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Abstract

The Weisfeiler—Leman algorithm (1-WL) is a well-
studied heuristic for the graph isomorphism prob-
lem. Recently, the algorithm has played a promi-
nent role in understanding the expressive power of
message-passing graph neural networks (MPNN’s)
and being effective as a graph kernel. Despite its
success, 1-WL faces challenges in distinguishing
non-isomorphic graphs, leading to the develop-
ment of more expressive MPNN and kernel ar-
chitectures. However, the relationship between
enhanced expressivity and improved generaliza-
tion performance remains unclear. Here, we show
that an architecture’s expressivity offers limited
insights into its generalization performance when
viewed through graph isomorphism. Moreover,
we focus on augmenting 1-WL and MPNNs with
subgraph information and employ classical margin
theory to investigate the conditions under which
an architecture’s increased expressivity aligns with
improved generalization performance. In addition,
we show that gradient flow pushes the MPNN’s
weights toward the maximum margin solution.
Further, we introduce variations of expressive 1-
WL-based kernel and MPNN architectures with
provable generalization properties. Our empiri-
cal study confirms the validity of our theoretical
findings.

1. Introduction

Graph-structured data are prevalent in application domains
ranging from chemo- and bioinformatics (Jumper et al.
2021} |Stokes et al., |2020; Wong et al., 2023)), combinatorial
optimization (Cappart et al.,[2021), to image (Simonovsky
& Komodakis} |2017) and social-network analysis (Easley
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& Kleinberg, [2010), underlying the importance of machine
learning methods for graphs. Nowadays, there are numerous
approaches for machine learning on graphs, most notably
those based on graph kernels (Borgwardt et al., [2020; [Kriege
et al., [2020) or message-passing graph neural networks
(MPNNSs) (Gilmer et al., 2017} |Scarsell: et al., [2009). Here,
graph kernels (Shervashidze et al., 2011) based on the 1-
dimensional Weisfeiler—Leman algorithm (1-WL) (Weisfeiler
& Leman, 1968), a well-studied heuristic for the graph iso-
morphism problem, and corresponding MPNNs (Morris
et al., 2019; [ Xu et al., 2019), have recently advanced the
state-of-the-art in supervised vertex- and graph-level learn-
ing (Morris et al., 2021).

However, due to 1-WL’s limitations in distinguishing non-
isomorphic graphs (Arvind et al.,|2015;|Cai et al.| [1992),
numerous recent works proposed more expressive extensions
of the 1-WL and corresponding MPNNs (Morris et al.| [2021)).
For example, Bouritsas et al.|(2020) introduced an approach
to enhance the 1-WL and MPNNs by incorporating subgraph
information, achieved by labeling vertices based on their
structural roles regarding a set of predefined (sub)graphs.
Through the careful selection of such graphs, Bouritsas et al.
(2020) demonstrated that these enhanced 1-WL and MPNNs
variants can effectively discriminate between pairs of non-
isomorphic graphs, which the 1-WL and k-WL (Cai et al.
1992), 1-WL’s more expressive generalization, cannot. Fur-
thermore, empirical results (Bouritsas et al.}|2020) indicate
that this added expressive power often results in improved
predictive performance. However, the exact mechanisms
underlying this performance improvement remain unclear.

Although recent work (Morris et al., [2023) has used 1-
WL to establish upper and lower bounds on the Vapnik—
Chervonenkis (VC) dimension of MPNNS, these findings
do not explain the above empirical observations. Specifi-
cally, they do not explain the empirical trend that increased
expressive power corresponds to enhanced generalization
performance while keeping the size of the training set fixed.
Concretely, (Morris et al., 2023 demonstrated a strong corre-
lation between the VC dimension of MPNNs and the number
of non-isomorphic graphs that 1-WL can differentiate. Conse-
quently, increasing 1-WL’s expressive capabilities increases
the VC dimension, worsening generalization performance.
A parallel argument can be made regarding 1-WL-based
kernels.
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Present work Here, we investigate to what extent the 1-WL
and more expressive extensions can be used as a proxy for
an architecture’s predictive performance. First, we show that
data distributions exist such that the 1-WL and corresponding
MPNNS distinguish every pair of non-isomorphic graphs
with different class labels while no (linear) classifier can do
better than random outside of the training set. Hence, we
show that the graph isomorphism perspective is too limited
to understand MPNNs’ generalization properties. Secondly,
based on|Alon et al.|(2021)’s theory of partial concepts, we
derive tight upper and lower bounds for the VC dimension
of the 1-WL-based kernels and corresponding MPNNs pa-
rameterized by the margin separating the data. In addition,
building on Ji & Telgarsky| (2019), we show that gradient
flow pushes the MPNN’s weights toward the maximum mar-
gin solution. Thirdly, we show when 1-WL variants using
subgraph information can make the data linearly separable,
leading to a positive margin. Building on this, we derive
conditions under which more expressive 1-WL variants lead
to better generalization performance and derive 1-WL vari-
ants with favorable generalization properties. Our empirical
study confirms the validity of our theoretical findings.

Our theory establishes the first link between increased ex-
pressive power and improved generalization performance.
Moreover, our results provide the first margin-based lower
bounds for MPNNs’ VC dimension. Overall, our results
provide new insights into when more expressive power trans-
lates into better generalization performance, leading to a
more fine-grained understanding of designing expressive
MPNNS .

1.1. Related work

In the following, we discuss relevant related work.

Graph Kkernels based on the 1-WL |Shervashidze et al.
(2011)) were the first to utilize the 1-WL as a graph kernel.
Later, Morris et al.| (2017} |2020b; 2022) generalized this to
variants of the k-WL. Moreover, |[Kriege et al.|(2016)) derived
the Weisfeiler-Leman optimal assignment kernel, using the 1-
WL to compute optimal assignments between vertices of two
given graphs; see Appendix [A]for an extended discussion.

MPNNs Recently, MPNNs (Gilmer et al., 2017} |Scarselli
et al.| |2009) emerged as the most prominent graph repre-
sentation learning architecture. Notable instances of this
architecture include, e.g., [Duvenaud et al.| (2015); Hamil{
ton et al.| (2017), and |Velickovic et al.| (2018), which can
be subsumed under the message-passing framework intro-
duced in|Gilmer et al.| (2017). Recently, connections between
MPNNSs and Weisfeiler-Leman-type algorithms have been
shown (Barcelo et al.| 2020; |Geerts et al., 2021; [Morris
et al., 2019; Xu et al 2019). Specifically, Morris et al.
(2019) and Xu et al.| (2019) showed that the 1-WL limits

the expressive power of any possible MPNN architecture
in distinguishing non-isomorphic graphs. (Bouritsas et al.,
2020) showed how to make MPNNs more expressive by
incorporating subgraph information; see Appendix [A|for
an extended discussion on MPNNs and more expressive
MPNNS.

Generalization abilities of graph kernels and MPNNs
Scarselli et al.|(2018) used classical techniques from learn-
ing theory (Karpinski & Macintyre, |1997) to show that
MPNNs’ VC dimension (Vapnik, [1995) with piece-wise
polynomial activation functions on a fixed graph, under
various assumptions, is in O(Pgnlog n), where P is the
number of parameters and n is the order of the input graph;
see also [Hammer| (2001)). |Garg et al.| (2020) showed that
the empirical Rademacher complexity (see, e.g.,|Mobhri et al.
(2012)) of a specific, simple MPNN architecture, using sum
aggregation, is bounded in the maximum degree, the number
of layers, Lipschitz constants of activation functions, and pa-
rameter matrices’ norms. Most recently, Morris et al.| (2023))
made progress connecting MPNNSs’ expressive power and
generalization ability via the Weisfeiler—Leman hierarchy.
They derived that MPNNs’ VC dimension depends tightly
on the number of equivalence classes computed by the 1-WL
over a given set of graphs. Moreover, they showed that
MPNNs’ VC dimension depends logarithmically on the num-
ber of colors computed by the 1-WL and polynomially on
the number of parameters; see Appendix [A]for an extended
discussion on MPNNSs’ generalization properties.

Margin theory and VC dimension Using the margin as a
regularization mechanism dates back to |Vapnik & Chervo+
nenkis| (1964)). Later, the concept of margin was successfully
applied to support vector machines (SVMs) (Cortes & Vap{
nik, |1995}; [Vapnik, |1998)) and connected to VC dimension
theory; see Mohri et al.|(2012) for an overview. |Grgnlund
et al. (2020) derived the so-far tightest generalization bounds
for SVMs. |Alon et al.|(2021) introduced the theory of VC
dimension of partial concepts, i.e., the hypothesis set allows
partial functions and showed, analogous to the standard case,
that finite VC dimension implies learnability and vice versa.

2. Background

LetN:={1,2,3,...}. Forn > 1,let [n] == {1,...,n} C
N. We use {...} to denote multisets, i.e., the generaliza-
tion of sets allowing for multiple instances for each of its
elements. For two sets X and Y, let XY denote the set
of functions mapping from Y to X. Let S C R¢, then
the convex hull conv(S) is the minimal convex set contain-
ing the set S. For p € R% d > 0, and ¢ > 0, the ball
B(p,e,d) == {s € R | |p — s|| < ¢}. Here, and
in the remainder of the paper, || - || refers to the 2-norm

x| = /22 + -+ 22, forz € R
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Graphs An (undirected) graph G is a pair (V(G), E(G))
with finite sets of vertices or nodes V(G) and edges E(G) C
{{u,v} € V(G) | u # v}. For ease of notation, we
denote an edge {u,v} in E(G) by (u,v) or (v,u). The
order of a graph G is its number |V (G)| of vertices. If
not stated otherwise, we set n := |V (G)| and call G an
n-order graph. We denote the set of all n-order graphs by
Gy For a graph G € G,,, we denote its adjacency matrix
by A(G) € {0,1}"*™, where A(G)yy = 1if, and only, if
(v,w) € E(G). Forasetofnodes S C V(G), we denote the
induced subgraph of G as G[S] := (V(G)NS, E(G) N S?).
We use standard notation and terminology; see Appendix
for details.

Kernels A kernel on a non-empty set X’ is a symmetric,
positive semidefinite function k: A x & — R. Equivalently,
a function k: X x X — R is a kernel if there is a feature
map ¢: X — H to a Hilbert space H with inner product
(-,-) such that k(z,y) = (¢(x), ¢(y)) forall z and y € X.
We also call ¢(x) € H a feature vector. A graph kernel
is a kernel on the set G of all graphs. In the context of
graph kernels, we also refer to a feature vector as a graph
embedding.

VC Dimension of partial concepts Let X be a non-empty
set. As outlined in|Alon et al.|(2021), we consider partial con-
cepts H C {0, 1,x}, where each concept ¢ € H is a partial
function. That is, if € X such that ¢(x) = *, then c is
undefined at x. The support of a partial concept h € H is the
set supp(h) := {x € X | h(x) # *}. The VC dimension of
(total) concepts (Vapnikl |1995)) straightforwardly generalizes
to partial concepts. That is, the VC dimension of a partial
concept class H, denoted VC(HI), is the maximum cardinal-
ity of a shattered set U := {z1,...,2,} C X. Here, the
set U is shattered if for any 7 € {0, 1}™ there exists ¢ € H
such that ¢(x;) = 7, for all ¢ € [m]. In essence, |Alon et al.
(2021)) showed that the standard definition of PAC learnabil-
ity extends to partial concepts, recovering the equivalence of
finite VC dimension and PAC learnability.

Geometric margin classifiers Classifiers with a geometric
margin, e.g., support vector machines (Cortes & Vapnikl
1993)), are a cornerstone of machine learning. A sample
(T1,y1)s-- -, (x5, y5) € R x {0,1}, for d > 0, is (r, \)-
separable if (1) there exists p € R% and » > 0 and a
ball B(p,r,d) such that ¢1,...,x; € B(p,r,d) and (2)
the Euclidean distance between conv({z; | y; = 0}) and
conv({x; | y; = 1}) is at least 2. Then, the sample is
linearly separable with margin \. We define the set of
concepts

H, 5 (R?) = {h € {0,1,%}%" | Vay,..., x, € supp(h):

(e1,h(x1)),..., (x5, h(xs)) is (1, )\)—separable}.

Alon et al.| (2021)) showed that the VC dimension of the
concept class H,. , (R?) is asymptotically lower- and upper-
bounded by 7*/x2. Importantly, the above bounds are inde-
pendent of the dimension d, while standard VC dimension
bounds scale linearly with d (Anthony & Bartlett, 2002]).

The 1-dimensional Weisfeiler—-Leman algorithm The
1-WL or color refinement is a well-studied heuristic for the
graph isomorphism problem, originally proposed by [Weis-
feiler & Leman|(1968). Intuitively, the algorithm determines
if two graphs are non-isomorphic by iteratively coloring or
labeling vertices. Formally, let G = (V(G), E(G), () be a
labeled graph. In each iteration, ¢ > 0, the 1-WL computes a
vertex coloring C} : V(G) — N, depending on the coloring
of the neighbors. That is, in iteration ¢ > 0, we set O (v) :=

RELABEL ((C1Ly (v), C11 (u) | uw € N()}),

for all vertices v € V(G), where RELABEL injectively
maps the above pair to a unique natural number, which
has not been used in previous iterations. In iteration 0, the
coloring C} = ¢ is used. To test whether two graphs G
and H are non-isomorphic, we run the above algorithm in
“parallel” on both graphs. If the two graphs have a different
number of vertices colored ¢ € N at some iteration, the 1-WL
distinguishes the graphs as non-isomorphic. Moreover, if
the number of colors between two iterations, ¢ and (¢ + 1),
does not change, i.e., the cardinalities of the images of C’t1
and C}, , are equal, the algorithm terminates. For such ¢,
we define the stable coloring CL (v) = C}(v), for v €
V(GUH).

Graph kernels based on the 1-WL Let GG be a graph, fol-
lowing Shervashidze et al.|(2009), the idea for a kernel based
on the 1-WL is to run the 1-WL for 7" > 0 iterations, resulting
in a coloring function C}: V(G) — N for each iteration
t < T. Let X, denote the range of C}, ie., Xy = {c |
Jv € V(G): CL(v) = c}. We assume X; to be ordered by
the natural order of N, i.e., we assume that }; consists of
c1 < -+ < ¢z, After each iteration, we compute a feature
vector ¢,(G) € RI*! for each graph G. Each component
¢+(@G); counts the number of occurrences of vertices of G
labeled by ¢; € X;. The overall feature vector ¢y (G) is
defined as the concatenation of the feature vectors of all T it-
erations, i.e., gb\(NTL) (G) = [¢0(G), ..., ¢r(G)], where [... .]
denote column-wise vector concatenation. This results in
the kernel ki (G, H) = (${0(@), o) (H)), where (-, )
denotes the standard inner product. We further define the nor-
malized 1-WL feature vector qS\(,VTL) (G) = ¢\(NT)(G)/|\¢‘§V{) @
obtained by normalizing the 1-WL feature vector to unit
length.

Weisfeiler—Leman optimal assignment kernel Based on
the 1-WL, |[Kriege et al.|(2016) defined the Weisfeiler—Leman
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optimal assignment kernel (1-WLOA), which computes an
optimal assignment between the colors computed by the
1-WL for all iterations; see Kriege et al.| (2016)) for details.
Given two graphs G and H and let T' > 0, the 1-WLOA
computes

kwioa(G, H) = Z Zmin(@(G)mﬁbt(H)c)'

te[T)U{0} ce Xy

Observe that for a fixed but arbitrary n, we can compute
a corresponding finite-dimensional feature map (b\(,gl)OA
for the set of n-order graphs. From the theory developed
in Kriege et al.|(2016), it follows that the 1-WLOA kernel
has the same expressive power as the 1-WL in distinguishing
non-isomorphic graphs.

More expressive variants of the 1-WL It is easy to see
that the 1-WL cannot distinguish all pairs of non-isomorphic
graphs (Arvind et al.; 2015} Cai et al.,[1992). However, there
exists a large set of more expressive extensions of the 1-WL,
which have been successfully leveraged as kernel or neu-
ral architectures (Morris et al.;2021). Moreover, empirical
results suggest that such added expressive power often trans-
lates into increased predictive performance. Nonetheless,
the precise mechanisms underlying this performance boost
remain unclear.

In the following, we define a simple, more expressive modi-
fication of the 1-WL, the 1-WL£. It is a simplified variant
of the algorithms defined in Bouritsas et al.|(2020), which
does not account for orbit information. Let G be a graph
and F be a finite set of graphs. For F' € F, we define a
vertex labeling £ : V(G) — N such that g (v) = £p(w)
if, and only, if there exists X, C V(@) with v € X,
and X,, C V(G) with w € X,, such that G[X,| ~ F and
G[X,] ~ F. In other words, £ encodes the presence of sub-
graphs G[X,] in G, isomorphic to F' and containing vertex v.
Furthermore, we define the vertex labeling £7: V(G) — N,
where {x(v) = {x(w) if, and only, if, for all F € F,
¢p(v) = £p(w). Finally, for t > 0, we define the vertex
coloring 17 : V(G) — N, where C’é’f(v) = {x(v) and
() =

RELABEL((C}_]{ (0), O (u) | u € N(v)}})),

for v € V(G). Hence, the 1-WLx only differs from the 1-
WL at the initialization step. In Proposition[24] we show that
the 1-WL x is more expressive than the 1-WL. We can also
define a 1-WLOA variant of the 1-WL x, which we denote by
1-WLOA . See Appendix [D]for how to derive kernels based
on the 1-WL .

