) — F*) + 16°nPL20?) + L= 27
I
nnuk 24n? L2 H?1?

<e 2 (F(my)— F*+v*/L) + p

Taking derivative of (44) with respect to 7, we can obtain 7 that minimizes (44) is

2 W (F(x$) — F* 4+ v2/L) p®n?K?
pnk ° 192H2L212 ’

’[’]:
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where W denotes the Lambert W function. By substituting this 7 to (44), we finally obtain

n

~ 2722
F(mK)—F*ZO(HL”>

13n2K?

In addition, to make use of such 7 to obtain (45), the following condition

2 W (F(x}) — F* + v?/L) p*n*K? < 1
unkK " ° 192H2 1212 = 64nL(r + 1)

must hold. Thus, we require
K Zk(r+1)
to guarantee the convergence rate.

G.1. Lemmas used in Proposition 4.6

G.1.1. PROOF FOR LEMMA G.1

(45)

Lemma G.1 (Extended version of Lu et al. (2022a), Lemma 2). Applying offline GraB to a function F' € Fpy.(L, i, T, V)

with qmnL < 1 results
nnL? X m X 2
F(z, ) — F* < p"(F(xg) — F*) + TZPK”“Ai - > P VE@g)|,

4
k=1 k=1

where p =1 — 12 and Ay, = maxXp—1,... n ||k, — xf|| for all k € [K].

Proof of Lemma G.1. The update process within a k-th epoch can be written as:
xlgﬂ = xo —nn- vaak(t) th 1) ‘

Using smoothness and (a, b) = —3||a|? — 3[|b]|* + 1|la — b||%, we get

2

2 92 n
n“n°L || 1
F(zh™) < F(xk) - <VF xy), g V ey (2 1)> + 5 - E Vfory (28-1)
t=1

= F(af) - T |VF @b - %

1 n
n ; vf%(t) (:Bffl)

2

2

7m 2021 || 1 & &
WZVfgk (et_0)|| + =~ Viaw (xi)
t=1 ,
gF(m’g)—%HVF(m’g)H VF(z ——ZVfgk(t) =t )|,

where we used nmL < 1 in the last inequality. In addition, we can expand the last term as

2 2

1 n
VF(xp) - - > Vo (1)

t=1

1 1o
- vaak(t)(ﬂcg) - > Vo (@F1)
t=1

\ A

= Z HVfc,k(t) (xh) — V for(t) (a:t 1) H2 (. Jensen’s Inequality)
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LSS, 1 . 2
< ; ||z — @4 || (*. smoothness)
< L2AZ (A= max |k — ak
Combining these two results, we get
k+1 mL?AL ky[12
F(xg™) < F(xg) B _QHVF( O)H'
Using the PL inequality, this inequality becomes
nmL2A2  nn 2 nn 2
Flabt) < Flah) + TE8E T g p(ah)| — 2 v r))|
nmL*A; nnp o 1M
< F( §)+Tk—T(F( 0 F)‘zHVF( ’5)”
Define p := 1 — 5%, Subtracting F'* on both sides, we get
. o, LA
Flag) = F* < p(F(xf) — F7) + IVE @)

This inequality holds for all k € {1,--- , K'}. Unrolling for entire epochs gives

K

2 K
Pty = P* < pR(P(ab) - F*) + % POV AN S Bl ]
k=1 k=1

This ends the proof of the lemma. O

G.1.2. PROOF FOR LEMMA G.2

Lemma G.2 (Extended version of Lu et al. (2022a), Lemma 3). Applying offline GraB to a function F' € Fpy.(L, pi, 7, V)
withnmL < % results

Ay <2nnv+2nn(t + 1) - ||[VF ()|, and
Ay < 2nHv + (2nHT + 20n) - [|[VF () || + (4nHL(T + 1) + 8ynL) - Ap_y

Sfork € [K]\ {1}.

Proof of Lemma G.2. We first consider the situation after the first epoch. For m € [n] and k € [K] \ {1}, proper additions
and subtractions give us

k= xf nZVfﬂ (7 1)
= ”vavk ( L (on () )
nZ(Vfakm (@i-1) = Vfaku)( Tort, (ont)- 1)>
= ?72 (Vfak(t) ( = or)- 1> - rlz;w"“(s) (w§—11)>
- % ;Vfak,l(s) Gty
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- nz (vfa'k(t) (mf—l) vfa'k(t) < 0_’. 1 (O'k(t)) 1)>
1 & _
=0 772 (Vf”(t) ( ool (o))~ 1> == Vo (mfll)>
s=1

