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Abstract

Estimating high-dimensional covariance matrices
is crucial in various domains. This work con-
siders a scenario where two collaborating agents
access disjoint dimensions of m samples from a
high—dimensional random vector, and they can
only communicate a limited number of bits to
a central server, which wants to accurately ap-
proximate the covariance matrix. We analyze the
fundamental trade—off between communication
cost, number of samples, and estimation accuracy.
We prove a lower bound on the error achievable by
any estimator, highlighting the impact of dimen-
sions, number of samples, and communication
budget. Furthermore, we present an algorithm
that achieves this lower bound up to a logarith-
mic factor, demonstrating its near-optimality in
practical settings.

1. Introduction

Estimating the covariance matrix of a random vector from
its i.i.d samples is one of the primary problems in various
fields, such as financial mathematics, statistics, and machine
learning (Hotelling, 1933; Dahmen et al., 2000; Ledoit &
Wolf, 2003). Let {Z®W}m, = {ZM 23 Z(™)} be
m i.i.d. samples of a random vector Z. Then its covariance
matrix can be estimated using sample covariance estimator,
as:

~ 1 &
C=— § ARV AV 1
m 2 (1)

For sub—Gaussian random vector Z (see Definition 5.2),
(Vershynin, 2018, Theorem 4.7.1) establishes some bounds

"Department of Electrical Engineering, Sharif University of
Technology, Tehran, Iran 2Sharif Center for Information Systems
and Data Science, Sharif Institute for Convergence Science & Tech-
nology, Tehran, Iran *Department of Electrical and Computer Engi-
neering, University of Minnesota, Minneapolis, USA. Correspon-
dence to: Mohammad Hossein Yassaee <yassaee @sharif.edu>.

Proceedings of the 41°% International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).

on the operator norm of the estimation error of estimator
(1). For alternative assumptions on the covariance matrix
C = E[ZZT], such as sparsity, low-rankness, and Toeplitz—
structure, various estimators have been reported in the liter-
ature (Huang et al., 2006; Furrer & Bengtsson, 2007; Bickel
et al., 2008; Bickel & Levina, 2008; El Karoui, 2008; Wu &
Pourahmadi, 2009; Chen et al., 2012). These estimators dif-
fer from the traditional sample covariance estimator. Also in
some studies, such as (Cai et al., 2010; 2013), the optimality
of some covariance matrix estimators is investigated.

In distributed settings, like federated learning (McMahan
et al., 2017), the data may be distributed among multiple
agents, with each agent having access to only a subset of the
data. One can imagine two classes of problems: (i) sample—
split (or horizontal split), where each agent has access to a
subset of samples. (ii) feature—split (or vertical split), where
each agent has access to a subset of dimensions (or features)
of all samples.

Extensive research papers explore the extension of core
machine learning algorithms to distributed scenarios with
sample-split settings. For example, the problem of dis-
tributed principal component analysis for dimension reduc-
tion in sample-split settings has been investigated in (Qu
et al., 2002; Bai et al., 2005; Balcan et al., 2014; Kannan
et al., 2014). In addition, the distributed gradient descent
algorithm in this setting has been studied in (Langford et al.,
2009; Zinkevich et al., 2010; Niu et al., 2011). Moreover,
the distributed support vector machine is studied in (Navia-
Vazquez et al., 2006; Zhu et al., 2007; Lu et al., 2008; Forero
et al., 2010).

In contrast, in the feature split setting each agent has access
to a subset of dimensions for all data points. This situation
can arise in medical data, where a part of the health data of
each patient is stored in a different database (Allaart et al.,
2022). Another example is when some weather stations
collect the weather information of various regions of a coun-
try, and we want to estimate the correlations between them,
without sending all of the information to a central server.
Some studies extend some machine learning tasks to the
vertical split setting, such as (Yang et al., 2019; Shen et al.,
2019; Hadar et al., 2019; Hadar & Shayevitz, 2019; Wu
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et al., 2020).

In this paper, we consider the problem of estimating the
covariance matrix in a vertical-split setting, under commu-
nication constraints. In particular, we consider a distributed
system consisting of two agents and a central server, where
Agent 1 and Agent 2 have access to d; and ds dimensions of
m i.i.d. samples of a random vector, respectively. The goal
is to estimate the covariance matrix on the central server.
Due to a limited communication budget, Agent 1 can send
messages with at most B; bits to the central server. Sim-
ilarly, Agent 2 has a communication budget of Bj bits to
communicate with the master. Consequently, the central
server estimates the covariance matrix by processing the re-
ceived messages. The main questions here are twofold: (1)
Considering the agents’ limited communication budgets and
the restricted number of samples, what is the ultimate accu-
racy in the estimation? (2) How can this ultimate accuracy
be achieved?

This paper answers both of these questions. We will find
the fundamental information—theoretic lower—bound on the
accuracy of the covariance estimation. Additionally, we will
introduce a scheme for estimating the covariance matrix
while respecting the communication limits inherent in the
problem. We will prove that the estimation error of the
proposed scheme matches with the obtained lower bound
within a logarithmic factor in practical settings.

Prior works: Several research papers have studied the
problem of distributed covariance estimation with lim-
ited communication budgets, with some focusing on the
horizontal-split case (Zhang et al., 2013; Braverman et al.,
2016; Han et al., 2018), while others concentrate on vertical-
split cases (Hadar et al., 2019; Hadar & Shayevitz, 2019). In
particular, (Hadar et al., 2019) investigates the problem of
estimating the correlation p = E[X Y] between two scalar
(d1 = do = 1) Gaussian or binary random variables X, Y
in the vertical split settings, where only Agent 1 has limited
communication budget (i.e., By = 00) and the number of
samples is unbounded (m = oo). For this set-up, (Hadar
et al., 2019) characterizes the exact order of the optimal
communication budget for any estimation accuracy. (Hadar
& Shayevitz, 2019) proposes a solution for the case where
the objective is to estimate correlation E[X Y] between a
vector X = [X1,---,Xg4]" and a scalar Y (dy > dy = 1),
without any claim on its optimality. The proposed solution
in (Hadar & Shayevitz, 2019) outperforms the solutions
based on estimating the correlation E[X Y], for each k,
separately.

Our contributions: In this paper, we address the problem
of distributed covariance matrix estimation, for the general
family of sub—Gaussian random vectors with finite num-
ber of samples, and limited communication budget between

agents and the central server.

Our main contributions are:

* We derive a near optimal trade—off curve between the
number of samples, communication budgets, the number of
dimensions each agent has access to, and the expected esti-
mation error in the distributed covariance matrix estimation
problem.

* We prove that any estimation algorithm with
parameters (m,dy,ds, By, Bs) has the error of

- min{B—%7B—§}
QO (max{\/d/m, Vd1da B, 2 B })
where Bmin = IIliIl{Bl7 BQ}

* Interestingly, to achieve a satisfactory approximation, it
is necessary to increase the strength of the communication
link between the poor agent (the agent with low-dimensional
input) in proportion to the dimension of the rich agent.

* We also propose a scheme for
expected operator norm of the

6 < d/m + \/max {d%/Bl,d%/Bz,(hdz/Bmin}).

¢ We extend the method used in (Hadar et al., 2019; Hadar &
Shayevitz, 2019) to a similar setting with our problem, and
show that the obtained result from their method is weaker
than ours.

achieving an
error  matrix

The paper is structured as follows: In Section 2, we review
the notations. In Section 3, we present the problem formula-
tion formally. Section 4 is dedicated to reviewing the main
results. Section 5 reviews some definitions and lemmas
used in establishing the results. In Section 6, we prove the
lower-bound and compare it with the results of (Hadar et al.,
2019; Hadar & Shayevitz, 2019). In Section 7, we state
the achievable scheme. Finally, we conclude the paper in
Section 8.