Message-passing graph neural networks Intuitively,
MPNNSs learn a vectorial representation, i.e., a d-dimensional

real-valued vector, representing each vertex in a graph by ag-
gregating information from neighboring vertices. Formally,
let G = (V(G), E(G),¥) be a labeled graph with initial
vertex features hS)O) € R that are consistent with £. That
is, each vertex v is annotated with a feature hE,O) € R% such
that " = A if, and only, if (v) = £(u). An example is
a one-hot encoding of the labels ¢(u) and ¢(v). An MPNN
architecture consists of a stack of neural network layers,
i.e., a composition of permutation-equivariant parameterized
functions. Following, [Scarselli et al.|(2009) and (Gilmer et al.
(20)17), in each layer, ¢ > 0, we compute vertex features
th =

UPD® (R, AGG® ({1 |u € N(v)})) € RY,

for each v € V(G), where UPD® and AGG™ may be
differentiable parameterized functions, e.g., neural networks.
In the case of graph-level tasks, e.g., graph classification,
one uses

hc = READOUT ({h{¥ |v e V(G)}) € RY, (1)

to compute a single vectorial representation based on learned
vertex features after iteration L. Again, READOUT may
be a differentiable parameterized function. To adapt the
parameters of the above three functions, they are optimized
end-to-end, usually through a variant of stochastic gradi-
ent descent, e.g., [ Kingma & Bal (2015), together with the
parameters of a neural network used for classification or
regression.

More expressive MPNNs Since the expressive power of
MPNNEs is strictly limited by the 1-WL in distinguishing
non-isomorphic graphs (Morris et al., 2019; |Xu et al.} 2019),
a large set of more expressive extensions of MPNNs (Morris
et al.,[2021)) exists. Here, we introduce the MPNN £ archi-
tecture, an MPNN variant of the 1-WL r; see Section[2} In
essence, an MPNN £ is a standard MPNN, where we set the
initial features consistent with the initial vertex-labeling of
the 1-WL £, e.g., one-hot encodings of /. Following Morris
et al.|(2019), it is straightforward to derive an MPNN  ar-
chitecture that has the same expressive power as the 1-WL £
in distinguishing non-isomorphic graphs.

Notation In the subsequent sections, we use the following
notation for MPNNs. We denote the class of all (labeled)
graphs by G. For d,l > 0, we denote the class of MPNNs
using summation for aggregation, and such that update and
readout functions are multilayer perceptrons (MLPs), all of a
width of at most d, by MPNN,(d, L). We refer to elements
in MPNNp,(d, L) as simple MPNNs; see Appendix [ for
details. We stress that simple MPNNs are already expres-
sive enough to be equivalent to the 1-WL in distinguishing
non-isomorphic graphs (Morris et al), 2019). The class
MPNNip, 7 (d, L) is defined similarly, based on MPNN fs.
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3. When more expressivity matters

We start by investigating under which conditions using more
expressive power leads to better generalization performance
and, when not, using the data’s margin. To this aim, we
first prove lower and upper bounds on the VC dimension
of 1-WL-based kernels, MPNNSs, and their more expressive
generalizations.

Margin-based bounds on the VC dimension We first
derive a general condition to prove margin-based lower and
upper bounds. For a subset S C R%, d > 0, we consider the
following set of partial concepts from S to {0, 1, x},

H, »(S) = {h € {0,1,%}° | Vay,...,z, € supp(h):

(1, h(x1)),..., (x5, h(xs)) is (1, )\)-separable}.

For the upper bound, since S C R¢, the VC dimension of
H,. »(S) is upper-bounded by the VC dimension of H,. y (R?).
As already mentioned, the latter is known to be bounded
by 7“2//\2 (Bartlett & Shawe-Taylor, [1999; Alon et al.;2021).
For the lower bound, the following lemma, implicit in|Alon
et al.|(2021), states sufficient conditions for S such that the
VC dimension of H,. ,(S) is also lower-bounded by /2.

Lemma 1. Let S C R% If S contains m = |7?/x2 vectors
bi,...,b, € R with b; := (b, b)) and b{* ... b3
being pairwise orthogonal, ||b;|| = ’, and Hb@@) || = r, then
VC-dim(H,~ A(S)) € O(7*/»%).

Next, we derive lower- and upper-bounds on the VC di-
mension of graphs separable by some graph embedding,
e.g., the 1-WL kernel. For n,d > 0, let £(n,d) be a
class of graph embedding methods consisting of mappings
from G,, to R, e.g., 1-WL feature vectors. A (graph) sam-
ple (G1,y1),...,(Gs,ys) € G x {0,1} is (r, A)-E(n, d)-
separable if there is an embedding emb € &£(n,d) such
that (emb(G1),%1), .., (emb(Gy),ys) € R? x {0,1} is
(r, A)-separable, resulting in the set of partial concepts
H, »(E(n,d)) =

{h € {0,1,%}9" | VG, ..., G, € supp(h): (G1,

h(G)), ..., (Ge, h(G)) s (1, N)-E(n, d)-separable}.

Now, consider the subset S(n,d) = {emb(G) € R? |
G € G,,emb € E(n,d)} of RY. Tt is clear that the VC
dimension of H, 5 (£(n, d)) is equal to the VC dimension of
H, »(S(n, d)), which in turn is upper-bounded by 7*/»2. We
next use Lemmal(Ilto obtain lower bounds on the VC dimen-
sion of Hi,.  (€(n, d)) for specific classes of embeddings.

1-WL-based embeddings We first consider the class of
graph embeddings obtained by the 1-WL feature map after

T > 0 iterations, i.e., EwL(n,dr) = {G qﬁﬁ)(G) |
G € g,i and its normalized counterpart Ew (n, dr) =

{G— (b\(,\,TL)(G) | G € G}, where dr is the dimension of
the corresponding Hilbert space after 7" rounds of 1-WL;
see Section [2] for details. The following result shows that the
VC dimension of the normalized and unnormalized 1-WL
kernel can be lower- and upper-bounded in the margin ), the
number of iterations, and the number of vertices.

Theorem 2. For any T, A > 0, r = /T + 1n, and n >
r?/x2, we have VC-dim(H, »(EwL(n,dr))) € O(7°/»?).
Further, for » = \/T/(T +1) and n > */x2, we have
VC-dim(HL)\(EWL(TL, dr))) € ©(1/x2).

In Appendix [E.3.1] we derive margin-based bounds for
graphs with a finite number of colors under the 1-WL, cir-
cumventing the dependence on the order in the above result.

Further, by defining gWL]—‘(TL, dT), c‘:\/\/LoA(’I’L7 dT), and
EwLoa, 7 (n, dr) analogously, we can show the same or sim-
ilar results for the 1-WL r, 1-WLOA, and 1-WLOA~. The
only difference is that ||¢>\(,$|)_(Gl) I # \gb\(,c,)_OA(GZ-) || and thus
the radii and bounds change slightly. Concretely, for the
1-WL £, we get an identical dependency on the margin A, the
number of iterations, and the number of vertices.

Corollary 3. Let F be a finite set of graphs. For
any T,A > 0, r = /T +1n,andn > 7°/52, we
have, VC-dim(H, \(éwL,7(n,dr))) € O(**/»?). Fur-

ther, forr = /T/(T+1)andn > 7°/x?, we have
VC-dim(HLA(é'WL,}-(n,dT))) € @(1/)\2).

Similarly, by changing the radii from v/7'n to v/T'n, we get
the following results for the 1-WLOA and 1-WLOA £ kernel.

Proposition 4. For any 7T, )\ > 0, » =

V(T + 1)n, and n > /52, we  have
VC—dim(Hﬁ)\(é‘WLoA(n, dT))) S @(Tz/)\z). Fur-

ther, forr = /T/(T+1)andn > 7°/x?, we have
VC-dim(HLA(EWLoA(n,dT))) S 9(1/)\2).

Corollary 5. Let F be a finite set of graphs. For any
T,A > 0, forr = /(T+1)n, andn > /A2, we
have, VC-dim(Hr,)\(EWLOA’]:(n,dT))) S @(T2/>\2). Fur-

ther, forr = /T/(T+1)andn > /x>, we have
VC-dim(Hy x(Ewroa,7(n,dr))) € O(1/2).

Therefore, using F permits the above statements to be feasi-
ble for smaller values of n or \.

Margin-based bounds on the VC dimension of MPNNs
and more expressive architectures In the following, we
lift the above results to MPNNs. Assume a fixed but ar-
bitrary number of layers 7" > 0, vertices n > 0, and an
embedding dimension d > 0. In addition, we denote the fol-
lowing class of graph embeddings Eypnn(n, d, T) = {G —
m(G) | G € G, and m € MPNNp,(d,T)}, i.e., the set
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of d-dimensional vectors computable by simple 7T-layer
MPNNSs over the set of n-order graphs. Now, the following
result lifts Theorem 2] to MPNNs.

Proposition 6. For any n,7" > 0, sufficiently large
d > 0, and r = T+1Inandn > 7/x2, we

have, VC-dim(Hr,)\(f,’MpNN(n?d,T))) € 9(7"2//\2). Fur-
ther, forr = +/T/(T+1)andn > 7/»2, we have,

VC-dim(HL,\(é’MpNN(n, d, T))) € @(1/>\2).

Moreover, we can lift Corollary E] to MPNN £ architectures
by defining Evenn, 7 (7, d, T') analogously to the above.

Corollary 7. Let F be a finite set of graphs. For any n,T" >
0, sufficiently large d > 0, and r = /T + 1lnandn >
7’2/>\2, we have VC—dim(HT,A(EMpNNf(n, d, T))) S
O(m?/x2). Forr = \/T/(T + 1) andn > v*/x2, we have
VC-dim(HLA(SMpNNJ:(n, d, T))) S @(1/)\2).

We can also lift the results to the MPNN versions of the
1-WLOA and 1-WLOA r; see the appendix for details. The
above results are somewhat restrictive since we only consider
MPNNS that behave like linear classifiers by definition of
the considered functions. The above implies that the upper
bound does not hold for general MPNNSs since they can
separate non-linearly separable data under mild conditions.

Implications of the results Previous lower and upper
bounds only considered the feature space’s dimensionality,
implying worse generalization performance for more expres-
sive variants of the 1-WL, not aligned with empirical results,
e.g., (Bouritsas et al., [2020). Our results show that more
expressive power only sometimes results in worse gener-
alization properties. Hence, a more fine-grained analysis
is needed to understand when more expressive power, e.g.,
through the 1-WL ~ or 1-WLOA x, improves generalization
performance. For example, if more expressive power makes
the data linearly separable, leading to a positive margin, or
increases the margin, our results imply improved generaliza-
tion performance. In fact, in the following, we leverage our
results to understand when more expressivity leads to linear
separability and an increased margin. Hence, our results
indicate that the data’s margin can be used as a yardstick to
assess the generalization properties of Weisfeiler—Leman-
based kernels, MPNNSs, and their more expressive variants
in a more fine-grained and data-dependent manner.

3.1. Examples of when more power separates the data

We next aim to understand when 1-WL’s more expressive
variants, such as the 1-WL £, can linearly separate the data,
resulting in a positive margin. Therefore, we first derive data
distributions where the 1-WL kernel cannot separate the data
points, while 1-WL r separates them with the largest possible
margin in the case of normalized feature vectors.

Proposition 8. For every n > 6, there exists a pair of non-

isomorphic n-order graphs (G,,, H, ) and a graph F' such
that, for 7 := {F'} and for all number of rounds 7" > 0,

H ¢(T)

T T
qusmf n) = G (Ha)

7
S (Hy)

=/2.

Moreover, we can also lift the above result to MPNN and
MPNN r architectures; see Proposition f1]in the appendix.

However, more than merely distinguishing the graphs based
on their structure is often required. The following result
shows that data distributions exist such that the 1-WL kernel
can perfectly separate each pair of non-isomorphic graphs
while not being able to separate the data linearly. In fact,
the construction implies data distributions where the 1-WL
kernel cannot do better than random guessing on the test set,
which we also empirically verify in Section 5]

Proposition 9. For every n > 10, there exists a set of pair-
wise non-isomorphic (at most) n-order graphs S, a concept
¢: S — {0,1}, and a graph F, such that the graphs in the
set S are (1) pair-wise distinguishable by 1-WL after one
round; (2) are not linearly separable under the normalized

1-WL feature vector (j)\(,gp , concerning the concept c, for any
T > 0, and (3) are linearly separable under the normalized

1-WL x feature vector ¢W|_ £, concerning the concept c for
all T > 0, where F = {F} The results also work for the
unnormalized case.

In addition, we can derive more general results when placing
stronger conditions on the data distribution; see Proposi-
tion[43]in the appendix.

3.2. Examples of when more power shrinks the margin

While the previous results showed that more expressive
power can make the data linearly separable and improve
generalization performance, adding expressive power might
also decrease the data’s margin. The following result shows
that data distributions exist such that more expressive power
leads to a smaller margin, implying, by Section[3] a worsened
generalization.

Proposition 10. For every n > 10, there exists a pair of
2n-order graphs (G, H,) and a graph F', such that, for
F = {F'} and for all number of rounds 7" > 0, it holds that

T (T
< |[oh(Gn) = o ()|

oG = 000 12

The above results easily generalize to other 1-WL r-based
kernels, i.e., more expressive power does not always result
in increased generalization performance. Hence, in the
following subsection, we derive precise conditions when
more expressivity provably leads to better generalization.
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3.3. When more power grows the margin

Here, we study when added expressive power provably leads
to improved generalization performance. We start with
the 1-WL = and then move to the 1-WLOA =, where more
interesting results can be shown.

The 1-WL - kernel The following result shows that, under
some assumptions, data distributions exist such that the 1-
WL £ kernel leads to a larger margin than the 1-WL kernel.

Proposition 11. Let n > 0 and G,, and H,, be two con-
nected n-order graphs. Further, let 7 := {F'} such that
there is at least one vertex in V(G,,) contained in a sub-
graph of G, isomorphic to the graph F. For the graph
H,,, no such vertices exist. Further, let 7' > 0 be the
number of rounds to reach the stable partition of G,, and
H,, under 1-WL, and assume ((;S\(,\,TL)(G,L)7 1), ( \(NTL)(H,L), 0)
is (71, \1)-separable, with margin \; < +/2n. Then,
(6w #(Gn). 1), (Siq (Hn),0) is (r2, Az)-separable, with
margin ro < 71 and )\2 > M.

Hence, in terms of generalization properties, we observe
that 71/x2 > 3/x2 and hence we obtain lower margin-based
bounds by using F.

The 1-WLOA r kernel It is challenging to improve Propo-
sition[T] i.e., to derive weaker conditions such that 1-WL
provably leads to an increase of the margin over the 1-WL ker-
nel. This becomes more feasible, however, for the 1-WLOA
kernel. Since, by Proposition [23]in the appendix, the 1-WL #
computes a finer color partition than the 1-WL, pairwise
distances can not decrease compared to the 1-WLOA.

Proposition 12. Let F be a finite set of graphs. Given two
graphs G and H, we have the inequality

T T T T
[0 G — a0 A1) 2000 — 00 1)

we can derive conditions under which the 1-WLOA = leads
to a strict margin increase. That is, we get a strict increase in
distances if, and only, if the 1-WL £ splits up a color ¢ under
1-WL such that the occurrences of this color c are larger or
equal in one graph over the other, while for at least one of
the resulting colors under 1-WL x, refining the color c, the
relation is strictly reversed.

Proposition 13. Let G and H be n-order graphs and let F
be a finite set of graphs and let T' > 0, and C'z(c) be the
set of colors that color ¢ under 1-WL is split into under 1-

WLz, ie., 9:(G)e = D v ecy(e) @F,t(G)er - The following
statements are equivalent,

T T
H¢WLOA}' G) - \(NL)OA F(H) H > Hqﬁ\(NLz)A WLOA H

2. There exists t € [T] U {0} and ¢ € X, such that
~(e(G)e > oo (H

)c eV e C]:(C)l ¢]—',t(G)c’ > ¢.7:.,t(H)C’)'

Specifically, this implies that using Proposition [[3] as an
assumption on the distances between graphs within one class
and between two classes, respectively, implies a margin
increase via Theorem |47|in the appendix. Then Theorem
and Theorem |30|in the appendix imply a decrease in VC-
dimension and consequently an increase in generalization
performance when using F. See Corollary9]in the appendix
for an example where the above conditions are met.

4. Large margins and gradient flow

Proposition [6]and Corollary|[7] (in the appendix) ensure the
existence of parameter assignment such that MPNN and
MPNN r architectures generalize. However, it remains un-
clear how to find them. Hence, building on the results in |Ji
& Telgarsky|(2019), we now show that, under some assump-
tions, MPNNs exhibit an “alignment” property whereby
gradient flow pushes the network’s weights toward the maxi-
mum margin solution.

Formal setup We consider MPNNS following Section 2]
and consider graph classification tasks using a readout layer.
We make some simplifying assumptions and consider /in-
ear MPNNs. That is, set the aggregation function AGG to
summation and UPD at layer ¢ is summation followed by a
dense layer with trainable weight matrix W () ¢ R%*di-1,
Let G be an n-order graph, if we pack the node embeddings
th) into an d; X n matrix X () whose v™ column is hg’),
then

x (i+1) — W(HI)X@)A’(G),

where A'(G) = A(G) + I,, I, € R™™" is the n-
dimensional identity matrix, and X = X (0) is the dop Xn
matrix whose columns correspond to vertices’ initial fea-
tures; we also write d = dy. For the permutation-invariant
readout layer, we use simple summation of the final node
embeddings and assume that X (©) is transformed into a
prediction ¢ as follows,

g = READOUT(X ")) = X&) .4

Since we desire a scalar output, we will have dp, = 1.