—anF (wn )
nm g - -
=D (Voo (®51) = Voo (2071)
s=1

—UZ (Vfok(t (@t-1) = Viou ( slll(ak(t))l))

Here, o, ', (t) indicates in which iteration is the ¢-th sample used at the (k — 1)-th epoch and V Jor(t) < k-1 T (8 1)
ok

indicates the gradient with respect to the same sample used in the ¢-th iteration of the k-th epoch, but which was computed
previously in the (k — 1)-th epoch. Using the triangle inequality, we gain

m 1 n B
s, — 6l <n > (Vfak(t) ( = (o) 1> B gZVfam (””511)> ||
t=1 s=1
+am|[VF (7]
nmm || - _
el
s=1
+77 Z (vfak(t) (wffl) - vfa')c(t) ( ’;:_ill (O'k(t)) 1)) " (46)
t=1 k

Here, the first term in (46) is the term in which Herding intervenes and it enables us to gain the upper bound. To do so, we
first upper bound the norm of each component as
-1
Hm 0 (2 ) = 3o (D ‘
<|[Vior) ( 1 (o (1)) 1) ZVfak 1(5) ( ot (ok(t)— 1)”
ZVka 1(s) < g—l (R ()= 1) vaa'k: 1(s ) )

<
< <,,+T vr (2t o))+

sm(uvmw@wwmw ) =P @)+ |97 (o2 ) - T (o)

23 (| A=)

<v+7(|VF (f)|| +2LAk1) + 2LAk
=v+7||VF (25) || + 2L (7 +1) - A1

k—1 k—1
xr _ — X
< ot (ou(t)—1 sl

)

T 1(0k(t)) 1

Now, define zF as

Vfok,(t) (wi:}l(f’k(t))1> o %ZZ:I Vfak_l(s) (1:]::%)
v |[VE (@) +2L (7 + 1) Aea

k._
Zy =
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fort € [n]. zF|| < 1 holds.
We now apply Herdlng algorithm to upper bound the first term of (46). Since ||2F|| < 1, we then get following inequality for
allm € [n]:

2 (Vf"k“) (wik_111<ak<t>>—1) va"k 1) \Ps— )H

t=1

gH(V+7'~HVF(mO)||+2L T+1)-Apq) 47)

For the remaining terms in (46), we can upper bound each of them by

n

Z(vfffk 13)( ) vak 1(s)

s=1

= ZvaU’“ 1(s) (Ls— 1) V fon_ 1(s )( 71)”
= LZ [
s=1
<LY (atoh - ol + b - b))
s=1

< 2nLA,_; (48)

and

<

(vfak@ (@i1) = Vo (-’”Ziwka»l)) H
t=1

t=1

Vo (®-1) = vf”’““( Li(on(®)— 1)H

k k—1
xTr — X _
=1 ot (on (1) -1

hE

IN

L

o~
Il
_

k—1 k—1
— L _
Uk_ll(o'k(t))_l

IA
h
NE

- )

<mL(Ax +2Ak_1). 49)

(22 - bl + et - b7+ o

By summing up (47)-(49) and taking a max over m € {1,--- ,n} on both side of (46),
Ap <nH (v+7-||VF (2f)|| + 2L (7 + 1) - Ap_y)
|V (2f) ||+ T 2nLAy + ol (Mg +28,1)
<nHv+ (nHT+mn) - ||VF (2f) || + (2nHL(T + 1) + 4ngnL) - Ay_1 + nnLAy.
Using nnL < 1, we finally get
Ay, < 2nHv + (2nHt +20n) - [|[VF (2f) || + (4nHL(T + 1) + 8ynL) - Aj_y.

We now move on to the first epoch case. By properly decomposing the term, we gain

nZVfal (®i_1)
_nZﬁvaal(s) (w(lJ)
—772 <vf01(t w() - 7va01 (s) 330)>

t=1
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NE

=) (Ve (®i1) = Ve (20)) -

-
Il
—

In a similar way to the technique we used above, we have

Z V fors) (m3)
<Vfol<t> g —*vam(s) (fco))H

(Vo) (1) = Vo (‘E(lw))H

|l — ol <7

||M3
S\H

+n
1

ﬁnMs

t

<03 [VF ()]

t=1

1 n
Vo (26) = D Vi) (x0)
s=1

3 Lfel, ).
t=1
Taking a max over m € {1,--- ,n} in both sides, we gain
Ay <o ||VF (zg)|| +nn (v + 7 ||VF (25)]]) + nnLA
and using the fact that nnL < ;, we finally obtain

Ay < 2nnv + 2nn(T + 1) - || VF () | -
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