2. Notations

We use uppercase bold symbols, like A, to denote matrices
and lowercase bold symbols, like v, for denoting vectors.
For any vector v = [v1,v2,- -+ ,v4] ", we define the £,-

p
. For a matrix A € R™*",

the operator norm and the Frobenius norm are denoted by
[All,, and [|A ||, respectively. A generic norm, ||. [ 4 is
defined, encompassing both operator and Frobenius norms
for flexibility.

d D 1
norm as||v||p = (Zi:l vi)

3. Problem Formulation

We consider a system including a central server and two
agents, as shown in Fig. 1. The central server is inter-
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ested in estimating the covariance matrix C = E[ZZ ]
of a d-dimensional o sub—Gaussian random vector Z ~ P
(see Definition 5.2), from m i.i.d. samples yAS NN ACOR
However, the central server does not have direct access
to these samples. Rather, Agent 1 has full knowledge
of the first d; dimensions of all m samples, denoted by
{(X@Oym = {Z(1 ] }m ., and Agent 2 is aware of the re-
maining do = d — d; dimensions, denoted by {Y()}m, =
{ZEZ)l dr+1:d] 4 .. The central server aims to estimate C
by recelvmg up to By and B» from agents one and two
respectively. We also define B,;, = min{B;, B2} and
dmin = min{dy, d>} and will use these notations through
this paper.

We refer to this problem of distributed covariance matrix
estimation (DCME) with parameters (o, m, dy.2, B1.2) as
DCME(c, m, B2, d1:2). More formally, this problem con-
sists of two encoder functions and one decoder function as
follows:

* Two encoder functions & : R¥*™ — [1: 251] and

Ey o R¥2Xm s [1 : 2B2], where encoder one maps
{X®OYm o My = & ({X@}7 ) and encoder two
maps {Y(’)} noto My = E({YW1m ).

* A decoder function D : [1 : 28] x [1 : 2B2] s
5§94 \where S%*¢ is the set of positive semi-definite
matrices of dimension d x d. The decoder function
maps (M, Ms) to C = D(My, Ms).

The distortion of a DCME scheme, under the dist norm,
where dist can be either the operator norm or Frobenius
norm, is quantified by the dist norm of the difference be-
tween the estimated covariance matrlx C and the true covari-
ance matrix C, in other words, Ed;st(Q C) = HC - CHdist.
The expected distortion of a DCME scheme is assessed by:

E[£ast(€,C)] = Eqgone, wpen [|C = Cllyy] - @
The objective is to design the encoding functions &;(.)
and &(.) and the decoding function D(.,.), minimizing

E {Edist(é, C)} and characterize min E {Ed;st(é, C)} as

a function of the parameters (o, m, dy.2, B1.2).

4. Main Results

In this paper, we state two main theorems about the ex-
pected distortion of DCME(o, m, dy.2, Bi:2) scheme. The
first theorem presents a general lower bound for any
DCME(c,m,d;.2, B1:2) scheme and the second one pro-
poses a DCME scheme which has an expected distortion
that is matched with the derived lower bound, in certain
practical regimes.

{X(i)}él —» My
i=

(o), ~(Ee o

Figure 1. Setting of the problem DCME(a, m, B1:2,d1:2). Z €
R? is a o—sub—Gaussian random vector with covariance matrix C.
X, Y contain the first d; and the reminder d> dimensions of Z,
respectively. The C is an estimation of C, with the constraint that
H(M1) S B1 and H(Mg) S BQ.

4.1. The Lower Bound

In the first theorem, we use a min—-max argument to find a
lower bound on the expected distortion E [Edist(é, C)| in
any DCME scheme with the parameters (o, m, dy.2, B1:2).
Let P = subG? () denote the family of o—sub—Gaussian

d—dimensional distributions. Then the min—max error met-
ric under dist norm is defined as follows:

M (7, driz, Bra) i= i sup B[ Ln(C, O]
1,82, €

The main theorem on the lower bound is as follows:

Theorem 4.1. Consider the problem of
DCME(o,m,dy.2, B1:2). Then, for any choice of the
encoder functions £1,E and the decoder function D,
Maist (0, m, dy.2, B1:2) is lower-bounded as:

dids

Mo, > U—2min ma; 1/ i
= 32 * QBmin7 3m’

—16B; —16By
8.2 4 8.2 % },2 NG

Mg >m1n{max{ dlden:n \/ 42

4 —1525’1 —16}32 d

and

The above theorem states that given parameters
(o,m,dy.2, B1:2), there is no DCME scheme that
can achieve an error with operator norm less than

. (B1 By
—min{—3,=%}
O(UQmaX{g/gld_z,\/d,2 i’ d3 }) for any
min m

distribution P € subG? (¢).
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The proof of Theorem 4.1 can be found in Section 6.1.
Here, we highlight the main steps of the proof. To prove
Theorem 4.1, we first reduce the estimation problem to
a finite hypothesis testing problem between a family of
distributions { P, },cy with the corresponding covariance
matrices {C, },cy, where V is a set with finite cardinality.
Since Z is a sub—Gaussian random vector, we use Gaussian
distributions to pack the set of c—sub—Gaussian distributions.
For any covariance matrix C, we consider the following
decomposition of it:

s éXX 6XY

X
Cxy Cvyy

. )

where Cxx = Cpi.q,,1:0,)» Cxy = Cj1:4,,d,+1:q)> and
Cyy = Cly,+1:d,dy+1:q)- Our lower bound is based on
finding separate lower bounds for approximating each part
of the frue covariance matrix C. To do this, we introduce
two different families of Gaussian distributions.

Family with varying cross—covariance: The first fam-
ily of Gaussian distributions, denoted by { P, } ,cy, has the
corresponding covariance matrices {C, },¢cy. Through this
family, the self-covariance matrices C,, xx and C, vy are
fixed for all v € V. However, cross—covariance C, xv is
varying (See Lemma 6.2). In this setup, we apply some
strong data processing inequality (See Definition 5.6) to
obtain a lower bound on the error probability of the hypoth-
esis testing problem among the members {P, },cy. The
first two terms, within max in (3) and (4), correspond to the
lower bound obtained by this packing.

Family with varying self-covariance: The second fam-
ily of Gaussian distributions, denoted by {P, },ecy, has
corresponding covariance matrices {C, }, . Through this
family, C, xy and C, yvy are fixed for all v € U, but,
C, xx is varying. (See Lemma 6.3). In this setup, we ap-
ply the classical data processing inequality (See Theorem
5.5) to obtain a lower bound for the error probability of the
hypothesis testing problem. The last two terms within max
in (3) and (4), correspond to the lower bound obtained by
this family of distributions.

In the next step, we derive a lower bound on the expected
distortion in terms of the separation of the distribution fam-
ily, i.e. pdist = inf, /ey { [Cy — Cur |t - and the error

v#U

probability of the hypothesis testing problem.

Corollary 4.2. Theorem 4.1 implies that any DCME with
distortion less than or equal to € requires at least m =
Q(%) samples ancf1 B, = Q(max{%7 d3log %2})
and By = Q(max{ =449 d3log r’;}) bits of communica-
tion from Agents 1 and 2, respectively.

Remark 4.3 (Extension to more than two users). Consider
a scenario with K > 2 agents labeled as 1,2,..., K. We

define a subset of users, denoted as S C [K]. To establish a
lower bound, we assume that the agents in S collude, and
similarly, the agents in S¢ = [K]\S also collude. This
allows us to create two super-agents, denoted as A and B.
The super-agent A has access to ), s d; dimensions and
> _ics Bi bits of communication budget, while the super-
agent B has access to ) ;g d; dimensions and ) _,_g. B;.
Then Theorem 4.1 gives a lower bound for the colluded
scenario which itself is a lower bound for the non-colluded
scenario. Maximizing such lower bounds over the choice of
subset S implies:

(Zies di) (Ziesc di)

2
Mop > 7 max S .
32 857[5{0(] 2H11H{Zi€8 Bi’ZiESC Bl}

4.2. The Achievable Scheme

In the second theorem, we  propose  a
DCME(o, m,d;.2, B1.2) scheme and find an upper
bound on its expected distortion. The details of the
achievable scheme can be found in Section 7. Here we
present the main idea.