Suppose our training dataset is {(G, X;,y;)}_,, where
X, € R¥*™i ig a set of d-dimensional node features over an
n;-order graph G; with order n;, and y; € {—1,+1} for all
1. We use a loss function ¢ with the following assumption.

Assumption 14. The loss function /: R — R™ has a
continuous derivative ¢ such that ¢'(z) < 0 for all z,
lim, oo £(z) = 00, and lim, _, o £(x) = 0.
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The empirical risk induced by the MPNN is

el e
]~

=1

K(WprodZiA/(G)Llﬂi)’

I
el e
]~

=1

where W0 = WEOWE—D ... W) and Z; = y; X;.
We consider gradient flow and gradient descent. In gradient
flow, the evolution of W = (W) w1 W)

is given by {W (¢): t > 0}, where there is an initial state
W(0) att =0, and

AW (t)
dt

= —VR(W(1)).

‘We make one additional assumption on the initialization of
the network.

Assumption 15. The initialization of W at ¢t = 0 satisfies
VR(W(0)) # R(0) = £(0).

Alignment yheorems We now assume the data is MPNN-
separable, i.e., there is a set of weights that correctly classi-
fies every data point. More specifically, assume there is a
vector 4 € R such that y; - 4T X; A'(G;)*1,,, > 0 for all
1. Furthermore, the maximum margin is given by

= max min ;- @' X; A (G))*1, > 0.
7 lall=1 1§i§ky’ iA(Gi) 10,

while the corresponding solution 4 € R¢ is given by

argmax min y; -'ﬁTXiA/(Gi)le.
lafj=1 1<isk

Furthermore, those v; = Z;A’(G;)*1,, for which
(u,v;) = ~ are called support vectors.

Our first main result shows that under gradient flow, the train-
able weight vectors of our MPNN architecture get “aligned.”

Theorem 16. Suppose Assumption[I4]and Assumption
hold. Let u;(t) € R% and v;(t) € R%-1 denote the left and
right singular vectors, respectively, of W () (¢) € R%*di-1,
Then, we have the following using the Frobenius norm ||- || z:

e Forj=1,2,...,L, we have
w0 (t)
1 - N7 . . T —
| gy — o] <o
e Also,
(WE () ... WD ()T . )
X s U1 =
=\ L IWO@)

Furthermore, we show that under mild assumptions, the
weights converge to the maximum margin solution .

Assumption 17. The support vectors v; = Z; A'(G;) 1,
span R,

Note that, for unlabeled graphs, due to separability, the above
assumption is trivially fulfilled.

Theorem 18 (Convergence to the maximum margin solution).
Suppose Assumption [I4]and Assumption [T7hold. Then, for
the exponential loss function ¢(z) = e~?, under gradient
flow, we have that the learned weights of the MPNN converge
to the maximum margin solution, i.e.,

i WE W ED () ... W (1)
t=oo [WE@)|[p[WED @) p--- (WD ()] p

=u.

We note here that the results can be straightforwardly ad-
justed to MPNN £ architectures.

5. Experimental evaluation

In the following, we investigate to what extent our theoretical
results translate into practice. Specifically, we answer the
following questions.

Q1 Does adding expressive power make datasets more lin-
early separable?

Q2 Can the increased generalization performance of a more
expressive variant of the 1-WL algorithm be explained by an
increased margin?

Q3 Does the 1-WLOA £ lead to increased predictive perfor-
mance?

Q4 Do the results lift to MPNNs?

See Appendix [G for further details, the experi-
mental protocol, and model configurations. The
source code of all methods and evaluation proce-
dures is available at https://www.github.com/
chrsmrrs/wl_vc_expressivity.

Results and discussion
tions Q1 to Q4.

In the following, we answer ques-

Q1 (“Does adding expressive power make datasets more lin-
early separable?”)  See Tables|[I} [3]and [6] (in the appendix).
Table [T] confirms Proposition[9) i.e., the 1-WL and 1-WLOA
kernels do not achieve accuracies better than random and
cannot linearly separate the training data. The 1-WLx and
1-WLOA r kernel, linearly separate the data while achieving
perfect test accuracies. In addition, Table E] also confirms
this for the ER graphs, i.e., for all datasets, the 1-WL and
1-WLOA kernels cannot separate the training data while the
1-WLx and 1-WLOA £ can. Moreover, the subgraph-based
kernels achieve the overall best predictive performance over
all datasets, e.g., on the dataset using edge probability 0.2
and F = {C5} the test accuracies of the 1-WL x improves
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Table 1: Experimental validation of Proposition E] for different numbers of vertices (n), reporting mean test accuraccies and
margins. NLS—Not linearly separable. DNC—Did not compute due to implicit kernel.

Number of vertices (n).

Algorithm
g 16 32 64 128
1-WL 46.6 +1.1 NLS 47.3 +1.7 NLS 47.1 +1.1 NLS 46.5 +0.7 NLS
1-WLOA 36.8 +1.3 DNC 37.4 +1.7 DNC 37.3 +0.9 DNC 37.8 +1.2 DNC
MPNN 47.9 +0.7 DNC 49.0 +1.6 DNC 48.3 +1.3 DNC 47.9 +1.6 DNC
1-WLx 100.0 +£0.0 0.006 < 0.0001  100.0 +0.0 0.014 < 0.0001  100.0 +0.0 0.030 < 0.0001  100.0 +0.0 0.062 < 0.0001
1-WLOA £ 100.0 +0.0 DNC 100.0 +0.0 DNC 100.0 +0.0 DNC 100.0 +o0.0 DNC
MPNN ~ 100.0 0.1 DNC 100.0 +0.1 DNC 100.0 < 0.1 DNC 100.0 +0.1 DNC
1-Wle, 1- WL, 1-Wle, 1-WL,
= (@ ® Wre 5@
EPR p P 4 ™~ P O r
=7 0.05 801 % 0.05 80 0.05 4 i 0.12
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Figure 1: Plot illustrating the relation between the margin and generalization error for the ER graphs for different choices of

F.

over the 1-WL by more than 57 %. Similar effects can be
observed for the MPNN architectures; see Table [6]

Q2 (“Can the increased generalization performance of a
more expressive variant of the 1-WL algorithm be explained
by an increased margin?”) See Tables 3| and [5| and Fig-
ure [T] (in the appendix). On the TUDATASETS, an increased
margin often leads to less difference between train and test ac-
curacy; see Table E} For example, on the PROTEINS dataset,
the 1-WL £, leads to a larger difference for all F, while its
margin is always strictly smaller than 1-WL’s margin. Hence,
the empirical results align with our theory, i.e., a smaller
margin worsens the generalization error. Similar effects can
be observed for all other datasets, except MUTAG. On the
ER dataset, comparing the 1-WL and 1-WL £, for all F, we
can clearly confirm the theoretical results. That is, the 1-WL
cannot separate any dataset with a positive margin, while the
1-WL ~ can, and we observe a decreased difference between
1-WL£’s train and test accuracies compared to the 1-WL.
Analyzing the 1-WL z further, for all F, a decreasing margin
always results in an increased difference between test and
train accuracies. For example, for 7 = {C,} and p = 0.05,
the 1-WL r achieves a margin of 0.037 with a difference of
0.1 %, for p = 0.1, it achieves a margin of 0.009 with a dif-
ference of 1.8 %, for p = 0.2, it achieves a margin of 0.002
with a difference of 31.2 %, and, for p = 0.3, it achieve

a margin of 0.003 with difference of 95.8 %. Moreover,
see Figure [T of visual illustration of this observation.

See Appendix [G|for Q3 and Q4.

6. Conclusion

Here, we focused on determining the precise conditions
under which increasing the expressive power of MPNN or
kernel architectures leads to a provably increased generaliza-
tion performance. When viewed through graph isomorphism,
we first showed that an architecture’s expressivity offers
limited insights into its generalization performance. Addi-
tionally, we focused on augmenting 1-WL with subgraph
information and derived tight upper and lower bounds for the
architectures’ VC dimension parameterized by the margin.
Based on this, we derived data distributions where increased
expressivity either leads to improved generalization perfor-
mance or not. Finally, we introduced variations of expressive
1-WL-based kernels and neural architectures with provable
generalization properties. Our empirical study confirmed the
validity of our theoretical findings. Our theoretical results
constitute an essential initial step in unraveling the conditions
under which more expressive MPNN and kernel architec-
tures yield enhanced generalization performance. Hence,
our theory lays a solid foundation for the systematic and
principled design of novel expressive MPNN architectures.
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Impact Statement

This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Extended related work

Here, we give a more detailled account of related work.

A.1l. Graph kernels based on the 1-WL

[Shervashidze et al| (2011)) were the first to utilize the 1-WL as a graph kernel. Later, Morris et al| (2017; 2020b}, [2022)
generalized this to variants of the k-WL. Moreover, [Kriege et al| (2016) derived the Weisfeiler-Leman optimal assignment
kernel, using the 1-WL to compute optimal assignments between vertices of two given graphs. [Yanardag & Vishwanathan|
(2015a) successfully employed the Weisfeiler—-Leman kernels within frameworks for smoothed (Yanardag & Vishwanathan|
and deep graph kernels (Yanardag & Vishwanathan| [2015b). For a theoretical investigation of graph kernels based on
the 1-WL, see (Kriege et al., 2018)). See also (Morris et al., 2021)) for an overview of the Weisfeiler-Leman algorithm in

machine learning and |Borgwardt et al.| (2020); [Kriege et al.| (2020) for a detailed review of graph kernels.

A.2. MPNNs

Recently, MPNNs (Gilmer et al., 2017} [Scarselli et al.,[2009) emerged as the most prominent graph representation learning

architecture. Notable instances of this architecture include, e.g.,[Duvenaud et al.| (2015); [Hamilton et al.| (2017), and [Veli¢kovid|
(2018)), which can be subsumed under the message-passing framework introduced in|Gilmer et al.| (2017). In parallel,
approaches based on spectral information were introduced in, e.g., Bruna et al.| (2014)); Defferrard et al.| (2016); |[Gamal
let al| (2019); [Kipf & Welling| (2017); [Levie et al.| (2019), and [Monti et al| (2017)—all of which descend from early
work inBaskin et al.| (1997); Goller & Kiichler] (1996)); Kireev| (1995); Merkwirth & Lengauer] (2005)); Micheli & Sestito]
(2005)); Michelil (2009); [Scarselli et al.| (2009), and [Sperduti & Starital (1997). Rcently, connections between MPNNs and
Weisfeiler-Leman-type algorithms have been shown (Barceld et al., 2020} (Geerts et al., 2021}, [Morris et al., 2019} Xu et al.}
[2019). Specifically, Morris et al. (2019) and Xu et al.| (2019) showed that the 1-WL limits the expressive power of any possible
MPNN architecture in distinguishing non-isomorphic graphs. (Bouritsas et al.,[2020) showed how to make MPNNs more
expressive by incorporating subgraph information; see Appendix [A]for an extended discussion on more expressive MPNNG.

A.3. Expressive power of MPNNs

Recently, connections between MPNNs and Weisfeiler—Leman-type algorithms have been shown (Barcel6 et al.| [2020; Geerts|

et all} 2021} Morris et al., 2019} Xu et al., 2019). Specifically, Morris et al.| (2019) and [Xu et al.| (2019) showed that the 1-WL
limits the expressive power of any possible MPNN architecture in distinguishing non-isomorphic graphs. In turn, these
results have been generalized to the k-WL, e.g.,[Azizian & Lelarge| (2021)); [Geerts| (2020); [Maron et al.| (2019); [Morris et al.|
(2019; [2020b% [2022)), and connected to the permutation-equivariant function approximation over graphs, see, e.g.,
(2019); [Geerts & Reutter|(2022)); Maehara & NT|(2019); [Azizian & Lelarge| (2021)). Furthermore,|Aamand et al| (2022));
devised an improved analysis using randomization and moments of neural networks, respectively. Recent
works have extended the expressive power of MPNNGs, e.g., by encoding vertex identifiers (Murphy et al., 2019} [Vignac et al.|
[2020), using random features (Abboud et al., 2021} Dasoulas et al.| 2020; [Sato et al., [2021)) or individualization-refinement

algorithms (Franks et al} 2023)), affinity measures (Velingker et al 2022)), equivariant graph polynomials 2023),
homomorphism and subgraph counts (Barceld et al., 2021}, Bouritsas et al.} 2020; [Nguyen & Maeharal, [2020)), spectral
information (Balcilar et al.} [2021), simplicial (Bodnar et al.,[2021b) and cellular complexes (Bodnar et al.| 2021a)), persistent
homology [2022)), random walks (Tonshoff et al., 2021}, Martinkus et al.l [2022)), graph decompositions
2021), relational (Barcel§ et al., [2022), distance and directional information (Beaini et al.} 2021)), graph
rewiring and adaptive message passing (Finkelshtein et al.| [2023)), subgraph information (Bevilacqua et al.}
[2022} [Cotta et al 2021} [Feng et al, 2022} [Frasca et al., 2022} [Huang et al.l 2022} Morris et al., 2021}, [Papp et al.}, 2021}, [Papp]|
|& Wattenhofer, 2022; [Qian et al. [2022; [Thiede et al. 2021} [Wijesinghe & Wang| 2022} [You et al.| 2021} [Zhang & Li, 2021}
[Zhao et al., 2022} [Zhang et al.} [2023al), and biconnectivity (Zhang et al.l[2023b). SeeMorris et al.| (2021) for an in-depth
survey on this topic. [Geerts & Reutter| (2022)) devised a general approach to bound the expressive power of a large variety of
MPNNSs using 1-WL or k-WL.

Recently, (2022) showed that transformer architectures (Miiller et al.l 2023) can simulate the 2-WL.
(2023) showed tight connections between MPNNs’ expressivity and circuit complexity. Moreover, Rosenbluth et al.| (2023)

investigated the expressive power of different aggregation functions beyond sum aggregation. Finally, Boker et al.| (2023)
defined a continuous variant of the 1-WL, deriving a more fine-grained topological characterization of the expressive power of
MPNNGs.
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A.4. Generalization abilities of graph kernels and MPNNs

Scarselli et al.| (2018)) used classical techniques from learning theory (Karpinski & Macintyrel [1997)) to show that MPNNs’
VC dimension (Vapnik, |1995) with piece-wise polynomial activation functions on a fixed graph, under various assumptions, is
in O(P?nlogn), where P is the number of parameters and n is the order of the input graph; see also|Hammer (2001). We
note here that|Scarselli et al.|(2018)) analyzed a different type of MPNN not aligned with modern MPNN architectures (Gilmer
et al.| [2017). |Garg et al.| (2020) showed that the empirical Rademacher complexity (see, e.g.,|Mohri et al.| (2012)) of a specific,
simple MPNN architecture, using sum aggregation, is bounded in the maximum degree, the number of layers, Lipschitz
constants of activation functions, and parameter matrices’ norms. We note here that their analysis assumes weight sharing
across layers. |Liao et al.|(2021) refined these results via a PAC-Bayesian approach, further refined inJu et al.|(2023). Maskey
et al.| (2022) used random graphs models to show that MPNNs’ generalization ability depends on the (average) number
of vertices in the resulting graphs. In addition, |[Levie|(2023)) defined a measure of a natural graph-signal similarity notion,
resulting in a generalization bound for MPNNs depending on the covering number and the number of vertices. |[Verma &
Zhang| (2019)) studied the generalization abilities of 1-layer MPNNSs in a transductive setting based on algorithmic stability.
Similarly, [Esser et al.| (2021)) used stochastic block models to study the transductive Rademacher complexity (El-Yaniv &
Pechyony, [2007; Tolstikhin & Lopez-Paz, |2016) of standard MPNNSs. For semi-supervised node classification, (Baranwal
et al., 2021)) studied the classification of a mixture of Gaussians, where the data corresponds to the node features of a
stochastic block model, under which conditions the mixture model is linearly separable using the GCN layer (Kipf & Welling|
2017). Most recently, (Morris et al., 2023 made progress connecting MPNNs’ expressive power and generalization ability via
the Weisfeiler—Leman hierarchy. They studied the influence of graph structure and the parameters’ encoding lengths on
MPNNs’ generalization by tightly connecting 1-WL’s expressivity and MPNNs’ Vapnik—Chervonenkis (VC) dimension. They
derived that MPNNs’ VC dimension depends tightly on the number of equivalence classes computed by the 1-WL over a
given set of graphs. Moreover, they showed that MPNNs’ VC dimension depends logarithmically on the number of colors
computed by the 1-WL and polynomially on the number of parameters. Kriege et al.|(2018)) leveraged results from graph
property testing (Goldreich, |[2010) to study the sample complexity of learning to distinguish various graph properties, e.g.,
planarity or triangle freeness, using graph kernels (Borgwardt et al., [2020; Kriege et al.,|2020). Finally, (Yehudai et al., 2021}
showed negative results for MPNNs’ generalization ability to larger graphs.

B. Extended notation

Let N:={1,2,3,...}. Forn > 1,let [n] := {1,...,n} C N. Weuse {...}} to denote multisets, i.e., the generalization
of sets allowing for multiple instances for each of its elements. For two sets X and Y, let X denote the set of functions
mapping from Y to X. Let S C R?, then the convex hull conv(S) is the minimal convex set containing the set S. For
p € R d>0,and e > 0, the ball B(p,¢,d) := {s € R? | ||p — s|| < €}. Here, and in the remainder of the paper, || - ||

refers to the 2-norm ||z|| .= /23 + - - + 2% forx € R%.