Consider the decomposition (5) of C. Agent 1 can estimate
Cxx using data points {X ()17 | and Agent 2 can estimate
Cvyv using data points {Y ()} . Therefore they spend
parts of their communication budgets on reporting quantized
versions of Cxx and Cyvy to the central server. They can
allocate the rest of their communication budgets to report
some quantized versions of {X(}7  and { Y}, to the
central server. Then, the central server can estimate CXX
with this received information and form some estimation C.

Theorem 4.4. Assume that m > 9d, By >
15d1 max{dl, dg} 10g2 (max{dl, dg}), and BQ 2
15de max{dy, dz2} log,(max{dys,d2}), then there ex-

ists a DCME whose expected distortion satisfies the
following inequality:

E [ﬁop(é, C)}

- v (o . 521)

We state the following corollary, which is a direct conse-
quence of Theorem 4.4.

Corollary 4.5. Consider DCME(o, m,d1.2, B1.2). Then,
for any distortion g, € < o2 /2, there exists a DCME scheme
with the expected distortion E [ﬁop((/i, C)} <egifm>

4
TdE% and

4 dqi.d °
,otd max{dy,ds} log2 (%max{d1,d2}>7

for k = 1,2 and some constants T, 7.

Bk>7'
= o2
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We call a DCME(o,m,d.2, By:2) problem as 17—
homogeneous if the %5—22 < ‘3—11 < 77]3—22, for some
constant 7, meaning they are approximately equal. This
category is relevant in real-world scenarios where the
communication load dedicated to each agent is proportional
to the number of dimensions it handles. Comparing

Theorems 4.1 and 4.4, we conclude the following corollary:

Corollary 4.6 (Tightness for the homogeneous case.). In
an n—homogeneous DCME(o, m, dy.2, B1.2) setting, the ex-
pected distortion of the proposed achievable scheme attains:

~ d B..
2 @ min
E[Lop(C,C)] =00 (1/ - + log, <d1d2)

This expression matches with the established lower bound,
up to a logarithmic term, implying that the proposed DCME
scheme performs near-optimum.

5. Preliminaries
5.1. Sub—Gaussian Random Variables

Sub—Gaussian random variables, as formally defined in Def-
inition 5.1, are a family of random variables whose tails
decay faster than the tail of a Gaussian distribution.

Definition 5.1 (Sub—Gaussian Random Variable (Wain-
wright, 2019, Definition 2.2)). A random variable X is
said to be c—sub—Gaussian if:

o {GA(XAE[X])} < exp (>‘202

), forall A € R.

The definition of sub—Gaussian variables can be extended
to random vectors as follows:

Definition 5.2 (Sub-Gaussian Random Vector (Wainwright,
2019, Section 6.3)). A random vector X € R is called
sub—Gaussian with parameter o if for all v € Si-1 v TX
is a o—sub—Gaussian random variable, where S~ 1 = {ue
R? : |lu|| = 1} is the d-dimensional unit sphere.

Some properties of sub—Gaussian random variables are
listed in Appendix A.2.

5.2. Packing and Covering Numbers

Definition 5.3 (Covering Number (Wainwright, 2019, Def-
inition 5.1)). A set {x1,23,...,2x} C K is called a e~
covering set with respect to a metric d if for all z € I,
there exists some j € [IV] such that d(x, z;) < e. The cov-
ering number A (KC, d, €) is the cardinality of the smallest
e—covering set of set K, for the metric d.

Definition 5.4 (Packing Number (Wainwright, 2019, Def-
inition 5.4)). A set {z1,xa,...,zp} C K is called a e~
packing set with respect to a metric d if d(z;, ;) > € for

dyds
g Brnin ’

all distinct ¢, 7 € [M]. The packing number M (K, d, €) is
the cardinality of the largest e—packing set of set K, with
respect to the metric d.

5.3. Strong Data Processing Inequality

Theorem 5.5 (Data Processing Inequality (Cover, 1999,
Theorem 2.8.1)). IfU - X - Y forms a Markov chain,
then:

I(U;Y) <I({U; X).

Strong Data Processing Inequality is a refined version of
the data processing inequality.

Definition 5.6 (Strong Data Processing (SDPI) Coefficient
or Rate of Information Bottleneck (Anantharam et al.,
2013)). Let X and Y be random variables with joint distri-
bution (X,Y) ~ px vy (z,y). We define:

I(U;Y)

X:Y) = _—,

(X Y) U:U?)EGYI(U§X)
I(U;X)>0

The SDPI constant has tensorization property, which is
stated in (Polyanskiy & Wu, 2023, Proposition 33.11):

s(X®™ Y9 = 5(X;Y). (6)

In (Kim et al., 2017), the SDPI constant is derived for multi-
variate normal distribution.

Lemma 5.7 (Kim et al., 2017, Section 2.6)). If (X,Y) ~

/\/'(u7 C= [SXX gXY} ), then we have:
YX YY

2
s(X;Y) = e exv e
op

6. Proof of the Lower Bound
6.1. Proof of Theorem 4.1

We wuse Fano’s method to lower bound the
Myist(0, B1, Ba,dy,da,m).  This method, first intro-
duced in (Khas’ minskii, 1979), has undergone extensive
development in various papers (Ibragimov & Has’ Minskii,
1981; Birgé, 1983; Yu et al., 1997; Yang & Barron, 1999;
Birgé, 2005; Raskutti et al., 2011; Guntuboyina, 2011;
Candes & Davenport, 2013; Duchi & Wainwright, 2013;
Polyanskiy & Wu, 2023). We adopt the version described
in (Duchi, 2021, Section 7.4) and adapt it to the distributed
covariance matrix estimation (DCME) problem.

We consider a family of distributions {P,},ey C
subG'?¥ (o) indexed by a finite set V. For each v € V,
let C, := Ex.p,[XX "] denote the corresponding covari-
ance matrix. For this set, we define the separation p with
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respect to the dist norm metric on the space of covariance
matrices as:
dist }

Lemma 6.1, a direct consequence of (Duchi, 2021, Proposi-
tion 7.10), establishes a fundamental bound in the context
of distributed covariance matrix estimation:

Pdist *= lnf {HC'U — Cy
v,
v;ﬁv’

Lemma 6.1. Consider a set V with separation p, and a
corresponding set of distributions { P, },cy. Assume a ran-
dom variable V €V is chosen uniformly, and given V = v,
samples {ZV}™ | are drawn i.i.d. from P,. In addition,

assume that Agents 1 and 2 access {X) = Zﬁ) ati o

and {Y( 1) — Z(Z . d]}z 1, respectively. For any DCME
scheme with parameters (o, m,dy:2, B1.2), we have:
I(V; My, My) +1

Pdist (
f E s C C 1-—
Lt s B [Caa(€,0) = Lo |1 - [0 B

We proceed by first establishing two lemmas that utilize
Lemma 6.1 with specific distribution families {P, },cy.
These lemmas will then pave the way for deriving the main
theorem regarding the min—max lower bound.

Lemma 6.2. Consider a setV and a corresponding set of
distributions { P, },cy, where P, = N'(0,C,) and:

C?)

21, D,
5DT 214,

and D, is some matrix in R¥*%_ Define:

1+ ]l{dist:F} » v%gf#v,HDv — Dy Hdist
Bdist({Dv}veV) = : D
o (D,
Then, the following lower bound on Mis; hold:
o? log, (|V
Maist > TGBdist({Dv}UEV> mi #, 2

Furthermore, considering a set of distributions { Py, }vcv,
where P, = N'(0,C.) and:

C, =

G Lase ng;
DT 10|’

and D!, is some matrix in R/2%4/2 \we have the following
lower bound on My :

2os, (V)
3md |

2
Mdist Z SLﬂﬁdist ({D;}UGV) min {

Proof. The complete proof is stated in Appendix B.1. Here,
we highlight some fundamental steps of the proof, briefly.

» C, is the covariance matrix of a o>—sub—Gaussian ran-
dom vector Z, therefore 0 < C,, < ¢2I. This forces 6 to

]
. . < -
satisfy the condition § < 5——-+af=—"— a0, T, T

* The separation of set V is:

pdist = /1 + ]]-{dist:F}(Sv v@gjf?&v,

”Dv — Dy Hdist :

* The vector Z ~ N(0,C,) has the same marginal dis-
tribution over the first d; dimensions and the second ds

dimensions, for all v € V. Therefore X = {X(i)} is
i=1

independent from V. Similarly Y = {Y( )} is indepen-

dent from V. Subsequently, M7 and M, are also indepen-
dent from V. This implies I(V'; M7, Ms) < I(My; Ma|V).

* Using SDPI: We now utilize SDPI to bound
I(My; M3|V). Forany V = v, M; o= X o= Y —o— M,
forms a Markov Chain. Then
I(My; M|V =v) < I (My; Y|V =v)

(@)

<sp (XY) T (Ml;X| V= v)

(b)

< s, (X;Y) By,

where in (a), s, (X;Y) is the SDPI coefficient (Definition
5.6) for the joint distribution px y, given V' = v. In addition,
(b) holds due to (6). From Lemma 5.7 we have:

(#)m

We obtain a similar upper bound on I (M;; M|V = v) w.rt.
Bs. In summary, we have:

—1/2 1/2
s (XY) =| cr ke A

v XYCU YY

25\
I(My; Ma|V =v) < (a2> Bmmmax{HD |12 }

. 2 . log, (|V .
* Setting § = Wmm{\/wﬂ}, gives

the first term the in lower bound.

e Assuming § < s and defining X =

@ A" _ {z® " .
{Z[1:d/2} }z’=1 and Y’ = {Z[d/QH d]} , we can derive

another upper bound on I(V; My, Mg) due to data pro-
cessing inequality and the Markov Chain V -~ (X,Y) =
(X', Y") - (M7, M>):

I(V; My, Mp) < I (V;X,Y)

2mds? ,
= In(2)c* ey {HD H }
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If we set § =

o? : log, (IV])
—2\/5“‘3\’5{“]39”0,0} mln{ Tornd 71}, the
second lower bound is derived. -
Lemma 6.3. For the set U, we consider the set of distribu-

tions { Py }ueu, where P, = N(0,C,) and:

Gli2 0Dy 0 0
C, — D) Iy . 0 0 ’
0 0 Gy 0
0 0 0 Tl

where D, is some matrix in RN/2X4/2 [fwe define:
v 1+ ]]-{dist:F} uu}rqlzfséu’HDu - DU/Hdist

e {IDul.p |

then we have this lower bound on Myjs:

ﬁdist({Du}uEZ/{) =

0'2 B1 —+ 1
Maist = —-Bdist ({Dw v l———F1.
dist Z 2 /Bdst({ } EV) |: 10g2(u|):|
Proof. The proof is presented in Appendix B.2. O

Now we are ready to state the proof of Theorem 4.1.

Proof. We use Lemmas 6.2 and 6.3 with three appro-
priate sets {D }yey, {D) }vey, and {Dy }yecy to prove
the theorem. In Appendix A.5 we introduce the ||. ||,
of a vectorized matrix and the packing and covering
sets of the unit [|.[|,, ball of matrices under the dist
norm. We set the {D, },cy as the e—packing points of

Bm‘dz’)(l) (see Equation (21)), under ||.|| ., norm. Thus

. 2
nf, Dy —Dullye > & max{[Dyll} < 1, and

v,v

from (22) and (28), log,(|V]) > dids log, (%), where:

(di,da) _ {1 if dist = op

V..
dist Vimin if dist = F

We set € = Véii’dZ)/Z Using Lemma 6.2, we have the

following min—max lower bound:

min 1\@ 1
2 Bmin7 ’
= L+ l{dist=F}l/§§i§’d2).
the {D/},cv as the €—packing points of Bﬁﬁ\\\/4)(1)
(see Equation (21), under ||.[|g nom. — Thus

Dng;/ dist > €, rlr)leaé({HD;)Hzp} < 1, and

2
07 (d1,d2)
Myist > E"idist

(di1,d2)

where £ We set

inf
v, wFEY!

from (22) and (28), log,(|V|) > % log, (”é‘s‘), where:

P

a 1 if dist = op

Vg = .
dist VA2 it dist = F

We set ¢/ = y;i(i) /2. Using Lemma 6.2, we have the follow-
ing min—max lower bound:

2 2
0% iy . [d2/4 1
Myist > 6 Kd(ist) mln{ ad’ \/5}
o? "(d) d
>~ i D min{ () —
> 32“d|st min 3m7\/§ ,

= 1+ ]l{dist:,:}z/;i(i). If we define the

set {Dy }uecu as the e-packing points of B(d%/‘l)(l), un-

-l

inf D,—-D,
}pu#ulll u u

(d)

’
where £ 4/

der ||.||4; norm, we have . laist = 6
(d1/2)

I;leaglc{HDuHop} < 1, and log,(|U4]) > dfjlog2 (”d‘“e >,

where:
y(_dl/2) _ 1 lf dISt = op
dist 1\1@ ifdist=F °

168y

—16B
Now if we set € = 312/ . 27

have this min—max lower bound:

and use Lemma 6.3, we

2 —16B;
g dy/2 —Qz
Mdist > Z . K’L(iislt/ ) -2 4 R

Similarly, we

where mgiltm = ./1+ ]l{dist:F}Vd(ii/z)-

write:
2 —16B5
o do/2
Maist = - rga! D 2%
The final result is obtained. O

6.2. Comparison of the Proof Methods with a Naive
Extension of (Hadar et al., 2019)

In (Hadar et al., 2019), the authors consider the special
case where m = oo and By = oo, thus the central server
can access the stream Y = {Y;}$2,. For simplicity, we
assume o = 1, throughout this section. The goal of that
work is to approximate the covariance ¢ = E[X Y] between
jointly normal random variables X and Y. They consid-
ered the expected squared error function as the distortion.
The derivation of the lower bound on the error is based on
the combination of the Bayesian Cramer-Rao (BCR) lower
bound and the strong data processing inequality. We review
a brief description of their converse method (as given in
(Polyanskiy & Wu, 2023, Chapter 33.6)) before compar-
ing the methods. Let P(¢) = N(O, E ﬂ ) Also let
L(¢,c) = (¢ — ¢)?. It is known that the min-max error

satisfies
. 5 1+ 0(1)
minmax E[L(c, ¢)] > ———=
tin max E[£L(C, c)] 77 (0)
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where Jp(c) is the Fisher information of the family { P(¢) :
¢ € [=1,1]}. Then they proceed by observing that the
Fisher information can be bounded by using the strong
data processing inequality and Taylor approximation of the
Kullback-Leibler (KL) divergence.

In particular, one can infer the following inequality from the
calculation in (Polyanskiy & Wu, 2023):

2 Jp(0) + o(c?) < k- s(X;Y|c)By, 7

where x is a constant. This inequality and the identity
5(X;Y|c) = ¢? implies ming max. E[L(G, c)] = Q(B; ).