Graphs An (undirected) graph G is a pair (V(G), E(G)) with finite sets of vertices or nodes V(G) and edges E(G) C
{{u,v} C V(G) | u # v}. For ease of notation, we denote an edge {u, v} in E(G) by (u,v) or (v, u). The order of a graph
G is its number |V (G)| of vertices. If not stated otherwise, we set n := |V (G)| and call G an n-order graph. We denote
the set of all n-order graphs by G,,. For a graph G € G,,, we denote its adjacency matrix by A(G) € {0,1}"*", where
A(G)yyw = 11if, and only, if (v, w) € E(G). We use standard notation

The neighborhood of v € V(G) is denoted by N(v) := {u € V(GQ) | (v,u) € E(G)} and the degree of a vertex v
is [N(v)|. A (vertex-)labeled graph G is a triple (V(G), E(G), ) with a (vertex-)label function ¢: V(G) — N. Then
¢(v) is a label of v, for v € V(G). For X C V(G), the graph G[X] = (X, Ex) is the subgraph induced by X, where
Ex ={(u,v) € E(G) | u,v € X}. Two graphs G and H are isomorphic, and we write G ~ H if there exists a bijection
¢: V(G) — V(H) preserving the adjacency relation, i.e., (u,v) is in E(G) if, and only, if (¢(u), ¢(v)) is in E(H). Then
© is an isomorphism between G and H. In the case of labeled graphs, we additionally require that I(v) = I(y(v)) for all v in
V(G). We denote the complete graph on n vertices by K,, and a cycle on n vertices by C,,. for r > 0, a graph is r-regular if
all of its vertices have degree r. Given two graphs G and H with disjoint vertex sets, we denote their disjoint union by GU H.

C. Simple MPNNs

Here, we provide more details on the simple MPNNs mentioned in Section That is, for given d and L € N, we define
the class MPNNp,(d, L) of simple MPNNs as L-layer MPNNs for which, according to Section [2] for each ¢ € [L], the
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aggregation function AGG" is summation and the update function UPD® isa multilayer perceptron mlp(t) : R24 5 R4 of
width at most d. Similarly, the readout function in Equation (1) consists of a multilayer perceptron mlp : R? — R< applied
on the sum of all vertex features computed in layer LE] More specifically, MPNNs in MPNN,,(d, L) compute on a labeled

graph G = (V(G), E(G), £) with d-dimensional initial vertex features h{" € R?, consistent with £, the following vertex
features, for each v € V(G),

R = mip® (hgfn’ 3 h&kl)) € RY,
u€EN (v)

fort € [L], and

he = m|p( 3 th)) e R%
veV(Q)

Note that the class MPNNp,(d, L) encompasses the GNN architecture derived in Morris et al.| (2019) that has the same
expressive power as the 1-WL in distinguishing non-isomorphic graphs.

Notation In the subsequent sections, we use the following notation for MPNNs. We denote the class of all (labeled)
graphs by G. For d,l > 0, we denote the class of MPNNs using summation for aggregation, and such that update and
readout functions are multilayer perceptrons (MLPs), all of a width of at most d, by MPNNy,,,(d, L). We refer to elements in
MPNNpip(d, L) as simple MPNNs; see Appendixfor details. We stress that simple MPNNs are already expressive enough
to be equivalent to the 1-WL in distinguishing non-isomorphic graphs (Morris et al.l [2019). The class MPNNmip #(d, L) is
defined similarly, based on MPNN rs.

D. Graph kernels based on the 1-WL

Similar to the 1-WL, we can also define a graph kernel based on the 1-WL . Let G be a graph, we run the 1-WLx for 7" > 0
iterations, resulting in a coloring function C’t1 F 2y for each iteration ¢ < 7. Let X, denote the range of C’t1 ’f, i.e.,
2= {c|3v e V(G): C}7 (v) = ¢}. Again, we assume X} to be ordered by the natural order of N, i.e., we assume that
Xy consists of ¢; < --- < ¢|x,|. After each iteration, we compute a feature vector ¢ ;(G) € RI*! for each graph G. Each
component ¢ ;(G); counts the number of occurrences of vertices of G labeled by ¢; € X;. The overall feature vector
¢dwL - (G) is defined as the concatenation of the feature vectors of all T iterations, i.e.,

S (@) = [65.0(G),- .., b7 7(G)],

where [. .. ] denote column-wise vector concatenation. We then define the kernel and its normalized counterpart in the same
way as with the 1-WL.
E. Proofs missing from the main paper

Here, we outline proofs missing in the main paper.

E.1. Fundamentals

Here, we prove some fundamental statements for later use.

Margin optimization Let (z1,y1),..., (s, yn) € R? x {0,1}, d > 0, be a linearly separable sample, and let [T :=
{i€n]|y;=1}and I~ := {i € [n] | y; = 0}. Consider the well-known alternative—to the typical hard-margin SVM
formulation—optimization problem for finding the minimum distance between the convex sets induced by the two classes,

'For simplicity, we assume that all feature dimensions of the layers are fixed to d € N.
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i.e.,
2\ = min xr —x;
P o S lza — 2zl

st xl = Z T, Tg = Z Bz,

ielt JjeEI— )
=1, Y pi=1,
ielt jeI—
Vielt,jel :a; >0,8; >0,
where ¢ and 3 are the variables determining the convex combinations for both the positive and negative classes. Moreover, A

is exactly the margin that is computed by the typical hard-margin SVM and from the optimal arguments o* and 3%, we can
compute the usual hard-margin solution w and b as:

+ —_
| Ty — T
VTR
-2 2
N e s
’ 2X2
We can describe |z, — x4 | by a sum of pairwise distances.
2 2
Tt _ ol = . — oy
Lo —Tg|l = Z Qi Z Bjz;
ielt jer-
2
S LR o o
ielt jeI— jeI— ielt
2
S S a2 S aie,
iel+ jel— iel+ jel—
2
=l Y Gglmi-zy)| (6= b))
(4,5)EIT xI~

= Z Z 8,0k (xi — ;)T (TK — 1)

(i,) €I+ x I~ (kl)eI+xI-

= Z i j0ku(—x] e — w]Ta:k +a]x, + :chml)
(6,9) (kD) ET+X T~
1
=3 > b0kl — @) + ||z — kl® — (@ — @kl|* — [l — ). ©)

(4,9),(k,)eIt I~

We remark that the pairwise distances indexed by (i, 1) and (4, k) represent inter-class distances, since y; = y, = 1 and
y; = y; = 0. Along the same line, the pairwise distances indexed by (i, k) and (j, [) represent intra-class distances.

Proposition 19. Let (z1,1),..., (€, ys) and (Z1,41), ..., (Zn,yn) in R? be two linearly-separable samples, with
margins \ and A, respectively, with the same labels y; € {0, 1}. If
min [|&; — ;| — |l —a;]|* > max||&; — &;]|* — @ -z, ©)
Yi7FYj Yi=Y;

then A > A. That is, we get an increase in margin if the minimum increase in distances between classes considering the two
samples is strictly larger than the maximum increase in distance within each class.

Proof. Let
Awin = mit [&; — &% — |a; — a; %

2 J
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and

Amax = maX||a~3i - i’j”Q - ||$1 - a:j”z‘
Yi=Y;

By Equation (@), Apin > Amax. Starting at Equation (3)),

_ 1
g —agl® =5 > D cvgona(lla: — xl® + oy — e |* = s — @il|” — |l — i]|?)

(4:3) (k1)

1
2 SN aijora(l@: — l* + Amin + |25 — kl|* + Amin
(i,5) (k1)

A

— ||z — wk”Q — Amax — ij - wl”Z — Apax

1 R - - O - -
<530 awsanall@s — @l + 11 - @l — & - @l ~ &5 - )
(i,5) (k1)
= &g — 24 lI*,
where £ and _, are derived from applying the optimization (2) to the datapoints (£1,y1), - - -, (Zn, Yn)-
In the following, we omit all of the conditions from Equation (2) for simplicity. Let z™* and ™* be the representatives of
the optimal solution to Equation (2), then
Vaoiy =z — 277 < [lzg — g
Hence,
Va:y=la™ -z < |lzg -zl < |24 — 24,
which implies that
y < minl&f - &5 =7,

showing the desired result. O

Concatenating feature vectors We will consider concatenating two feature vectors and analyze how this affects attained
margins. To this end, let X = {(x;,3;) € R? x {0,1} | i € [n]}. When we split up R? into R% x R?, we write
x; = (x},x?) withz} € R" and z7 € R%.

Proposition 20. If X = {(x1,y1), ..., (Tn,ys)} is a sample, such that
L @), ., (@), yn) is (r1,71)-separable and

2. (mlv yl)a AR (:B%, yn) is (T27 72)-Separable,

then (1, 91), - -+, (®n, yn) is (\/77 + 73, /77 + 73)-separable.

Proof. Let [ == It U~ satisfying y; = 1if, and only, if i € I and y; = 0 if, and only, ifi € I, p == |I|, p* = |IT]
and p~ := |I~|. Further, let z; = z;, (z})T = (x},0), (z2)* := (0,22) fori € [, and x; = x;, (z})” = (z},0),
and (22)~ == (0,22) fori € I~. We collect =", =, , (x})*, (x2)T, (x})~, and («2)~ into matrices X+ € RP' %4,

7

X~ eRr x4 XF XF eRP % and X7, X, € RP %4,
The margins 71, 2, and 7 (the margin of (1, y1), - ., (€n, yn)) are given by

Y = min H(Xf’)Toz - (X1_)T/6||
ac®trT BeR+ P 1Ta=1=173

Yo i= min H(X;)Ta - (X;)T,BH
aceR+t T BeRT P 1Ta=1=173

= min ||(X+)Ta - (X_)Tﬂ||>

a€R+ 2T BER+PT 1Ta=1=1773
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where R™ is the set of positive real numbers and 1 is a vector of ones of appropriate size. We have
I(XH)Tor = (XT)TBII* = (X)) Tar + (X5)Ter — (X1) 71 — (X5) 7B

= [1((X)Tar = (X)) + ((X3)Taz — (X5)762))?

= [|(X)Tan = (X7)TB ) + (X )Taz — (X5)T B

The latter terms attain, by assumption, minimal values of v; and o, respectively. Thus, 72 = 72 + 3. Also note that
|lz:||> < r? + 72 for all i € I. This implies that (x1,1), ..., (®n,yn) is (\/77 + 73,1/ + 13)-separable. O

Existence of regular graphs The following result ensures the existence of enough regular graphs needed for the proof
of Theorem]and its variants.

Lemma 21. For any even n and all < € {0, ..., n — 1}, there exists an i-regular graph with one orbit containing all vertices.

Proof. Let n be even, and let ¢ be an arbitrary natural number. We define
Eoaa = {(i,i +7/2) | i € [7/2]},
and
E.:={(i,i+cmodn) | i € [n]},
where mod is the modulo operator with equivalence classes [r]. It is easily verified that for any C' € N, ([n], U.¢(c] Ec) is a
2C-regular graph. Also, ([n], Eoaa U U.¢(c) Ee) is @ 2C + 1-regular graph. The permutation, in cycle notation, (1,2, ..., n)
is an automorphism for both graphs, implying that all vertices are in the same orbit. O

Remark 22. For any odd n, no ¢-regular graph exists with ¢ odd. This is a classical textbook question that can be verified by
handshaking. For regular graphs,
Z deg(i) =i-n.

i€[n]
Summing the degrees for each vertex counts each edge twice. Thus, ¢ - n must be even, and since n is odd, ¢ must be even.

E.2. Expressive power of enhanced variants

We now prove results on the expressive power of the 1-WL r.

Proposition 23. Let G be a graph and F be a set of graphs. Then, for all rounds, the 1-WL x distinguishes at least the same
vertices as the 1-WL.

Proof. Using, induction on ¢, we show that, for all vertices v, w € V(G),
7 (v) = ¢ (w) implies C} (v) = C} (w). 5)

The base case, t = 0, is clear since 1-WL r refines the single color class induced by C&. For the induction, assume that
Equation (5 holds and assume that, Ctlfi(v) = Ctlji(w) holds. Hence, C} (v) = C}(w) and

F F
fC;7 (@) [ae N} ={C7(b) [be Nw)}
holds. Hence, there is a color-preserving bijection o: N (v) — N(w) between the above two multisets, i.e., C1” (a) =

CH7 (p(a)), for a € N(v). Hence, by Equation , C}l(a) = C}(p(a)), for a € N(v). Consequently, it holds that
Cl1(v) = C}y (w), proving the desired result. 0

In addition, by choosing the set of graphs F appropriately, 1-WL r gets strictly more expressive than 1-WL in distinguishing
non-isomorphic graphs.

Proposition 24. For every n > 6, there exists at least one pair of non-isomorphic graphs and a set of graphs F containing a
single constant-order graph, such that, for all rounds, 1-WL does not distinguish them while 1-WL ~ distinguishes them after a
single round.

Proof. For n = 6, we can choose a pair of a 6-cycle and the disjoint union of two 3-cycles. Since both graphs are 2-regular,
the 1-WL cannot distinguish them. By choosing F = {C3}, the 1-WL + distinguishes them. For n > 6, we can simply pad

the graphs with n — 6 isolated vertices. O
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E.3. Margin-based upper and lower bounds on the VC dimension of Weisfeiler-Leman-based kernels

We first state the upper bound that we will be using for all the following cases, which is a classical result, for instance based
on fat-shattering.

Lemma 25 (Theorem 1.6 in (Bartlett & Shawe-Taylor,|1999)). Let S C R<,

VC-dim(H,.A(S)) € O(*/»2).

We now prove the VC dimension theory results from the main paper. In the following, we will reuse our notation of splitting
up RY into R x R¥2. We write z; = (¢!, #/?) with (") € R and 2!* € R%. Further, let (z{")* = («!",0), and
(305(2))Jr = (0,3:(2)).

Lemma 26 (Lemma |1|in the main paper). Let S C RY. If S contains m = |°/x?] vectors by, ...,b,, € R? with
b; .= (bz(.l), bgz)) and b(12)7 bR being pairwise orthogonal, ||b;|| = »/, and \|b§2) | = r, then

VC-dim(H, 1(S)) € 2(7*/52).

Proof. Following the argument in|Alon et al. (2021), we show that the vectors by, . .., b,, can be shattered. Indeed, let A and
B be two arbitary sets partitioning [m]. Consider the vector

w = ;(2@25* - Z(b§2>>+>.

€A i€EB

We observe that, because of assumptions underlying the vectors b;, we have

(2)- @) = A ifjeA
wib; =95 @ @) L
—(2)- )P = ) ifjeB.
In other words, w witnesses that the distance between the convex hull of {b; | i € A} and {b; | i € B} is at least 2],
implying the result. O

In the following, we will heavily rely upon Lemma and more specifically we can construct m = |7*/x2] graphs. Since we
will be using regular graphs for simplicity where each regular graph has different regularity, we require n > m, which is true
for n > T2/ A2. Notice that this requirement can be relaxed, and we could, for instance, consider graphs with nodes of two
regularities, which would significantly lower the requirement on n. However, for these graphs, the construction and proofs
would become significantly more complex as we would have to additionally deal with signal propagation within these graphs
until we can guarantee orthogonality of the 1-WL-feature vectors. For this type of proof, we believe ™/ > r*/x? would need
to hold. However, we leave this to future research.

Theorem 27. For any 7', A > 0, we have,

VC-dim(H /71, (EwL(n, dr))) € 2(7/>2), forr = VTnand n > /32,
VC-dim(HL)\(gWL(TL, dT))) S Q(l//\2), forr =/ T/(T + ].) and n > Tz//\2.

Proof. The upper bounds follow from the general upper bound described earlier. For the lower bound, we show that for even
n > r2 /A2, there exist m = [r2/A2] graphs G1,. .., Gy, in G, such that the vectors b; := ¢\ (G;) and b; = ¢\ (G;)
satisfy the assumptions of Lemma Indeed, we can simply consider G; to be an (¢ — 1)-regular graph of order n; see
Lemma 21} We break up the feature vectors into two parts: a one-dimensional part corresponding to the information related to
the initial color and the remaining part containing all other information. We remark that for the 1-WL and for unlabeled
graphs, all vertices have the same initial color. The interesting information is contained in the second part. If we inspect the

1-WL feature vectors, excluding the initial colors, for " = 1 of G;, we obtain (0,..., n ,...,0) in the unnormalized case,
pos
and 11 (0,...,.n ,...,0) in the normalized case. It is readily verified that b\? = (0,...,.n ,...,0) and A being
+1n ~—~ 7 ~— i
pos ¢ pos ¢
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the remaining initial colors are vectors satisfying the assumptions of Lemma in the unnormalized case. For larger T, bEQ)
is ¢\(,\}B(Gz) except for the initial colors. Note that HbEQ)H =/Tn =rand ||b;| = VT + In: = r’. For the normalized
case, one simply needs to rescale with 1/»". Note that for T > 0, 1/2 < 7*/»"> < 1. This implies a lower bound of Q(;—Z) in
the unnormalized case, and Q(Ag—ie) = Q(%) in the normalized case.

So far, we assumed n to be even. For odd n, there is a slight technicality in that we can construct all r-regular graphs where
7 is even, i.e., we can construct 7+1/2 regular graphs. Analogously this means for odd n and 7+1/2 > 2 /)2, which is
equivalent to n > 2r?/x2 — 1, by a slight variant of Lemmathis implies a lower bound of £2(27°/x2 — 1) = 2(v*/x2).
Analogous to the normalized case can be considered for odd n and results in the same bound, which proves the desired
result. O

Theorem 28. Let F be a finite set of graphs. For any 7', A > 0, we have,

VC-dim(H 77, 1 (Ew, 7 (n, dr))) € 2(7*/32), forr = VTnand n > r*/x?
VC-dim(H; »(EwL.#(n, d7))) € 2(1/32), forr = \/T/(T + 1) and n > r*/x2.