One can readily extend this method to the case where d; is
arbitrary and do = 1, using the multivariate BCR. To this
end, let c = E[YX] and £(¢, c) = |[¢ — c||3. In this case,
the multi-variate counterpart of (7) is:

c"Jr(0)c + o(|[c||?) < k- s(X;Y|c)By, (8)

where Jr is the Fisher information matrix. Lemma 5.7
yields s(X;Y|c) = ||c||?. This implies Jr(0) < xB11g,.
The multivariate BCR (Polyanskiy & Wu, 2023, Theorem
29.4) states that:

min max E[£(€, ¢)] > (1+ o(1))tr [JF(o)—l]

C C
dy

= (1+ 0(1)),{731

©))
Ignoring the little difference between the square error here
and the distortion based on the operator norm (which is the
root of the square error) in our setting, the order of error
using both approaches is matched.

The main difficulty arises in the case d; > 1,dy > 1. In this
regime, we aim to approximate the cross-covariance Cxv,
which is a matrix. Here, to apply multivariate BCR, we need
to vectorize that matrix. Let cxy = vec(Cxy) andCxy =
vec(Cxvy ). Also, BCR gives a lower bound on the squared
error loss. In the matrix space, this loss is the squared
~ ~ 2
Frobenius norm Lg(Cxvy, Cxy) = HCXY — Cxy HF =
~ 2 . . .
||CXY —CcxXY || . We also consider the family of normal dis-
I,, C
cT 14,
cross-covariance matrix C. In this case, the counterpart of
(8) is:

tributions P¢ = N (0, ) characterized with

cxyJr(0)exy +o(lexy|?) < k- s(X; Y]exy) B

(@) 2 2
2w oxvll B w ox B (10

where (a) is true due to Lemma 5.7 and the Fisher informa-
tion matrix is defined with respect to the vectorization of
the cross—covariance matrix. The inequality (10) results in

Jr(0) = kB11y, 4,. Then similar calculation to (9) implies:

. _ did
én;il max E[LF(Cxy,Cxy)] = (/;Bf) , (1D

which is weaker than our lower bound on Frobenius distor-
tion (see the first term in (4), which corresponds to approx-
imation error for cross covariance matrix) by a factor of

dmin .

7. Statement of Achievable Scheme and Proof
of Theorem 4.4

In this section, we propose a near-optimal achievable DCME
scheme and find an upper bound on its expected distortion.

Means do not matter. If the random vectors Z() do
not have a zero mean, we can redefine them as Z @) =
% (Z(>=1) — Z(29), which will have zero mean and retain

the same covariance matrix as Z(9. Therefore, we can use
the samples {Z'()}7/? in place of {Z(®}™ . Hence, we
can assume without loss of generality that E[Z] = 0.

The scheme is divided into two parts, in which we separately
approximate the self—covariance matrices Cxx, Cyy and
the cross—covariance matrix Cxvy (see (5)).

Empirical estimation for Self-covariance matrices.
Each agent can estimate its self-covariance matrix from
its data using an empirical covariance estimator. More
precisely, Agent 1 estimate Cxx using Cxx =
LS XOXOT and similarly, Agent 2 can estimate
CYY using (NJYY = % Zy;l Y(Z)Yv(l)T

Quantization of estimated self-covariance matrices.
The empirical self—covariance matrix Cxx lies in the ball

2
Bm?mop (10%) with high probability for some constant 7 > 0.

To quantize it, Agent 1 finds an e-covering of this ball with

2B1/2 points with smallest possible e. Then if its empirical
2

estimation Cxx lies in the ball Bﬁ‘llm (r0?), the Agent 1
Mo

quantizes Cxx to Bj/2 bits, by finding the nearest point

in the covering to the empirical estimation. If the empirical

estimation Cxx lies outside the ball, Agent 1 declares an

error. Agent 2 similarly quantized its empirical estimation.

Quantization of Data for approximating the
cross—covariance. Choosing  number n =

min{min{B1 B2}/10g2(m),m}, we de-

dy 0 da dida
fine matrices X € R“X" gnd Y € R%2X" a5 X =
Y™

XD, X@ XM and Y = [YD, YR, ...,
The empirical estimator for Cxy using the first n samples
is Cxy = LXY'. This guides agent 1 to quantize
the whole block of its data X to B;/2 bits, and Agent 2
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does a similar quantization on its data. To do this, it is
well-known that X lies in the ball B (ro+/d; + n) with

-l

high probability. To quantize it, Agent 1 finds an e-covering
of this ball with 251/2 points with smallest possible €.
Then if X lies in the ball Bt (7o+/d; + n), the agent 1

I-1lop
quantizes X to By /2 bits, by finding the nearest point X in
the covering to the empirical estimation. If the empirical
estimation X lies outside the ball, agent 1 declares an error.
Similarly, agent 2 finds a quantization Yof Y using By /2
bits.

Estimation of the cross—covariance at the central server.
upon receiving X and Y, the central server estimates Cxvy

~ ~~T ~
as Cxy = %XY . The central server returns C = 0 if it
receives any error. Otherwise, it computes:

~ 1ooT
= Cxx XY

C*: ~ AT T~
lyx  Cyy

If C* is not positive semi-definite, we modify it ac-
cordingly. By decomposing C* into_its spectral form,
C* = Y ,Aviv], we define C*+ as: CL =
Yis MLz Vv

The analysis of this DCME scheme is based on the concen-
tration inequalities for the operator norm of random matrices
(e.g. (Vershynin, 2018)) and is deferred to Appendix D.

8. Conclusion

This paper studied the problem of estimating the covari-
ance matrix in a vertical split setting, with a constrained
communication budget. We established a min—max lower
bound for the expected distortion of a DCME problem in
Theorem 4.1, which we defined in Section 3. We also pro-
posed a scheme to solve the DCME problem and derived an
upper bound for its expected distortion in Theorem 4.4. We
noted that in some realistic scenarios, the proposed scheme
achieves the min—max error, up to a logarithmic factor.

Impact Statement

This work delves into the machine learning domain, specifi-
cally focusing on improving covariance matrix estimation.
Covariance matrices play a pivotal role in diverse applica-
tions like principal component analysis, offering valuable
insights into data relationships. Our approach advocates
for communication efficiency. Estimating the covariance
matrix within finite communication constraints not only
conserves bandwidth but also contributes to lower energy
consumption by reducing the computational burden on elec-
tronic chips. These environmental and economic benefits
constitute additional valuable impacts of our work.
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A. Some Preliminary Lemmas, Corollaries, and Propositions

A.1. A Lemma from Linear Algebra

Lemma A.l. Consider the matrix A € R™*" and define matrix B € R("+tm)x(m+n) g5 follows:

0o A

B=1A7 o

If we denote the singular value decomposition of A as A =3 _, oiuiv;r , then the eigenvalues and eigenvectors of B are:

{£oi}iz1 {\}5 [i‘:ﬂ }::1

Proof. From the singular value decomposition of A, we have:
— Ty —
AVZ' = o;Uu;, A u; = 0;Vj.

We write:

£l Sl Sl
—
> >
gK
o

I
S

This completes the proof. O

A.2. Some Properties of Sub—Gaussian Random Variables

To study some of the properties of sub—Gaussian random variables, it is necessary to be familiar with another family of
random variables. This family of random variables is an extension of the class of sub—Gaussian random variables and is
called sub-Gamma random variables.

Definition A.2 ((Boucheron et al., 2013, Chapter 2.4)). A random variable X is called (o, &)—sub—Gamma, if:

E[ek(Xﬁm)} S exp (2(1A_26;2|A|)>’

forall A, [A] < L.

We state and prove some properties of sub—Gaussian and sub—Gamma random variables.