Proof. This proof is analogous to the proof of Theorem Note that in the proof above, we can choose the regular graphs
such that all vertices in one graph are in the same orbit; see Lemma[21] This implies that if one vertex is colored according to

F, all vertices are colored in the same color, and the feature vectors qb\(,\}L) #(G;) look exactly as described before, implying the
result. -

A careful reader might wonder why we did not consider the initial colors in the proofs above. In the 1-WL-case, the initial
colors are the same for all graphs in G, i.e., the 1-WL feature vectors take the form (n,...). We could leverage this to
reduce the radius of the hypothesis class slightly. However, when considering the 1-WL r-case, the graphs in F change the
initial colors. Because of our regular graph construction from Lemma[21] all nodes within one graph share the same color,
determined by a subset F' C F, where F contains all graphs that are subgraphs of the regular graph in question. Hence, 2!7
possible initial colorings of graphs in G,, exists. Also, in both cases, our regular graphs are not necessarily orthogonal in the
dimensions of these initial colors. Therefore, we disregarded them in the constructions of w above.

Theorem 29. For any 7', A > 0, we have,
VC-dim(H\/m’/\(SWLOA(n, dr))) € Q(ﬂ/)\?), forr = vITnand n > r2/,\27
VC-dim(H; »(EwLoa(n, d7))) € £2(1/x2), forr = \/T/(T + 1) and n > r*/x2.
Proof. This proof is analogous to the proof of Theoremexcept H(b\(,\}BOA(Gi)H =/ (T+1)n=7"and |le;]|| = vVTn=r.
2

This implies a lower bound of £2( f\—i) in the unnormalized case, and 2(1#—) = f2(5z) in the normalized case, as
desired. O

Theorem 30. Let F be a finite set of graphs. For any 7', A > 0, we have,
VC-dim(H\/m’)\(EWLOA,]:(n, dr))) € ()(ﬁ/)ﬁ), forr = vITnand n > r2/)\2’
VC-dim(H17,\((‘,—'W|_oA7f(n, dT))) S Q(l/kz), forr = 4/ T/(T + 1) and n > Tz/)\Q.
Proof. This proof is analogous to the proofs of Theorems [28]and [29] O
Note that the upper bound and the previous theorems on lower bounds imply tight bounds in O-notation.
Corollary 31 (Theorem [2)in the main paper). For any 7', A\ > 0, we have,

VC-dim(H, »(EwL(n,d7))) € O(7°/»2), forr = /T + Inand n > /32,

)

VC-dim(Hy \(EwL(n, dr))) € O(1/A2), forr = \/T/(T + 1) and n > /2.
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Corollary 32 (Corollary [3|in the main paper). Let F be a finite set of graphs. For any 7, A > 0, we have,

VC-dim(H. A (Ewt,7(n, dr))) € O(7*/>2), forr = VT + Inand n > r*/x?

)

VC-dim(Hl’)\(gWL’]:(’I’L,dT))) S 6(1/)\2)7 for r = \/T/(T—l- 1) and n > 7’2/>\2.

Corollary 33 (Propositiond]in the main paper). For any 7', A > 0, we have,

VC-dim(H.. x(EwLoa(n, dr))) € O(7*/x?), forr = /(T + )nand n > />,
VC-dim(Hi,x(EwLoa(n, dr))) € O(1/?), forr = \/T/(T +1) and n > /3.

Corollary 34 (Corollary [5in the main paper). Let F be a finite set of graphs. For any 7', A > 0, we have,

VC—dim(Hr7>\(5W|_OA7].-(n, dT))) S @(T2/>\2), forr =/ (T + 1)71 and n > TZ/)\Q,
VC-dim(H; »(Ewroa,7(n,dr))) € O(1/22), forr = \/T/(T + 1) and n > /2.

E.3.1. COLORED MARGIN BOUNDS

Given T' > 0 and C' C N, we say that a graph G has color complexity (C, T') if the first T iterations of 1-WL assign colors to
G in the set C. Let G - be the class of all graphs of color complexity (C,T). We note that G 1 possibly contains infinitely
many graphs. Indeed, if C' corresponds to the color assigned by 1-WL to degree two nodes, then G 7 contains all 2-regular
graphs.

Let £(C, T, d) be a class of graph embedding methods consisting of mappings from G¢ 1 to R?. Separability is lifted to the
setting by considering the set of partial concepts defined on G 7, as follows

H,,(£(C, T, d)) = {h € {0,1,%}907 | Y@y, ..., G, € supp(h):

(G1,h(G1)), ..., (Gs, h(Gy)) is (1, N)-E(n, d)-separable}.

LLtS_WL(C, T, d) be the class of embeddings corresponding to the normalized 1-WL kernel, i.e., Ew (C, T, d) := {G +

\(qu) (G) | G € Go,r}. We note that d is a constant depending on |C'| and T' we denote this constant by d¢ . An immediate
consequence of the proof of Theorem [2is that we can obtain a margin-bound for infinite classes of graphs.

Corollary 35. Forany T' > 0, C C N, and A > 0, such that G¢ 1 contains all regular graphs of degree 0,1, .. ., /32, for

r=+/T/(T+ 1), we have

VC—dim(IHIl))\(g’v\/L(O7 T,dcr))) € O(1/22). O

E.4. Margin-based bounds on the VC dimension of MPNNs and more expressive architectures

We now lift the above results for the 1-WL kernel to MPNNSs. To prove Proposition@ we show that Eypnn (1, d, T') contains
EwL(n,dr). Thereto, the following result shows that MPNNSs can compute the 1-WL feature vector.

Proposition 36. Let G,, be the set of n-order graphs and let S C G,,. Then, for all ' > 0, there exists a sufficiently wide
T-layered simple MPNN architecture mpnn,, : S — R<, for an appropriately chosen d > 0, such that, for all G € S,

mpnn,,(G) = qb\(qu) (@).

Proof. The proof follows the construction outlined in the proof of (Morris et al., 2023| Proposition 2). Let s := |.S|. Hence,
sn is an upper bound for the number of colors computed by 1-WL over all s graphs in one iteration.

Now, by |[Morris et al.| (2019, Theorem 2), there exists an MPNN architecture with feature dimension (at most) n and consisting

of ¢ layers such that for each graph G € S it computes 1-WL-equivalent vertex features fét) in R1" for v € V(G). That is,
for vertices v and w in V(G) it holds that

=1 = C1() = Cr(w).
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We note, by the construction outlined in the proof of Morris et al.| (2019, Theorem 2), that fqgt) , forv € V(G), is defined over
the rational numbers. We further note that we can construct a single MPNN architecture for all s graphs by applying |Morris
et al.| (2019, Theorem 2) over the disjoint union of the graphs in S. This increases the width from n to sn. We now show how
to compute the 1-WL feature vector of a single iteration ¢. The overall feature vector can be obtained by (column-wise)
concatenation over all layers.

Since the vertex features are rational, there exists a number M in N such that M - ft()t) is in N***" for all v € V(G) and
G € S, i.e., avector over N. Now, let

Ksn—l .. Ksn—l
W/ _ . . c Nsnszn
— : e : )
KO e KO

for a sufficiently large K > 0, then k,, := M - flgt)W’ , for vertex v € V(@) and graph G € S, computes a vector k,, in
N25" containing 2sn occurrences of a natural number uniquely encoding the color of the vertex v. We next turn k,, into a
one-hot encoding. More specifically, we define

b, = Isig(k, o (w")T + b),

where o denotes element-wise multiplication, with w” = (1, —1,1,—1,...,1,—1) € R*"and b = (—c; — 1,1 +1, —co —
Lico+1,...,—csn — 1,¢sn + 1) € RZ"with ¢; the number encoding the ith color under 1-WL at iteration ¢ on the set S.
We note that for odd ¢,

1 Clw) > ¢

0 otherwise.

(Wy)i = lsig(Cf (v) —¢; — 1) = {

and for even 7,
1 Clw) <e¢

hy)i = Isig(—Cy it1h)=
(hy) sig(—Cy (v) + ¢ +1) {0 otherwise.

In other words, ((hl);, ( ")ix1) are both 1 if and only if C} (v) = ¢;. We thus obtain one-hot encoding of the color C} (v)
by combining ((h);, (h])i+1) using an “AND” encoding (e.g., Isig(x + y — 1)) applied to pairs of consecutive entries in h.

That is,

1 0 0

10 0

0 1 0

h, = lsig| h., - 0 1 0 —(1,1,...,1) | e R*™

00 --- 1

00 --- 1
We obtain the overall 1-WL vector by row-wise summation and concatenation over all layers. We remark that, for a single
iteration, the maximal width of the whole construction is 2sn. O

By the above proposition, MPNNSs of sufficient width can compute the 1-WL feature vectors. Moreover, the normalization
can be included in the MPNN computation. Hence, we can prove the lower bound by simulating the proof of Theorem 2]
The upper bound follows by the same arguments as described at the beginning of Section [3] The above result can be easily
extended to the 1-WL z, implying Corollary

Corollary 37. Let G, be the set of n-order graphs, let S C G,,, and let F be a set of graphs. Then, for all 7" > 0, there exists
a sufficiently wide T-layered MPNN architecture mpnn,, : S — R<, for an appropriately chosen d > 0, such that, for all
Gels,

mpnn,,(G) = ¢ (G):
Proof sketch. By definition of the 1-WL r, the algorithm is essentially the 1-WL operating on a specifically vertex-labeled

graph. Since Morris et al.| (2019 Theorem 2) also works for vertex-labeled graphs, the proof technique for Proposition 36| can
be straightforwardly lifted to the 1-WLx. O
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We can also extend Proposition @] to the 1-WLOA and 1-WLOA £, i.e., derive an MPNN architecture that can compute
1-WLOA’s and 1-WLOA £’s feature vectors. By that, we can extend Proposition[d and Corollary [5|to their corresponding
MPNN versions.

Proposition 38. Let G,, be the set of n-order graphs and let S C G,,. Then, for all ' > 0, there exists a sufficiently wide
T-layered MPNN architecture mpnn,, : S — R<, for an appropriately chosen d > 0, such that, for all G € S,

mpnn,, (G) = ¢\(,$_)OA(G).

Proof. By Proposition there exists a T-layered MPNN architecture mpnn,, : S — R<, for an appropriately chosen d > 0,
such that, for all G € S, ™
mpnn,, (G) = ¢y (G)-

We now show how to transform ¢§_Tv\),L(G) into ¢\(NT|_2)A<G)~ We show the transformation for a single iteration ¢ < T, i.e.,
transforming ¢; 1.w (G) into ¢; 1-wioa(G). Let C' denote the number of colors at iteration ¢ of the 1-WL over all |.S| graphs.
Since n is finite, C' is finite as well. That is, ¢, 1.wi (G) has C entries. Hence, the number of components for ¢, wioa(G) is at
most Cn. By multiplying ¢; 1.w(G) with an appropriately chosen matrix M € {0, 1}6XC" we get a vector r € RE™,
where each entry of ¢ 1.w (G) is repeated n times. Specifically,

1 0 0
1 0 0
: 0
1 0 0
1 0
M=|01 0] {0,130,
0
0 O 1
0 0 1
0 0 :
0 O 1
Now let
b:=(1,2,...,n,1,2,...,n,...,1,2,...,n) € R™ and 7+’ :=sign(r —b).
Observe that ¥’ = ¢; 1.wioa(G), implying the result O

In a similar way as for Corollary 37} we can lift the above result to the 1-WLOA£.

Corollary 39. Let G, be the set of n-order graphs, let S C G,,, and let F be a set of graphs. Then, for all 7' > 0, there exists
a sufficiently wide T-layered MPNN architecture mpnn,, : S — R<, for an appropriately chosen d > 0, such that, for all
Gelb,

T
mpnn,,(G) = ¢ on, (). O
E.5. Increased separation power of the 1-WL

We now prove how more expressive architectures help to separate the data.

Lemma 40 (Proposition in the main paper). For every n > 6, there exists a pair of non-isomorphic n-order graphs (G,,,
H,,)) and a graph F such that, for 7 := {F'} and for all number of rounds 7" > 0, it holds that

Proof. Let G,, := Cy, a cycle on n vertices. Further, let H,, := Cf,,/2)UC|,, /2], a disjoint union of cycles on [n/2] and
|n/2] vertices, respectively. Since the graphs G, and H., are regular, 1-WL cannot distinguish them. Hence, the distances of

G (Gr) — o) (Ha) WO (Gn) — 84 7 (Hy)|| = V2.

=0, and ’

the two feature vectors </>\(NTL) (Gy,) and qﬁ\(,vj,i) (Hy) is zero. Moreover, by setting 7 := {C|,, /2| }, 1-WLz reaches the stable
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coloring at iteration ¢ = 0 on both graphs and distinguishes the two graphs. In addition, the feature vectors qSWL ]:(Gn) and
\(NTL) #(H,,) are orthonormal for all choices of 7' > 0, implying the result. O

Proposition 41. For every n > 6, there exists a pair of non-isomorphic n-order graphs (G,,, H,,) and set of graphs F of

cardinality one, such that, for all number of layers 7' > 0, and widths d > 0, and all m € MPNNm|p(d, T), it holds that

while for sufficiently large d > 0, there exists an 7. € MPNNy,, #(d, T), such that

m(Gy) — m(H,)| = V2.

Proof. We use the same graphs as in the proof of Lemma0] The first statement is a direct implication of Morris et al.
(2019} Theorem 1), i.e., any MPNN is upper bounded by the 1-WL in distinguishing vertices. The second statement follows
from Proposition [36/and Corollary That is, an MPNN r architecture of sufficient width exactly computes the 1-WL x
feature vectors for the graphs of Lemma40] as shown in the proof of Proposition [36] O

Proposition 42 (Proposition [9]in the main paper). For every n > 10, there exists a set of pair-wise non-isomorphic (at most)
n-order graphs S, a concept ¢: S — {0, 1}, and a graph F, such that the graphs in the set .S,

1. are pair-wise distinguishable by 1-WL after one round,
2. are not linearly separable under the normalized 1-WL feature vector (;5\(,3;_), concerning the concept ¢, for any 7' > 0,

3. and are linearly separable under the normalized 1-WL x feature vector ¢\(N7L) > concerning the concept ¢ and , for all
T > 0, where F := {F'}.

Moreover, the results also work for the unnormalized feature vectors.

Proof. We first outline the construction for the set S with |S| = 4. However, the construction can easily be generalized to
larger cardinalities. Concretely, we construct the graphs G, . .., G4. For odd 4, the graph G; consists of the disjoint union of
i isolated vertices and a disjoint union of cycles on [n/2] — 2 and [n/2] — 2 vertices. Set ¢(G;) := 0. For even i, the graph
G; consists of the disjoint union of ¢ isolated vertices and a cycle on n — 4 vertices. Set ¢(G;) == 1.

We proceed by showing items 1 to 3. Since the order of the graphs G'; to G4 is pair-wise different 1-WL pair-wise distinguishes
the graphs, showing item 1. We proceed with item 2. Since the disjoint union of cycles on [n/2] — 2 and |n/2] — 2 vertices
are 2-regular, the 1-WL cannot distinguish them. Therefore, the four 1-WL feature vectors have the following forms,

I (G) = (n—4,1,n—4,1,...,n—4,1),
W (Ga) = (n—4,2,n —4,2,...,n—4,2),
(Gg) = (n—4,3,n—4,3,...,n—4,3),
W (Ga) = (n—4,4,n —4,4,...,n—4,4).

Since, for each round ¢ > 0, the feature vectors have the form (n — 4,1), (n — 4,2), (n — 4, 3), and (n — 4,4), respectively,
the resulting four unnormalized 1-WL feature vectors are co-linear and, by the construction, of the concept c, they are not
linearly separable.

Note that, for each round ¢ > 0, the feature vectors only differ by at most 3 in the second components. Hence, their respective
{5 norms are controlled by n, and their respective /5 norms are also close. For a single iteration, when projecting the feature
vectors onto the 1-dimensonal unit sphere, by dividing by their respective {5, the lexicographic order is preserved on the
unit sphere, making them not linearly separable. For ¢ > 1, notice that the vectors are just concatenations of the above.
We can write the original vectors for ¢ = 0 as g1, g2, g3, and g4 and for larger ¢t > 0 as [g1,...,91],--, (G4, -- -, Ga]-
Assume, for ¢ > 0, that the aforementioned vectors are linearly separable by a hyperplane 0 = wTx + b, then, by
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definition, we can decompose w = [wg, wy, . . ., w;] such that (sign(ZZ;O w]g; +b) +1)/2 = ¢(g;) and by construction
ZZT owlg;i+b= (ZZT o w;)Tg; + b. Thus, such w and b would verify that g1, . .., g4 are linearly separable, which is
impossible. This implies that even for larger t > 0 ¢(T)( G1),..., qb\(NT,_) (G4) are not linearly separable.

For item 3, we set F := {C,_4}, the cycle on n — 4 vertices. Observe that the 1-WL x feature vectors at 7' = 0 for all four
graphs have three components. Concretely,

(0)

WL }‘(Gl) =(1,0,n—4),
WL]—'(G2) (2,n —4,0),
WL]—"(GS) (3,0,n —4),
¢W|_f( 1) = (4, ;0).

Further, note that, for all four graphs, 1-WL r reaches the stable coloring at 7" = 0. Hence, for all T > 0, the four vectors are
linearly separable concerning the concept c. Further, by dividing by their respective /5 norms, this property is preserved. That
is, for graphs with class label 0, the first and third graph, third component of the 1-WL feature vectors are equal to (n — 4)
while for the other two graphs, this component is 0. Hence, we can easily find a vector w € R? that linearly separates the
normalized 1-WL feature vectors. O

Proposition 43. Let n > 6 and let F be a finite set of graphs. Further, let ¢: G,, — {0, l}ie a concept such that, for all

T > 0, the graphs are not linearly separable under the normalized 1-WL feature vector ¢\(,a_), concerning the concept c.
Further, assume that for all graphs G € G,, for which ¢(G) = 0, it holds that there is at least one vertex v € V(G) such it is
contained in a subgraph of G that is isomorphic to a graph in the set F, while no such vertices exist in graphs G for which

¢(G@) = 1. Then the graphs are linearly separable under the normalized 1-WL z feature vector ¢\(NTL) - concerning the concept
c.

Proof. By assumption, for graphs G with ¢(G) = 0 it holds that there exists an index ¢ > 0 such that ¢WL #(G)i # 0 while

for all graphs H with ¢(H) = 1 it holds that quWL #(H); = 0. Without loss of generality, assume this is the case for i = 0.
Hence, for all T > 0, we can find a vector w := (1,0, ...,0) € R? with an appropriate number of components d and C' > 0

such that
(T) >C, if C(G) =0,
) G))=
(.o +(6)) {< C, ife(G)=1.

Hence, the data is linearly separable by the 1-WLx for T' > 0, showing the result. O

E.6. Results on shrinking the margin

Here, we prove negative results, showing that using more expressive architecture can also decrease the margin.

Proposition 44 (Proposition [10|in the main paper). For every n > 10, there exists a pair of 2n-order graphs (G,,, H,,) and a
graph F, such that, for 7 := {F'} and for all number of rounds 7" > 0, it holds that

Proof. Let G, be the disjoint union of a complete graph on n vertices K, and n isolated vertices. Further, let H,, be the
disjoint union of the complete graph on three vertices K3, the cycle on (n — 3) vertices C,,_3, and n isolated vertex. By
construction and definition of the 1-WL feature vector, for 7" > 0,

\(NTL)(G,,) = (2n,n,0,n,...,n,0,n) € R**3T and

\(,\,7,1) (H,) = (2¢,0,n,n,...,0,n,n) € R¥*3T,

W (Gr) — b #(Hy) G (Gr) — o) (H)||.

<

Moreover, by setting F := {C3} and by definition of the 1-WL z feature vector, for T > 0,
\(N,ZL)"F(GH) = (0’ 2”’ n, 07 07 n,...,n, 0, 07 n) S R2+4T and
\(NTL),f(Hn) =(3,2n—-3,0,n—3,3,n,...,0,n —3,3,n) € R2TT.
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Since V2n2 = v/2n > /3 - 32 + n2 + (n — 3)2 for n > 10, the statement is clear for the unnormalized 1-WL feature vector
is clear. Now, for the normalized 1-WL feature vector, the component counting the n isolated vertices in each iteration 7' > 0

will sufficiently downgrade the (constant) contribution of the 1-WL z feature vector for iteration 0, leading to a larger /5
distance of the 1-WL feature vectors for iterations 7" > 0. That is, for the first two iterations ||¢(1)( Gn)— \(,\}L) (Hp) || = v/?/s,
which, is always strictly larger than ||¢WL #(Gn) — \(,\}L) #(Hy)||, which can be verified by tedious calculation. The argument
can be extended to iterations ¢ > 1. O

E.7. Results on growing the margin
We now prove results showing that more expressive architectures often result in an increased margin.

Proposition 45 (Proposition [IT]in the main paper). Let n > 0 and G,, and H,, be two connected n-order graphs. Further, let
F = {F} such that there is at least one vertex in V' (G,,) contained in a subgraph of G,, isomorphic to the graph F'. For the
graph H,,, no such vertices exist. Further, let 7" > 0 be the number of rounds to reach the stable partition of G,, and H,
under 1-WL, and assume

(SS(G), 1), (58 (H,),0) is (r1, Ay )-separable, with A; < v/2n.

Then,
(¢\5\§FL?;(G7L), 1), ((b\s\,fi)’f(Hn), 0) is (12, A2 )-separable, with ro < ry and Ay > Aq.

Proof. First, by assumption, there exists a vertex v € V(G,,) that, by definition of the 1-WL z, gets assigned a color at
initialization of the 1-WL x that never gets assigned to any vertex in the graphs G,, and H,, under the 1-WL. Secondly, since
the graphs G,, and H,, are connected, at the stable partition of GG,, and H,, under 1-WL £, it holds that

(0F,1(Gn), ¢Fr(Hy)) =0,

i.e., the feature vector of G,, and H,, under 1-WL are orthogonal. Hence, the /5 distance between the two vectors is
v ||¢f 7(Gn)|? + |07, r(Hy) distance is minimized for minimized norms,
which, since the sum of all elements is n and all elements are in N, is minimized for || ¢ 7(G,)||> = n = ||¢7.7(H,)|>
Thus the above ¢4 distance is at least v/2nm and

(¢077(Gn),1), (97 7(Hy),0) is (n, V2n)-separable.

We now just need to lower-bound by how much previous iterations can decrease this distance. Again, since GGy, is connected,
we know that at every iteration ¢ < T, one vertex in the graphs GG,, gets assigned a color that never gets assigned to H,, under
the 1-WL £. Since we want to lower bound the /5 distance between feature vectors between 1-WL = for all iteration 7 < T,
we can assume that for the graph G,,, the normalized 1-WL z feature vector has the form (n — (i + 1),7 + 1), since this
maximizes the ¢5 norm of the vector. For the graph H, we can assume the form (n, 0), again maximizing the vector’s {5
norm. For simplicity, we can assume that their ¢, distance is 0. By applying Proposition[20] 7" times iteratively, it follows that

(¢\(NT|_)J(G) )(¢w|_;( 1), 0) is (VT'n, v/2n)-separable.

Due to Proposition we can further reduce the radius v/T'n to be ro9 < 11, since the colors under 1-WL = are finer than
under 1-WL. Hence, by assumption, Ao > v/2n > A; and the result follows. O

Notice, that under mild assumptlons due to Theorem [27]and Theorem [28] Proposition [#5]implies that the VC dimension for

the 1-WL r decreases, since /\2 > and thus generalization improves.

/\29

Growing the margin for 1-WLx and 1-WLOA+ It is challenging to improve Proposition i.e., to derive weaker
conditions such that 1-WL x provably leads to an increase of the margin over the 1-WL kernel. This becomes more feasible,
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however, for the 1-WLOA r kernel. First, note that for two graphs G and H, it holds that

kwoa(GLH) = Y min(¢y(G)e, di(H).)

te[T)U{0} ce Xy

= Z ZZ% )e>jng:(H)o>j (©6)

e[T|u{0} ce Xy j=1

= > ZZ%(G)@;’%AH)@'-

te[T)U{0} ce Xy j=1

Equation (6) provides an intuition for the feature map of the kernel kwioa, namely, a unary encoding of the count for each
color in each iteration. Such a feature map is quite natural as the inner product between unary encodings of a and b is the

minimum of a and b. This also implies that, for a graph G € G,,, it holds that ||¢\(N7L)OA(G) || = VTn, ie., we can easily bound
the norm of the feature vector.

Now, the 1-WLOA simplifies the computation of distances between two graphs G, H € G,,, since

H(ZS\(/\?;_)OA( (ZSWLOA H - \/Hgb\(N,II:ZDA + H(bWLOA )H2 - 2¢ﬁ%A(G)T¢$gA(H)

= \/2T” k\%})A(Gv H).

Therefore, due to the monotonicity of the square root, margin increases are directly controlled by the kernel value kWLO A(G, H).
For the 1-WLOA £, since by Proposition[23]the 1-WL » computes a finer color partition than the 1-WL, pairwise distances can
not decrease compared to the 1-WLOA, resulting in the following statement.

Proposition 46 (Proposition [I2]in the main paper). Let F be a finite set of graphs. Given two graphs G and H,
T T T T
| 660on, (6 = Blion ()| = || 8656 (@) = iton (D) m

Proof. Consider Proposition [23]applied to the disjoint union of G and H, which implies that any color class ¢ in G or H after
t < T steps of 1-WL gets refined to be finer, i.e., ¢ = | J ; ¢; for some color classes ¢; in G or H after t steps when applying
F. Note also that each color class is naturally partitioned into subsets in G and H. This then implies that 1-WLOA can only
increase the pairwise distance when JF is added. Note that for any color class ¢ shattered into ¢y, . .., cy as above,

f f
G)c = Z¢f,t(G)Cj7 ¢t(H)C = Z¢f,f(H
j=1 j=1

This trivially implies that ;
Zmin(¢?,t(G)cja¢f,t(H)cj) < min(¢y(Ge, ¢r(H)e)-
Which, since it holds for all colo; classes, implies
Ko, 7 (G- H) < kyioa(G. H)

\/ 2Tn — 2k b (G, H) > \/ 2Tn — 2k LA (G, H)

) 2|

T T
H¢WLOA,}'( ) - ¢\(NL2)A J—‘ ‘¢WLOA ¢WLOA )H

This concludes the proof. O

We now look into conditions under which the 1-WL r and 1-WLOA x provably increase the margin. The first result that we can
directly state that holds for both 1-WL z and 1-WLOA £ is the following direct application of Proposition [T9]
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Theorem 47. Let (G1,41), ..., (Gs,ys) in G, x {0,1} be a (graph) sample that is linearly separable in the 1-WLOA feature
space with margin ~. If

mm qu)WLOA #(Gi) — ¢V\?I10A,F(Gj)H H¢WL0A \(/VTIZZDA<Gj)“
max H¢WLOA #(Gi) - \(la_)cm #( H - H¢WLOA \(NIL)OA(GJ')‘ 27

that is, the minimum increase in distances between classes is strictly larger than the maximum increase in distance within
each class, then the margin A increases when JF is considered.

Proof. Direct application of Propositionby considering x; = ¢\(,\7|:2)A(Gi) and &; == ‘b\(/\BJA, 7(G). O

In fact, for the pairwise distances to increase strictly, we can use the following equivalences. Let C'z(c) be the set of colors
that color ¢ under 1-WL is split into under 1-WL£. Le., $:(G). = Zc,ecf(c) Ori(Q)er.

Proposition 48 (Implies Proposition [[3]in the main paper). The following statements are equivalent,

T T T
H(b\(NLZ)A]-' (G) — \(NLOA]-' H = H‘b\(NL)OA \(NL)OA(H)H‘

k\(NTLZ)A #(G H) = kWLOA(GvH)'
3. Vi€ [T]U{0},Ve € £ min(9(@)e, oe(H)e) = Yurecy (o min(@r, (G)ers 6.0 (H)or).
4.Vt e [T] @] {0},VC € Zt : ((bt(G)c Z ¢t(H)c <~ VCI S C]—'(C) : (b]:,t(G)c’ 2 qb}"t(H)c/).

Proof. (1) <= (2): This equivalence follows from the formulas for the kernel obtained in Section 3.3] Indeed

T T
Fgyon. 7 (G, H> = Ky on(G, H)

\/QTn 2k o (G, H) \/ 2T — 2k oa (G, H)
i Sectlonlm

T
WLOA \(NLZDA (H> ‘ ’ :

H(bWLOA]-‘ G) - WLOAF H = ‘
(2) <= (3): Indeed, we have

Fon, (G H) = ki oa (G, H)
{ (by definition)

>0 min(¢(Gedi(H)e) = > > Y min(¢r (G, dr(H)L).

te[T)U{0} ceXy te[T)|U{0} ceXt '€Cr(c)

Furthermore, by the proof of Proposition 46

Vit e [T]U{0},c € 5y min(¢y(Ge, dr(H)e) > > min(dr.i(G),, dr.e(H)S).
c'eCr(c)
Hence,
Fon 7 (G H) = ki oa (G, H)
i
Vte [TIU{0},Ve e Xy min(¢y(G)e, ¢e(H)e) = Y min(¢ri(G)er, or.e(H)o).

c'eCx(c)
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(4) = (3): Assume (4) to be true, i.e.,
Vt S [T] U {0},VC S Et . ¢t(G)c Z (bt(H)c < VC/ S C]-‘(C) . qb}"t(G)C/ Z ¢f,t(H)c’~
Consider any t € [T] U {0} and ¢ € X}, and assume, without loss of generality,

¢¢(G)e = ¢e(H)e,

then by assumption
VC/ (S C]—‘(C) : ¢F,t(G)c’ > ¢]—‘7t(H)C/.

This implies
min(¢y(G)e, o¢(H)e) = ¢e(H)c,
and
Ve € Cr(e): min(¢y(G)e, ¢e(H)er) = do(H)e,
and thus,

Vit e [TTU{0},Ve € Xy : min(¢y(G)e, e (H)ce) = ¢u(H)e

= > oru(H)

c’eCr(c)

= > min(ér(G)e, dru(H)e).

¢/ €Cr(c)
(3) = (4): Assume (4) to be false, i.c.,
Jt e [T)U{0},3ce 23 € Cr(e): (¢1(G)e > ¢1(H)e Ao +(G)e < dx1(H)er)
v((bt(G)C S ¢t(H)c A (b]:,t(G)c’ > ¢]"7t(H)c’)~

Without loss of generality, assume ¢4 (G)e > ¢r(H)e A 05 1(G)e < ¢F +(H)e . This implies

min(¢¢(Q)e, ¢e(H)e) = ¢r(H)e,

and

Z min(¢r +(G)er, dr+(H)er)

c""eCr(c)

=min(¢r (G)er, dF(H)er) + Z min(¢r ¢(G)er, oF,(H)er)

" €Cx(c),cl" e
= dri( @+ Y min(bri(G)er, dri(H)er)
" €Cx(c),c!" e
< 9Fi(G)e +min(¢(G)e — 97 +(G)er, ¢e(H)e — ¢F ¢ (H)er)
= ¢Fi(Q)e + ¢t(H)e — ¢F(H) e
< ¢t(H)e = min(¢¢(G)e, ¢ (H)e),

proving that (3) is false if (4) is false and by contraposition (3) = (4).

Corollary 49. For n > 8, there exists a graph sample (G1,¥1), - .., (Gs,ys) € Gn x {0, 1} and F such that

LVijelsly=y; = Hd)WLOA]-' i) — \(NILZ)AJ-' H = Hd’WLOA \(/\IIL)OA(G]')H'
2. Vi,j € [s]:yi # yj H¢WLOA #(Gi) = ¢WL0A}‘ H(bWLOA ¢\(IV7£)OA(Gj) .
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Proof. In this proof, we will construct two graphs, i.e., s = 2, such that the above conditions hold. Note that the above
conditions are the conditions from Proposition 48| and Proposition I3} thus, we can and will use their equivalent notions.

The graph sample will be (G1, 1), (G2,0) € Gg x {0, 1}. For both graphs, we start with the 8-cycle Cy and add edges. For
G1 we add all skip-lengths of 2, so G1 = ([8],{(¢,7+ 1 mod 8) | i € [8]} U{(¢,i +2mod8) | i € [8]}). As for Ga, we
add all skip-lengths of 3, so G :== ([8],{(¢,i+ 1 mod 8) | i € [8]} U {(¢,7+ 3 mod8) | i € [8]}). Note that G contains
triangles, while G2 does not. Also, note that both graphs only have one orbit (verified by the permutation in cycle notation
(1,2,3,4,5,6,7,8)). Consider F := {C5} to contain a triangle.

Notice that the first condition is true since we are considering one graph of each class and thus G; = G;. As for the second
condition, we will consider the equivalent notion that

dt e [T] U {O}HC ISP _‘(qbt(G)c > ¢t(H)c — Vc € C]:(C) : ¢f,t(G)c’ > (b]:,t(H)c’)-

We must prove this statement to be true for our construction. Consider ¢ = 0, ¢ to be the color that all nodes in G; and G5 are
colored (not considering F) and let ¢’ be the color of being contained in a triangle (considering F). Then by definition

&1(G1)e < 01(G2)e N dF4(Gr)er > dF1(Ga)er

The first inequality holds since they are in fact equal n = ¢;(G1). < ¢+(G2). = n and the second holds, since all nodes in
G are contained in triangles and no nodes in G5 are contained in triangles and thus n = ¢ 1(G1)e > ¢F(G2)e =0
which proves the statement above is true.

This construction can be extended such that both classes contain more than one graph by considering n-order 4-regular
graphs, where one class contains graphs where all nodes are contained in triangles, and the other class contains graphs where
no node is contained in a triangle. By definition, the first condition will always hold since the graphs in each class cannot be
distinguished by 1-WL or 1-WL £, i.e., the intra-class distances will be 0 regardless of considering F. O

F. Large margins and stochastic gradient descent
We present the proofs of our main results from Section[d] i.e., Theorem [57)and Theorem [60} We will need some supporting
lemmas, which we state and prove next. We note that the proof structure is close to the one in|Ji & Telgarsky|(2019).
F.0.1. SETUP
Recall that we consider linear L-layer MPNNs following Section [2| with trainable weight matrices W (%) ¢ R®%*di-1,
Moreover, in our linear MPNN, after L layers, the final node embeddings X () are given by

XD =wBw-D . wlx© 4/ (G)F,
where A’(G) = A(G) + I,,, I, € R"*" is the n-dimensional identity matrix, and X = X (%) is the dy x n matrix whose
columns correspond to vertices’ initial features; d = dj.