Lemma A.3 ((Boucheron et al., 2013)). Consider an independent sequence {X;}, of random variables,

n n
e if X;, i € [m] is a o;—~sub—Gaussian random variable, then > X; is | > o?—sub-Gaussian.
= \/ =1

=1

=1

* if X;, i € [m] is a (04, ;) —sub—Gamma random variable, then > X, is ( 3 o2, max{ai})—sub—Gamma.
= \ =1 i

12
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Lemma A4. Any (0, o)—sub—Gamma random variable X satisfies the following inequality:

PIX > ] <exp (2(02_120@)

1 . 9
S exp (m mln{t,t })

Proof. Some variations of this lemma are presented in different papers. For completeness, we prove it here. We write:

PIX > ¢ @p [eAX > eM]
(2 e ME {exx}
©

A2
< — _— .
= eXp( AL 2(1—a|,\|))

Note that (a) holds when A > 0, (b) is derived from Markov’s inequality, and (c) follows from Definition A.2, assuming

Al < 1. Now we set A = UJW, which satisfies the criteria 0 < A < +. Thus:
A2g2
PIX >t < ( — X 7>
X 21 < exp 3T o) ‘ t
=52 +ta
—¢2
- (2(02 n at))'
Note that if ¢ < 1, we have: 02 + a > o2 + «ot, therefore:
t2 t2
> 0<t<1).
202+ at) ~ 2(c?2+ ) ( =1
On the other hand, if t > 1, we have: t(0? + ) > 02 + a, therefore:
t2 t
> t>1
202+ at) ~ 2(c?+ ) (t>1)
Thus:
t2 9
> in{t, t“}.
2(c2 +at) = 2(02 +a) min{t, 7}
and the second inequality is proved. O

Lemma A.5 (A maximal inequality for sub—-Gamma Random Variables (Boucheron et al., 2013, Corollary 2.6)). Let
{X;}?_, be a sequence of centered sub—Gamma random variables with the same parameters (o, o). Then:

E[maXXZ} < 04/2In(n) + aln(n). (12)

i€[n]

Lemma A.6. Assume that X,Y are centered sub—Gaussian random variables with parameters o1 and s, respectively.
Then XY — E[XY] is a sub—Gamma random variable with parameters (50103, 2.50102).

13
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Proof. We write:

E [ex(xyfm[xy])} —14\E [(XY _ IE[XY])] N io MNE [(XY}; E[XY])k}

k=2

00 )\k
=1+ E {(XY - JE[XY])’C}
k=2
+oo |>\|k
<1+) C-E [1xy — E[xy)|*]
k=2
kKl

= A "
=1+ E ||XY— E[XY]Hk (13)
k=2

00 k

A k

<14 3 F (T 211 (14)
=2

b

k
+ IE[XYH>

15t b ((E vi))

—+o00 1 k
<1+ ; |2—|‘k ((E [X%} E {Y“'ﬂ )" + E[XQ]IE[YQO (15)
k

. (25 k) 4 1)
< 1+kZ:2(|)\|(710'2)k %l (16)
+o0o

<14 (IAor02)*.2.(2.5)F (17)
k=2

25()\0’10’2)2
2(1 — 2.5|)\|O’10’2)
2
< exp (2( o) ) , (19)

1-— 2.5|/\‘0’10’2)

(18)

where

« in (13) for a random variable Z, || Z ||, := E'/*[|Z|*] is the Lj norm of the random variable Z,

* (14) follows directly from the application of Minkowski’s inequality (also known as the triangle inequality) to the Ly
norm.

* (15) follows from Cauchy—Schwarz inequality,

* in (16), we use the following upper bound for the 2k-th moment of a o—sub—Gaussian random variable Z (see
(Boucheron et al., 2013, Theorem 2.1)),
E[Z%*] < 2(20%)k!,
1 k
(25 TR k41
* (17) follows from the fact that the function h[k] := Ea
its maximum at £ = 2, which is equal to 2 (see Figure 2).

is a decreasing function on {2, 3, - - - } and takes

Finally, (19) implies that XY — E[XY] is a (50102, 2.50102)-sub—Gamma random variable. O

14
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h[k]
21 o
[ ]
°
1.5 ¢ °
®
1 1
0.5 |
[ITTTTT???
5 10 15 20 k
((Qkﬂk!)%“)’“
Figure 2. Diagram of the function h[k] := OB

Corollary A.7. Let {(X;,Y;)}™, be a sequence of i.i.d. pairs of random variables where X;’s and Y;’s are o1 sub-Gaussian
and oo sub—Gaussian, respectively. If we define Z; = X,;Y; — E[X,Y;], then we have:

1 m
P| =572, > 100105t | < (—- _min{t, 2 ).
[m ; > 1007109 } < exp | —m. min{ }

Proof. We know from Lemma A.6 that Z; = X,;Y; — E[X,Y;] is a (50109, 2.50102)-sub—Gamma random variable.

m
Therefore, using Lemma A.3, we conclude that Y Z; is a (50102+/m, 2.50102)-sub—Gamma random variable. Thus,

i=1
?

EJXJy—m&npzwm@4:Hﬂi}@zmmm@@
i=1 i=1

3=

—100m2cio3t?
< exp( 2 2 2 2 )
2(250705m + 250705mt) (20)
—2mit?
::“p(1+t>
< exp (— .min{t, tQ}).
O]

A.3. An Important Relation Between the Packing and the Covering Numbers of a Set

The packing and covering numbers are defined in Section 5.2. There is an important relation between the packing and the
covering numbers of a set, which is stated in the following lemma:

Lemma A.8 (Wainwright, 2019, Lemma 5.5)). For all € > 0, the packing and covering numbers are related as follows:

M(K,d,2¢) < N(K,d,e) < M(K,d,€).

A 4. Finding Upper Bound on Operator Norm of Matrices, Using Covering Nets

The following lemma is useful in finding an upper bound for the operator norm of a random matrix.

Lemma A.9 ((Vershynin, 2018, Exercise 4.4.3)). Let A be a m x n matrix. We define the sets Sl = {ue R™-1 .
Jul| = 1},8" 1 = {v € R*!:||v|| = 1}. We fix an arbitrary ¢ > 0 and denote e~covering set of S™~* by N and

15
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e—covering set of S"~! by /\/6("). We have:

1

Allyy < —— {uTav}.
|| HOP -1 26 uENE(}g?j(eNé") u v

A.5. Packing and Covering in Matrix Spaces
Consider the family of matrices defined as follows:
A={A € R™":|All, <r}.
We vectorize each member of this family as:
a=vec(A) = [A11, A1, ..., Aip, Aoty ooy A T
We convert the dist norm on the matrix space R™”*" to a norm on R"™" via [|al| ;s = || Al 4i- Now we define the ball of

radius 7 under norm || [, as

B () = {x e ™ ¢ |xll,, <7} = {vec(A) : A € R™"||A],, <7} 1)

I-1lop

We consider an e—covering net for B i \H ( ) under the norm ||. || 4;;» Where dist can denote Frobenius or operator norm.

¢ Consider the case dist = op, in this case, from (Wainwright, 2019, Lemma 5.7), we have:

f mn (mn) % mn 31 mn
(1) =m0 < (1+ %) < ()

From Lemma A.8 we conclude:

r

(5) NG00 < MET 0y 0 < MBIl < (14) @)

€

Matrix quantization scheme: We quantize matrix A, whose operator norm is at most 7, under the norm ||. |HOP,
with the matrices corresponding to the covering points of B m‘" )( ) . Note that the number of these points is less than

(3’") , so we can send the index of the quantized matrix using at most mn logQ( ") bits. Furthermore, if we denote
the output of the quantization with Qop(A ), we have:

HA - QOP(A)Hop S €.

mn)

* In the case dist = F, we only find a lower bound on the packing number M (B i1, (), [l-llg s €)-

Lemma A.10. For M(B mn)( 1), Il » €), we have:

- Mop
Mwmwxwu@>(vm“m”)

-l Tdc

(mn)

Proof. Let A = {Aq,---, A} be a maximal e-packing of the ball BIII~IH

particular:

(1). Then A is also an e—covering. In

(mn (mn)
B U By, (Asie),

II- H\o,,

where anﬁ‘” )(A; ¢) = {vec(B) :||B — A||_ < ¢} is the Frobenius ball with center A and radius e. The proof follows

a probabilistic argument which is similar to the volume argument usually used to prove packing numbers.