These node embeddings are then converted into predictions

= READOUT (X)) = Xy, = wOw =D ... w X0 4'(G)F1,,.

In our analysis, we will often need to reason about the singular values of the weight matrices. For j = 1,2, ..., L, we let
o;(t) denote the largest singular value of W()(¢), and we let u(t) and v(t) denote the left-singular and right-singular
vectors, respectively, corresponding to this singular value.

Recall that the training dataset is {(G;, X;, v;)}¥_,, where X; € R%*"i is a set of d;-dimensional node features over an
n;-order graph G; with |V (G;)| = n;, and y; € {—1,+1} for all 4. Also, we write d = dj for the input node feature
dimension. We further recall that the loss function ¢ satisfies the following assumptions.

Assumption 14. The loss function £: R — R has a continuous derivative ¢’ such that ¢'(z) < 0 for all z, lim,_, o £(z) =
00, and lim, o, £(x) = 0.
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The empirical risk induced by the MPNN is

R(W(L), . W(l)) = 2(yi, Us)

| =
gk

1

-
Il

E(prdZ A (G ) 1n, )

Il
T =
]~

=1

where Wy0q = WEOWED ... W) and Z; = y; X;.

For convenience, it will often be useful to write R as a function of the product W,,44. Let R be the risk function R written
as a function of the product W44, i.€.,

1

k
Rl prod % Z prodZ A (G ) nL)

We will consider gradient flow. In gradient flow, the evolution of W = (W (L) W(=1 W) is givenby {W (t): t >
0}, where there is an initial state W(0) at ¢t = 0, and
dW ()
dt

= —VR(W(t)).

Note that gradient flow satisfies the following:

AR(W (1)) AW (1) L 2

i = (VRO G ) = IvRWIE =3

which implies that the risk never increases. The discrete version of this is given by

W(t+1)=W(t) —nVR(W (1)),

@)

OR
oW ()

which corresponds to gradient descent with step size 7. Recall that we make the following assumption on the initialization of
the network under consideration:

Assumption 15. The initialization of W at t = 0 satisfies VR(W (0)) # R(0) = £(0).

F.0.2. LEMMAS AND THEOREMS

The proof structure of our main theorems largely follows that of Ji & Telgarsky|(2019), except with the main change that
x; — X;A'(G)F1, and z; — Z; A'(G)F1,,. Many of the lemmas follow directly from the relevant lemma in Ji & Telgarsky
(2019) with this transformation; we therefore defer to their proofs for a number of lemmas.

We start with a lemma that relates the weight matrices at successive levels to each other under the dynamics of gradient
flow. This is essentially Theorem 1 of |Arora et al. (2018) applied to our setting—our R; and R correspond to L' and L%,
respectively, in the aforementioned work.

Lemma 50 (Theorem 1 in|Arora et al.[(2018)). (W UT)T()W G+ () — W) (#)(W @) (¢t) is a constant function of ¢.

Proof. Foreachj =1,2,...,L,

L Jj—1
IR ; dRy L)y (L1 1
- H (W(l))T.i(W( Tw =1 . )). (W() T
oW ) =11 derod i=1
Hence, W) = dW jq given by

W<J’> = —VR(W(t))

L J
= H (W(i) ()T - %(W(L)(t)w([f_l)(t) e W(l)(t)) . (W(i)(t))p
i=j+1 i=1
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Right multiplying the equation for j by (W ©))T(#) and left multiplying the equation for j + 1 by (W +1)T(#), we see that
(WUt T WU () = WO (1) (W) T(¢).
Adding the above equation to its transpose, we obtain
(WU TW D (1) 4 (WUENTy WD (1) = WO ) (WO T (8) + WO (1) (WD) T(¢).

Note that this is equivalent to

d : . d . ‘
p (W(J+1))T(t)W(J+1)(t):| = [W(]+1)(t)(W(J+1))T(t) ,
which implies that (WU T()W G+ (1) — WU+ (£)(WU+1)T(¢) does not depend on ¢, as desired. O

For the remainder of this section, let B(R) denote the set of W = (W (E) W (=1 W 1)) for which each component
is bounded by R in Frobenius norm, i.e.,

B(R)={W: max |[WU|p<Rp.
1<j<L

We now present the following lemma, which shows that the partial derivative of the risk function with respect to the first
weight matrix W () is bounded away from 0 in the Frobenius norm.

Lemma 51. For any R > 0, there exists a constant eg > 0 such that for any ¢ > 1 and
(WL (), WE=D(1),... WO(t)) € B(R), we have ||OR(t) /OW D ()| r > er.

Proof. The lemma is the same as the first part of Lemma 2.3 in (Ji & Telgarsky, [2019)). Therefore, we defer to the proof
there. O

Our main interest in Lemma[51]is that it allows us to prove the following important corollary, which establishes that under
gradient flow, the weight matrices grow unboundedly in Frobenius norm and do not spend much time inside a ball of any
fixed finite radius.

Corollary 52. Under gradient flow subject to Assumption [14]and Assumption[15] {t > 0: W (t) € B(R)} has finite
measure.

Proof. The corollary corresponds to the second part of J1 & Telgarsky| (2019). We reproduce the proof here. Note that since
dR(W (1))/dt = —||[VR(W (¢))||% < 0 for all ¢ > 0 (see Equation ),

* dR(W (1)
- [

:/ooo’gv%%
s [ L
:/0 ;
> [ oot
> [ awors

> (P [ W e B

R(W(0))

2

F

AR(t)

WO (1)

2

dt

F
2

dt
F

2
dt

F

where the final implication holds due to Lemma[51] Since R(W (0)) is finite, this implies that {¢ > 0: W (¢) € B(R)} has
finite measure. [
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We now define the following notation for convenience:

By (t) == WO ) (WD)T(t) - WID () (WUHD)T(¢), and

L—1
D= ((max [WOOI ) - WO+ 3 18,0013
<i< j=1

While the previous corollary allows us to show the unboundedness of the weight matrices in the Frobenius norm, we often
need to reason about the weight matrices in the standard operator norm. The following lemma shows that the two norms can
not differ by too much.

Lemma 53. Forevery 1 <i < L, we have [W®|2 — |W® |2 < D.
Proof. A proof appears in (J1 & Telgarskyl [2019); see part 1 of Lemma 2.6. O

The next lemma is the key to establishing the “alignment” property. Roughly speaking, it establishes that the largest left
singular vector of a weight matrix gets minimally aligned with the largest right singular vector of the weight matrix in the
successive round of message passing.

Lemma 54. Forall 1 < j < L, we have

_ DA [WD(0))3 + WU (0)]3

2
Uj+1

(j1,u5)% > 1

Proof. Once again, the proof appears in (J1 & Telgarsky, 2019) (see part 2 of Lemma 2.6). [

The previous two lemmas can be used to establish the following lemma, which shows that each (normalized) weight matrix
tends to a rank-1 approximation given by its top left and right singular vectors, and the (normalized) partial product of weight
matrices tend to the relevant right singular vector of the final weight matrix in the product. We note that the first part of the
lemma appears in Theorem 2.2 of (Ji & Telgarsky, 2019); however, the second part does not appear explicitly in their work
(although the proof is similar to the third part of Lemma 2.6 in (Ji & Telgarsky, 2019)). Therefore, we provide the proof
below.

Lemma 55. Suppose min; <<y, [|[W ) (¢)||r — oo ast — oo. Forany 1 < j < L, we have,

s WO /|[WD(#)||r — wj(t)v;(t)T ast — oo.
e Also, .
WE W ED (1) ... W) (¢)
WO @)W ED @) [WO ()]

’Uj(t) —1
ast — oo.

Proof. Since |[WU)(t)|r — oo, Lemmaimplies that, as t — oo, |[WU)(t)s — oo, and, moreover, the singular values
of WU)(t) beyond the top singular value are dominated by ||W ) (t)| z. Thus, W) (2)/|W W) (t)||p — wu;(t)v;(1)T,
which establishes the first part.

For the second part, note that by Lemmaand the fact that o; = |[W ) ()2 — oo, we have that | (u;(t), v;11(2))] — 1.
Hence, for any j, we have
wOw =1 . W)
v,
W D[ p|[WE=D - WO

— |(uro]) - (u;v] )|

= |lur(vur 1) (v], u;)(v]v;)|
— |uL|
=1

as t — oo, which completes the proof. O
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The following theorem shows that under gradient flow, the risk goes to zero as ¢ — oo, while the Frobenius norm of each
weight matrix tends to infinity. The theorem corresponds to parts 1 and 2 of Theorem 2.2 in|Ji & Telgarsky|(2019); therefore,
we defer to the proofs there.

Theorem 56 (Parts 1 and 2 of Theorem 2.2 in (Ji & Telgarsky}, 2019)). We have the following:
o limy_oe R(W(2)) = 0.

e Foralli=1,2,..., L, we have lim;_,, | W@ (t)||r = cc.
Proof. See the proof of parts 1 and 2 of Theorem 2.2 in (Ji & Telgarsky, [2019). O

Our main alignment result for linear MPNNSs is the following, whose proof follows easily from the previous lemmas.

Theorem 57. Suppose Assumption and Assumptionhold. Let u;(t) € R% and v;(t) € R%-1 denote the left and right
singular vectors, respectively, of W (9 (¢) € R%*di-1 Then, we have the following using the Frobenius norm ||-|| ¢

e Forj=1,2,...,L, we have
W(j)(t)

s ~womer| o

F

e Also,

t—o0

" <<W(L)(t)...W(1)<t))T . >‘ .
I wowls

Proof. Note that by Theorem we have that | W @)|| , — oo for every j. Thus, the first part of Lemma implies the
first part of the theorem. Note that setting j = 1 in the second part of Lemma [55]implies the second part of the theorem,
completing the proof. O

F.0.3. MARGIN
We now state results on the margin.

Lemma 58. Suppose the data set {(X;,;)}¥_; and G; on n; nodes are sampled according to Assumption Let
S C {1,2,...,k} be the set of indices for support vectors. Then,

min max(¢, Z;A'(G;)F1,,) > 0 8
<|\€g|\2>:1 i€S ¢ (Gi)"1n,) ®)
@)=0

with probability 1 over the sampling.

Proof. First, we note that there are s < d support vectors; furthermore, each support vector Z; A’(G;)*1,,, has a correspond-
ing dual variable «; that is positive, so that

ZaiZiA/(Gi)Llni = u. (9)

i€s
This follows from |Soudry et al.|(2018) (see Lemma 12 in Appendix B), which was also used by |Ji & Telgarsky|(2019)).

Next, assume for the sake of contradiction that there exists £ with ||€||2 = 1 and (€, @) = O but

! L
max 7. A'(G; N <0.
1<i<k<£7 7 ( 2) 1n1> =
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Then, note that

0= <£a ﬁ’)
icS
= i€, Z:A (G 1,,)
ic€S
<0.

This implies that <§, Z; A (Gi)L1,Li> = 0 forall ¢ € S, which contradicts our assumption that the support vectors span the
entirety of R?. This completes the proof. O

Lemma 59. Suppose Assumptionholds. Let £ be the exponential loss given by £(z) = e~. For almost all data, if w € R?

satisfies (w, u) > 0 and w, the projection of w on to the subspace of R¢ orthogonal to u, satisfies ||w= ||z > %n(k), then
(wt, VR(w)) > 0 (recall a from Equation @)).

Proof. Letv; = Z;A'(Gj)*1 = y; X,; A’(G;)L. Moreover, for any z € R? let z = zll + 21, where 2/l is the projection

of z on to w and 2 is the component of 2z orthogonal to u. Let j' = arg max;e s{—wt, v;) (recall that S is the index set
for support vectors).. We note that —(w™*, vj;) = —(w™, v;/) > allw" ||, where a is the quantity on the lefthand side of (8).
Observe that

k
1
=Y exp(—{w,v) - (w v
i=1
1 1
= _Eexp(_<wavj’>) ! <wL7UJJ'7> - g Z exp(_<wvvi>) ’ <wJ_aviL>’ (10)
1<i<k
(whv)>0
The first term on the righthand side of (I0) can be bounded as follows:
1 1
2 exp(—(w,v;)) - (W, vf) = — exp(—(w,v)) — (w,v7)) - (wv)
1
= 7% exp(7<’w“,v]”,>) eXp(7<’LUJ',’UJJ47>) ! <wla /U]%>
1
> 2 exp(—(w, yu)) exp(afw]) - alJw]. (1D
For the second term in (T0), we have
1 1 _ _
>, —pe-lwe))-whel) = 30 —pexp(—(w @) exp(—(w,vi —y@) - (wv7)
1<i<k 1<i<k
<wl"”iL>20 <'wlfvz‘L>20
1 _
> Y g em(—{wym)exp(—(whvh) - (w v
1<i<k
(whv)>0
> Y pew(-{w ) (e
1<i<k
(w0 >0
> exp(—(w, yw)) (=), (12)
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since ze~% < —e~! for x > 0, and the assumption (w, ) > 0 along with the fact that v; has margin at least - implies that
(w,v; —yu —vit) > 0.

By plugging (TT)) and (12) into (T0), we obtain
1
(w, VR(wT)) > exp(—(w, ya)) | - exp(afw™]) - afw™| - e,

Finally, note that since ||w™| > (1 + In(k))/c (by the assumption in the lemma), + exp(a/|w™||) - afw* || —e~! >0,
which completes the proof.

Our main theorem establishes the convergence of linear MPNNSs to the maximum margin solution.

Theorem 60 (Convergence to the maximum margin solution). Suppose Assumption [[4]and Assumption[I7]hold. Then, for
the exponential loss function £(z) = e~ *, under gradient flow, we have that the learned weights of the MPNN converge to the
maximum margin solution, i.e.,

i WE W ED () ... W (1)
11m
t=oo [WE @) pl|[WED ()| - - WO ()| p

=u.

Proof. The proof follows that of Theorem 2.8 in (Ji & Telgarskyl, 2019), except that one uses Assumption|l7|along with
the transformations z; — X;A’(G)’1, and z; — Z;A’(G)*1,,, where the relevant support vectors are of the form
Z;A'(G)F1,,. The proof follows similarly from Lemmaas in (Ji & Telgarsky, 2019). O

G. Additional experimental details, data, and results

Here, we outline additional details on the experiments and state more experimental results.

G.1. Datasets

We used the well-known graph classification benchmark datasets from Morris et al.| (2020a); see Table for dataset statistics
and propertiesE] Specifically, we used the ENZYMES (Schomburg et al.,[2004; Borgwardt & Kriegel, 2005), MUTAG (Debnath
et al., 1991} Kriege & Mutzel, 2012), PROTEINS (Dobson & Doig| 2003 Borgwardt & Kriegell [2005), PTC_FM, and
PTC_MR (Helma et al.l 2001) datasets. To concentrate purely on the graph structure, we omitted potential vertex and edge
labels. Moreover, we created two sets of synthetic datasets. First, we created synthetic datasets to verify Proposition [0}
We followed the construction outlined in the proof of Proposition[0]to create 1000 graphs on 16, 32, 64, and 128 vertices.
Secondly, we created 1000 Erdés—Rényi graphs with 20 vertices each using edge probabilities 0.05, 0.1, 0.2, and 0.3,
respectively. Here, we set a graph’s class to the number of subgraphs isomorphic to either C5, Cy, C5, or K4, resulting in
sixteen different datasets.

G.2. Graph kernel and MPNNs architectures

We implemented the (normalized) 1-WL, 1-WLOA, 1-WL £, and the 1-WLOA r in Python. For the MPNN experiments, we
used the GIN layer (Xu et al.,[2019) using reLU activation functions and fixed the feature dimension to 64. We used mean
pooling and a two-layer MLP using a dropout of 0.5 after the first layer for all experiments for the final classification. For the
MPNN r architectures, we encoded the initial label function [+ as a one-hot encoding.

G.3. Experimental protocol and model configuration

For the graph kernel experiments, for the 1-WLOA variants, we computed the (cosine) normalized Gram matrix for each
kernel and computed the classification accuracies using the C-SVM implementation of LIBSVM (Chang & Lin, [2011)). Here,
a large C enforces linear separability with a large margin. We computed the /> normalized feature vectors for the other
kernels and computed the classification accuracies using the linear SVM implementation of LIBLINEAR (Fan et al.| [2008)). In
both cases, we used 10-fold cross-validation. We repeated each 10-fold cross-validation ten times with different random
folds and report average training and testing accuracies and standard deviations. We additionally report the margin on the

2All datasets are publicly available at www . graphlearning. iol
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Table 2: Dataset statistics and properties.

Properties
Dataset
Number of graphs  Number of classes/targets & Number of nodes & Number of edges

ENZYMES 600 6 32.6 62.1
MUTAG 188 2 17.9 19.8
PROTEINS 1113 2 39.1 72.8
PTC_FM 349 2 14.1 14.5
PTC_MR 344 2 14.3 14.7

Table 3: Mean train, test accuracies, and margins of kernel architectures on ER graphs for different levels of sparsity and
different subgraphs. NLS—Not linearly separable. NB—Only one class in the dataset.