16
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Let G = [¢ij]mxn be a random matrix with independent g;; ~ N (O7 m) elements. It follows from
(Vershynin, 2018, Theorem 7.3.1) that [||G ||Op} < L. Thus Markov inequality yields:

mn 11
Hﬂde) dlN)]:PDGM@SQzl—PmGuffqzl—Q:Z. (23)

On the other side, union bound gives:

M
P [Vec(G’) e B (1 } <Y e [vec G) € B\ (As; e)] . (24)

i, €
=1

We now proceed to find an upper bound on the inner term in the summation. Observe:

Plec@ e Bz = [ ( U/t JoY, ) (2 + VAR |G - AlJR) da

n)
-lle

</ <4<m+ﬁ>2>"’2’"de
Bimn) 27

- le (25)

'm n

_ (wm \/ﬁ)2> Vol (B7(A,:0)

2

_ <25%V575FV5U2>T?Lvo|(B“”M(AhU)

where we have used the density formula for normal distribution. Now we view Bm -1l (AZ, 1) as a mn-dimensional
euclidean ball. It is well known that the volume of this ball is given by

mn

(mn) w2
vo|(BHIHI (As; 1)) AT

Using the bound T'(1 + z) >> (£)%, in (25), we obtain:

n

dee?( f+ﬁ>2> i

]P’[Vec( ) € Bm‘" A e

mn

<16ee max{m, n}) 26)

IN

mn

16ee? ’
min{m,n} '
Putting (23), (24) and (26) together yields:

! (min{mn}) . (W)"‘ . (Wm})’” o7

-2 16¢e€2 8/ ee 14e

This concludes the proof. O

From Lemma A.10, we conclude that:

MBT (1), 5 ) > (T' Vm“{’”"}) . (28)

li-lp 1dc

17
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B. Materials for Completing the Proof of Theorem 4.1
B.1. The Detailed Proof of Lemma 6.2

Proof. First, we know that C,, is the covariance matrix of a o2—sub—Gaussian random vector Z. So we must have C,, > 0.
Also from Definition 5.2, for all vectors u with [|uf|, = 1, the random variable u'Z is o>~sub-Gaussian, therefore
Var[u' Z] < 2. This implies that for all u with |lul|, = 1:

Var[u'Z] = E[u' ZZ"u] = u' C,u < o%

Therefore we must have||C,||,, < o”.

0 4D,

. 0—2
We write C,, as C, = 51+ [5])3— 0

] From Lemma A.1, the eigenvalues of C,, are &- :t 00;(D,). Therefore it

suffices to impose the constraint § < to ensure the constraints C, = 0 and||C,||,, < o*are satisfied.

o

o b
2max{[[Dy 5, }
Then, we write:

p= mf ||Cv — Cor |l gist

o 0 0(Dy, —Dy)
v, v vV’ 5(DU — DUI)T 0
dist
@ 0 }nf;‘é 1Dy — Dyl gist when dist = op
“)v2s inf ||D,-Dy|, whendist=F

v,v" wFEY’
= 1+]l{dist=F}5 mf HD ~ Durllyise

where (a) is true due to Lemma A.1. Also we derive an upper bound for I(V'; My, M>):
I(V; My, My) = I(V; My) + I(V; Ma| M)
S 1(V; M| My)
< I(V; Ma|My) + I(My; Ma) (29)
= I(V; M) + I(My; Ma|V)
b
© 1(My; M|V,
where (a) and (b) are true because for all v € V, the vector Z ~ N(0,C,) has the same marginal distribution over

the first d; dimensions and the second dy dimensions. Therefore X = {X(i) } ~is independent from V' and similarly,
Y = {Y(i)} is also independent from V. We conclude that My and M5 are independent from V.
i=1

Now we upper-bound the I(M7; M>|V = v). Note that the Markov chain of the problem is: M; -o- X o= Y —o= M. We
write:

I(My; Ma|V =) < T (My; Y|V =)

<s (X; Y[V =0) I (My;X|V =)
<s (X;Y|V =v) By,

where in (a), s (X; Y|V = v) is the SDPI constant (Definition 5.6) for the joint distribution px y, when V' = v. In addition,
(b) holds due to (6). From Lemma 5.7 we have:

(X Y[V =v _Hcvxx vXYC;%g'H

- (2‘5) D2,

18
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Therefore:
25\ °
I(My; Ma|V =v) < (02> By||Dy |12, - (30)
The second upper bound is very similar to the first one:
25\ °
I(My; Ma|V =) < (02> Bo||D, I3, . (31)

Therefore, from (29), (30), and (31) we have:

20\* . 1
1, o) < (2] win(Bn B} 5 STIDE,
vev

20\* . 2
< <02> mln{B1,B2}r51éi§ {HD”||0P}'

Then from Lemma 6.1 we write:

I(V; My, M) + 1
j\/Edistz g l:l_ ( ! 2) :|

log, (V)
2
VIFTgard | inf Dy ~Dulge | 2(2) min{By, Bo} max {ID.I, |
> v,v vFEY vev

1 —
2 log,(|V])

0_2

2max{[Dull,, }’

_ o? ; log, (|V]) : : : —
We set § = Toasl1DuT,] mln{ min{Br B3] 2}, obviously this value of § satisfies the criteria § <

Therefore we have:

inf  [[Dy — Dyl
Myiae > \ I+ ]l{dist:F}U2 ) 'U,v’:v;ﬁv’” ”d t min 10g2(|V|) )
= 16 mae)( {”DU”op} HllIl{Bl7 BQ}
ve

The proof of the first inequality is completed.

For the second inequality, first note that we have:

/ * ! !
= ol [C,=Chlly
- 0 iD,-D)
o v, v wFEY! 5(D;) - D;)/)T 0
dist
(32)
6 inf ||D!-D/,|. when dist = op
(@ v, A v v" 1ldist
V20 inf ||D},—D/|,, Wwhendist=F
v, v wE! Ist
=1+ l{dist:F}av’Uigiv, D, - D, !dist’

Now we define Z = {Z(i) } o X = {Zﬁ?dm]};1 and Y' = {ZE;)/ZH:d] } _» then try find another upper bound for

I(V; My, Ms), due to the Markov chain of the problem, which is M; -~ X -e- Y e~ M. Note that with the second set of

19



Fundamental Limits of Distributed Covariance Matrix Estimation Under Communication Constraints

distributions, X" and Y’ are independent from V', and we have:

I(V; My, Ms) <

(33)

We can write:
I(X/;Y/} V= ’U) =ml (Z[l:d/2]; Z[d/2+1;d]|V = v)
=m [h(z[1:d/2]|V =) + WMZg/241:q)|V = v) = h(Z1:ay2), Ziaj241:0)|V = v)

det {%QId/2} det {U;Id/?}
=5 1082 det {C/}

= % 2r, log2 Zlog2 ( —6%02(D )> (34)

® —mr, 10%|D

(2 4mrU52HD;||§p

- In(2)o*
2mds?|| D, ||?
< —
- In(2)e* 7’
where (a) is true duo to the (Cover 1999, Theorem 8.4.1) and r, = rank(DJ). Also (b) and (c) are true because
g(z) = —log,y(1 — x) = log, (12 ) is an increasing function, and simply we have for all z € [0,1/2]: log, (1) < oL