Edge probability
Sub: h Algorith
uberaph Algoritim 0.05 0.1 02 03
1-WL 94.2 +1.7 88.6 +0.7 NLS 96.3 +4.6 42.12 +1.7 0.013 +0.001 44.1 +12.4 11.2 + NLS 38.4 +5.06.99 +1.1 NLS
C. 1-WLOA 100.0 +0.0 87.9 +0.1 DNC 100.0 +0.0 44.6 +1.1 DNC 100.0 +0.0 11.5 +0.9 DNC 100.0 +0.0 5.2 +0.3 DNC
3 1-WLx 100.0 +0.0 100.0 +0.0 0.037 +0.0 ~ 100.0 0.0 99.7 +0.1 0.009 < 0.001  100.0 +0.0 100.0 +0.4 0.002 < 0.001  99.1 +0.2 64.7 +0.8 0.001 < 0.001
1-WLOA 100.0 +0.0 98.6 +0.0 DNC 100.0 +0.0 93.8 +0.3 DNC 100.0 +0.0 42.0 +1.0 DNC 100.0 +0.0 7.4 +0.2 DNC
1-WL 95.1 £1.092.3 +0.2 NLS 89.7 +£3.9 46.8 +0.8 NLS 48.7 £10.1 5.4 +0.5 NLS 46.6 £10.8 2.2 +0.4 NLS
C 1-WLOA 100.0 +0.0 92.6 +0.0 DNC 100.0 +0.0 49.6 +0.8 DNC 100.0 +0.0 5.13 +0.6 DNC 100.0 +0.0 1.7 +0.3 DNC
4 1-WLx 100.0 +£0.0 99.9 +0.1 0.037 +0.001  100.0 +0.0 98.2 +0.2 0.009 < 0.001 100.0 0.0 78.9 +0.6 0.002 < 0.001 100.0 +0.0 7.3 +0.4 0.002 < 0.001
1-WLOA~ 100.0 +£0.0 99.3 < 0.1 DNC 100.0 +0.0 93.7 +0.2 DNC 100.0 + 22.4 +0.9 DNC 100.0 +0.0 2.8 +0.6 DNC
1-WL 97.2 +0.5 95.8 +0.3 NLS 69.3 +6.6 53.5 +0.6 NLS 65.1 +14.9 4.3 £0.7 NLS 64.8 +9.9 1.26 +0.2 NLS
c 1-WLOA 100.0 +0.0 95.9 +0.0 DNC 100.0 +0.0 54.2 +0.3 DNC 100.0 +0.0 4.7 +0.5 DNC 100.0 +0.0 1.4 +0.5 DNC
5 1-WLx 100.0 +0.0 99.9 +0.0 0.058 +0.001  100.0 +0.0 98.4 +0.2 0.012 < 0.001  100.0 +0.0 68.8 +0.5 0.002 < 0.001 100.0 +0.0 4.2 +0.5 0.003 < 0.001
1-WLOA 100.0 +0.0 99.5 +0.0 DNC 100.0 +0.0 91.8 +0.4 DNC 100.0 +0.0 20.0 +0.0 DNC 100.0 +0.0 2.6 +0.2 DNC
1-WL NB 99.4 <0.199.4 +0.0 NLS 78.0 +0.6 77.7 +0.3 NLS 68.7 +9.9 17.1 +0.9 NLS
K 1-WLOA NB 100.0 +0.0 99.4 +0.0 DNC 100.0 +0.0 77.8 +0.3 DNC 100.0 +0.0 20.6 +0.9 DNC
4 1-WL£ NB 100.0 +0.0 100.0 +0.0 0.122 +0.0 100.0 +0.0 99.9 +0.1 0.022 < 0.001  100.0 +0.0 94.8 +0.4 0.004 < 0.001
1-WLOA = NB 100.0 +0.0 99.4 +0.0 DNC 100.0 +0.0 97.8 +0.1 DNC 100.0 +0.0 74.6 +0.6 DNC

training splits for the linear SVM experiments. For the kernelized SVM, this was not possible. For the experiments on the
TUDATSETS, following the evaluation method proposed inMorris et al.| (2020a)), the C-parameter and numbers of iterations
were selected from {1073,1072,...,102, 103} and {1, ..., 5}, respectively, using a validation set sampled uniformly at
random from the training fold (using 10 % of the training fold). For 1-WLx and MPNN r, we used cycles and complete
graphs on three to six vertices, respectively.

For the synthetic datasets, we set the C-parameter to 10*° to enforce linear separability and choose the number of iterations
as with the TUDATSETS. All kernel experiments were conducted on a workstation with 512 GB of RAM using a single CPU
core.

For the MPNN experiments, we also followed the evaluation method proposed in|Morris et al.|(2020a)), choosing the number
of layers from {1, ...,5}, using a validation set sampled uniformly at random from the training fold (using 10 % of the
training fold). We used an initial learning rate of 0.01 across all experiments with an exponential learning rate decay with
patience of 5, a batch size of 128, and set the maximum number of epochs to 200. All MPNN experiments were conducted on
a workstation with 512 GB of RAM using a single core and one NVIDIA Tesla A100s with 80 GB of GPU memory.

G.4. Results and discussion
In the following we answer questions Q1 to Q4.

Q1 (“Does adding expressive power make datasets more linearly separable?”) See Tables|I] [3|and[6] Table[T|confirms Propo-
sition[9] i.e., the 1-WL and 1-WLOA kernels do not achieve accuracies better than random and cannot linearly separate
the training data. The 1-WLx and 1-WLOA r kernel linearly separate the data while achieving perfect test accuracies. In
addition, Table |§| also confirms this for the ER graphs, i.e., for all datasets, the 1-WL and 1-WLOA kernels cannot separate the
training data while the 1-WL x and 1-WLOA  can. Moreover, the subgraph-based kernels achieve the overall best predictive
performance over all datasets, e.g., on the dataset using edge probability 0.2 and F = {C5} the test accuracies of the 1-WLx
improves over the 1-WL by more than 57 %. Similar effects can be observed for the MPNN architectures; see Table[6]
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Table 4: Mean train and test accuracies of the MPNN architectures on TUDATASETS datasets for different subgraphs.

Dataset

7 Algorithm ENZYMES MUTAG PROTEINS PTC_FM PTC_MR

— MPNN 255419209 +1.5 84.5+1.2824 +1.9 684 +0867.1 08 61.4+1.859.2 +24 56.7 +2.353.7 +3.0

C3 MPNNx 61.3 441292 +1.5 842 +1.981.8 +26 72.7+0867.8 +08 61.9+2459.7 +24 57.3 +0.956.3 +25
C53-Cy MPNNx 61.8 £3.028.9 1.5 84.5 +2.482.1 +2.6 72.5 £0869.0 +0.9 62.0 £0.859.4 +1.9 57.5 +0.854.3 +1.3
C5-C5 MPNNz 61.6 +2.828.5 +2.2 839 +2.281.8 +24 72.6 +0868.6 +0.9 62.0 £2.0 58.8 +2.5 56.7 +1.454.9 +1.8
C3-C¢ MPNN - 61.8 £6.028.8 +1.6 83.4 +2.482.2 +2.6 72.7+0.668.4 0.5 62.4 £0.960.5 £2.4 57.2 +£1.354.0 +2.0

K3 MPNNx 60.1 +4.528.8 +1.0 84.8 +1.6 84.2 1.7 72.6 +0.6 67.7 +0.7  62.1 £1.6 59.0 2.3 57.2 +0.854.3 +1.8
K3-K; MPNNx 61.8 455295 +1.6 832 +2.680.9+24 73.2+0868.1 +06 62.3+£2.059.1 3.2 57.0+1.453.7 +26
K3-K5 MPNN 60.6 £3.929.2 +1.3 849 +1.482.9 +2.1  72.9 +0.968.0 +1.1  61.7 +2.157.8 +28 58.6 +1.354.4 +1.8
K3-Kg MPNNx 60.3 +4.728.8 +1.4 84.6 +1.382.4 +25 734 +0.768.5 0.9 62.2 +1.3593 +1.6 57.7 +1.054.4 +2.8

Table 5: Mean train, test accuracies, and margins of the kernel architectures on TUDATASETS datasets for different subgraphs.
DNc—Did not compute due to implicit kernel.

Dataset
Algorith

7 gorithm ENZYMES MUTAG PROTEINS PTC_FM PTC_MR

—  1-WL 90.4 £4.434.1 £1.70.023 +0.002  88.9 +1.483.7 2.1 0.073 £0.044  79.9 £1.8 68.1 £1.1 0.090 +0.0189  70.1 +£3.4 55.7 £2.7 0.196 +0.104  67.0 £2.2 54.2 +2.2 0.296 +0.194

— 1-WLOA 100.0 0.0 0.0 32.3 +1.7 DNC 99.3 +£1.4 82.6 +2.0 DNC 96.6 +2.7 73.9 0.7 DNC 91.7 +£4.2 58.2 +1.5 DNC 95.5 +4.4 55.7 +1.5 DNC

C3  1-WLgp 97.0 +1.8 37.9 +1.8 0.021 +0.002  88.1 +2.4 83.3 +2.0 0.134 +0.082  89.1 +2.365.3 +1.10.078 +0.090  72.1 +3.1 57.0 +2.2 0.167 +0.070  70.9 +3.6 54.7 +2.3 0.143 +0.044
C3-Cy 1-WLx 97.5 +1.140.6 +£1.7 0.020 +0.001  88.6 +1.2 84.7 +1.9 0.065 +0.044  90.5 +2.1 65.2 +£1.3 0.056 +0.014  72.5 +£4.256.3 +1.4 0.188 +0.113  70.1 +4.9 55.5 +3.20.121 +0.037
C5-C5 1-WLx 97.1 £1.138.0 +£1.5 0.022 +0.001  89.9 +1.8 83.0 +2.1 0.072 +0.066  91.6 +2.1 63.6 +1.1 0.052 +0.018  71.4 +3.5 56.6 +1.2 0.229 +0.187 68.8 +2.9 55.5 +1.7 0.138 +0.067
C5-Cs 1-WLx 96.5 +1.5 38.7 £1.4 0.021 +0.001  92.2 +1.4 83.5 +2.2 0.090 +0.030  92.1 +2.4 64.9 +0.9 0.050 +0.019  74.8 +2.7 57.2 4+2.8 0.193 +0.167 73.2 +4.2 56.5 +1.9 0.171 +0.123

K3 1-WLgr 96.4 +2.537.6 £0.9 0.021 +0.001  89.5 +1.8 84.0 +1.8 0.086 +0.064  87.2 +2.4 64.9 +1.6 0.059 +0.021  71.7 +4.1 57.0 +2.1 0.150 +0.081  67.8 +3.2 54.7 £3.1 0.162 +0.068
K3-Ky4 1-WLg 96.8 +3.0 36.8 £1.4 0.020 +0.002  88.3 +2.0 84.7 +1.8 0.100 +0.064  88.9 +2.6 64.7 +1.20.062 +0.018  70.6 +3.1 56.0 +2.3 0.151 +0.065 68.6 +4.2 55.6 +2.2 0.135 +0.049
K3-K5 1-WLgx 96.5 +2.236.6 +1.8 0.021 +0.001  88.2 +2.2 82.7 +2.6 0.098 +0.072  89.7 +2.8 64.5 +0.9 0.047 +0.012  72.9 45.757.2 +1.2 0.182 +0.077  67.6 +4.4 54.3 +1.3 0.145 +0.055
K3-Kg 1-WLzx 95.8 £2.037.7 +1.5 0.021 +0.001  88.7 +1.8 84.3 +1.1 0.078 +0.049  88.9 +3.0 63.6 +1.4 0.055 +0.022  71.0 +2.7 56.0 +2.4 0.147 +0.047  69.6 +3.7 55.0 +2.1 0.133 +0.038

C3 1-WLOAxr 100.0 +0.0 36.7 +1.8 DNC 99.3 +1.4 83.4 +2.7 DNC 100.0 +0.0 67.6 +0.9 DNC 91.7 +4.2 59.6 +0.5 DNC 93.7 +5.7 56.1 +1.4 DNC
C5-Cy 1-WLOAx 100.0 +0.0 36.1 +1.8 DNC 99.6 +1.1 84.3 +1.9 DNC 99.6 +1.1 66.5 +0.4 DNC 88.0 £4.7 59.5 +1.2 DNC 94.6 +3.4 55.5 +1.7 DNC
C5-Cs5 1-WLOAx 100.0 +0.0 35.0 +1.7 DNC 99.7 +1.0 82.2 +1.3 DNC 100.0 +0.0 65.9 +0.5 DNC 89.7 +4.6 58.6 +1.2 DNC 92.84.7 4.7 55.4 +1.0 DNC
C3-Cg 1-WLOAx 100.0 +0.0 35.8 +1.8 DNC 98.3 +3.283.1 +2.6 DNC 99.6 +1.2 66.2 +0.6 DNC 91.7 +5.3 58.7 +2.6 DNC 89.2 +5.4 55.9 +1.5 DNC

K; 1-WLOAx 100.0 0.0 37.0 +1.6 DNC 100.0 +0.0 83.2 £1.7 DNC 99.2 +1.5 67.2 +0.5 DNC 92.5 +5.959.0 +1.7 DNC 92.7 +3.6 57.0 +1.8 DNC
K3-K4 1-WLOAx 100.0 +0.0 37.7 +1.4 DNC 99.3 +1.5 82.1 +1.6 DNC 100.0 +0.0 66.7 +0.7 DNC 92.5 +5.959.0 +1.7 DNC 94.1 +5.0 57.6 +1.7 DNC
Ks3-K5 1-WLOA 100.0 +0.0 37.1 +1.4 DNC 100.0 +0.0 82.5 +1.8 DNC 98.9 +1.766.7 +1.1 DNC 93.3 +4.3 59.6 +1.0 DNC 94.6 +2.7 57.1 +1.3 DNC
K3-K¢ 1-WLOA £ 100.0 +0.0 38.3 +1.6 DNC 99.6 +1.1 83.4 +1.4 DNC 98. +1.85 66.8 +0.6 DNC 94.6 +4.6 58.9 +1.1 DNC 93.2 +6.1 56.4 +2.5 DNC

Table 6: Mean test accuracies of MPNN architectures on ER graphs for different levels of sparsity and different subgraphs.
NB—Only one class in the dataset.

Probability
h Algorith
Subgrapl gorithm 0.05 o1 02 03
c MPNN 90.7 0.5 50.7 +1.0  20.1 0.7 9.5 +06
3 MPNNy  988:03 96.1+03 725+13 329410
c MPNN 90.7 0.7 513 +14 20.1+08 9.9 +o0.9
4 MPNN = 99.1 +0.2 96.2 0.4 733 +09 33.1+13
c MPNN 90.6 0.5 513 +12 20.1+06 9.9 +o6
s MPNN ~ 98.9 0.2 96.2 +04 73.6+1.0 33.8+1.0
K MPNN NB 51.0+12 20.1+10 10.1 13
4 MPNN = NB 96.2 +0.5 729 +09 33.6 +1.2
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Weisfeiler-Leman at the margin

Q2 (“Can the increased predictive performance of a more expressive variant of the 1-WL algorithm be explained by an
increased margin?”) See Tables [3] and [5]and Figure[I] On the TUDATASETS, an increased margin often leads to less
difference between train and test accuracy; see Table E} For example, on the PROTEINS datasets, the 1-WL x, for all F, leads
to a larger difference, while its margin is always strictly smaller than 1-WL’s margin. Hence, the empirical results align with
our theory, i.e., a smaller margin worsens the generalization error. Similar effects can be observed for all other datasets, except
MUTAG. On the ER dataset, comparing the 1-WL and 1-WL £, for all 7, we can clearly confirm the theoretical results. That is,
the 1-WL cannot separate any dataset with a positive margin, while the 1-WL x can, and we observe a decreased difference
between 1-WL #’s train and test accuracies compared to the 1-WL. Analyzing the 1-WL  further, for all F, a decreasing
margin always results in an increased difference between test and train accuracies. For example, for F = {Cy} and p = 0.05,
the 1-WL ~ achieves a margin of 0.037 with a difference of 0.1 %, for p = 0.1, it achieves a margin of 0.009 with a difference
of 1.8 %, for p = 0.1, it achieves a margin of 0.002 with a difference of 31.2 %, and, for p = 0.3, it achieve a margin of 0.003
with difference of 95.8 %, confirming the theoretical results. Moreover, see Figure[T]of visual illustration of this observation.

Q3 (“Does the 1-WLOAFx lead to increased predictive performance?”) See Tables and [5] Table [5] shows that the
1-WLOA r kernel performs similarly to the 1-WL r, while sometimes achieving better accuracies, e.g., on the PTC_FM and
PTC_MR datasets. Table[I| confirms this observation for the empirical verification of Proposition[9} i.e., the 1-WLOA»
achieve perfect accuracy scores. The results are less clear for the ER datasets. On some datasets, e.g., edge probability 0.05,
the 1-WLOA £ performs similarly to the 1-WL x architecture. However, the algorithm leads to significantly worse predictive
performance on other datasets. We speculate this is due to numerical problems of the kernelized SVM implementation.

Q4 (“Do the results lift to MPNNs?”) See Tables|[I] @ and[6] Table[I]shows that Proposition[9] also lifts to MPNN, i.e., like
the 1-WL x kernel, the MPNN r architecture achieves perfect prediction accuracies while the standard MPNNs does not
perform better than random. In addition, on the TUDatasets, the MPNN r architecture clearly outperforms the standard
MPNN over all datasets; see TableEl} For example, on the ENZYMES dataset, the MPNN x architecture beats the MPNN by at
least 7 %, for all subgraph choices. This observation holds across all datasets. Moreover, the MPNN £ architectures also
achieve better predictive performance on all ER datasets, see Table [] compared to MPNNs. For example on the dataset using
edge probability 0.2 and F = {C5}, the test accuracies of the MPNN £ architecture improves over the MPNN by more than
52 %.
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