< P ©
and we assume that § 2fmax{||D ” -

Therefore, from (33) and (34) we have:

2md5 1
I(V, MlaMQ) S 0,4 |V| ZH U op

2 s (D42 )

In(2 04 vev

\ /\

Then from Lemma 6.1 we write:

p

1-—

Md > (V,Ml,M2)+1:|
ist

logy(|V))
| V¥ Tancrrd, o, 1P DL

) vt lldi 6mds? /2
2 [1 " T log, (V) weY {”DvHop}] :
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_ o2 . 10%2(“}‘) : o : : :
We set § = AT ﬂ{?gf; o, ”op} min { T, 1}, obviously this value of ¢ satisfies the criteria § <

2
g
2V2max{|[Dy ]}
Therefore we have:

: A Y,
ST Tanro? oot P Dol [ fompn 1
Myist > 3 : min 3md 3 [
max {|ID ., md V2
veY
The proof of the second part is completed. O

B.2. Proof of Lemma 6.3

Proof. Same as Lemma 6.2, we must have C, = 0 and [|Cyl|,, < o2, Note that the eigenvalues of C, are

}rank(Du)

{"; + d0;(Dy) . . Thus for satisfying conditions C,, = 0 and[|C,||,, < o2, we must have 6HDuHOp < %2, which

results in 0 <

o
2 max{ HDu

ueU OP}

p= inf |[C,— Cu’”dist

Then, we write:

w,u’ uFu’
0 i(b,—Dy) 0 O
. §(D, — D)’ 0 00
= inf
w,u’ uFu’ 0 0 0 0
0 0 O Ol (35)
s [ 0 §(D, — Du')
o w,u’ uFu’ (S(Du — Du/)T 0
- dist
= Vas l{dist:F}éu u%gf?éu,HDu — Do [lgist »
where (a) is true due to Lemma A.1.
We also derive an upper bound for I(U; My, Ms):
I(U; My, M) = I(U; My) + 1(U; M| M)
S I(U,Ml) +I(U7M2|M1) +I(M1,M2)
== I(U,Ml) +I(U,M1,M2)
= I(U; My) + I(U; Ma) + I(My; M3 |U) (36)
< I(U; My) + I(U; Y) + I(X; Y|U)
=I(U; M)
< B
Therefore, we set § = W ans from Lemma 6.1 we have:
2 max D,
ueU op

Mdist(aa 317 BQa d17 dz?m)

v

p [ B I(U;Ml,M2)+1]

2 log, ([e4])

> T+ Tgist—F} 0 [1 Bi+1 } u,u}gfiu’HDu ~Duwllo, (37

> 2 log, (|U)) rggg{HDuHop}
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C. Materials for Completing the Proof of Theorem 4.4
C.1. Two Lemmas and One Proposition That Are Useful in Proving Theorem 4.4

Lemma C.1. Assume that X € R% is a zero mean, sub—Gaussian vector with parameter sigma,, and we have m
iid. samples from X as {XM}™ . Also assume that' Y € R% is a zero mean, sub—Gaussian vector with parameter
sigmas, and we have m i.i.d. samples fromY as {Y® }m .. Consider the cross—covariance matrix Cxy € R%41*92 gg

C = E[XY "] and assume that we use the estimator éxy = % > XOYDT Then we have:
i=1
P[Héxy - CXYHop Z 10010’2t:|
< (9)4+42 exp ( — m. min {t, tQ}),

and:

P[Héxy“op 2 110’10’2}

< min {1,exp (3(d1 +ds) — m)} .

Proof. We use Lemma A.9 with € = % and write:

~ ~ t
P HCXY - CXYH >t <P max u' (Cxy — Cxy)v >
op (dy) (d2) 2
eNl/i , eNl/i
‘N(dl) N(dQ)‘ (38)

1/4 1/4

t
S Y Y F[uT @ o 2 4]
Jj=1 k=1

N (d1)|
1/4

where we denote the 1/4-covering points of S~ by {ul?)};_}* " and the 1/4—covering points of S~ by {v(®)},
We also know from (Vershynin, 2018, Corollary 4.2.13) that NV, (d) <94,

1/4 =
We have:

1/4

d
\.N'( 2)|

o~ t AT L S o (i (i t
HT _ F) > 2| = T E Oy @OT _ v > =
P[u J (CXY ny)V > 2:| = P[u J ( Xyl ]E[XY ])V > 5

i=1

39)
{ Z DT (k)TYu))_]E{(u(mxm)(v(my(i))] >;]

We know that X(® is a o1—sub—Gaussian vector, therefore, from Definition 5.2, we conclude that U; = uTX® jsa
o1—sub—Gaussian random variable. Similarly we conclude that V; = vF)TY (@ is a go—sub-Gaussian random variable.
Therefore, from Lemma A.6, U;V; — E[U;V;] is a (0 = bo102, @ = 2.50103)—sub—Gamma random variable. Corollary
AT yields:

|
g
\
(7
C/\
<
_'
~
=
—
<
=
4|
<
=
&
—
<
4|
~
=
=
_|
=<
o~
N o+
| E— |

1 ¢ 40
= P[m Z(Uivi - E[U:Vi]) > 2]

<ex —mmin{ ¢ ( t )2}
= xp ' 100’10’2’ 100109 '
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Therefore we combine (38), (39), and (53) and write:

P IV
3 {HGXY — Cxv|,, > t} <> Z [ UT(Cxy — Cxy)v) > ﬂ
j=1 k=1 41)
< O exp ( . min { 10;102’ (10;10—2 )2})'
Thus:
P[[Cxvll,, = 11m102] < P [|Cxy — Cxx|l,, +][Cxvll,, = 11710]
< P[[Cxy — Cxvll,, = 10710 o
< mm{l exp ((dy + d2) In(9) — m)}
< min {1,exp (3(ds + dz) — m) }
m

We have the following proposition, directly from Lemma C.1.

Proposition C.2. Assume that X € R% is a zero mean, o?—sub—Gaussian vector;, and we have m i.i.d. samples from X as
{X®}ym . Also assume that Y € R is a zero mean, o3—sub—Gaussian vector, and we have m i.i.d. samples from Y as
{Y @} Consider the cross—covariance matrix Cxy € R4*% a5 C = E[XY "] and assume that we use the estimator

Cxy = = Y. XOYOT, Then we have:

=1

E[|[Cxy - Cxv],, | <

320109 max{\/ i + d27 i + d } ) (43)
m m

Proof. Lemma A.9 with e = § implies that:

E |:H6XY - CXYH :| S 2E max T(éxy - ny)V (44)
o weNyTY veny?
1 & . , : .
—2F — {(uTX("))(vTY(")) - E[(uTX“))(vTY(’))]} (45)
et venity m 5

Let
Ty = %Zm: {(uTX@))(vTY(i)) - E[(uTx@))(vTY(i))”

Using similar reasoning to the one used in establishing (40), we conclude that Z,, y is a (%7 2'5"T“’2)—sub—Gamma

random variable. Now, we invoke Lemma A.5 to obtain:

E [|Cxy - Cxv|,,| <2E S D (46)
eN14,eN1/4
2In (VD LINV) VLN
Sma# (NG (A V) )
m m
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S 100’10’2

/di +do dy+d
< 320109 max{ L+ 2,1+2}
m m

2 1
(dl-Fs?)Iﬁ9)_%50102

(dl + dg) ln(9)

(48)

(49)

O

Lemma C.3. Let A be a d x n random matrix whose columns A; are independent, mean zero, o2—sub—Gaussian random

vectors. Then,

[All,, < 60Vd+n,

with probability at least 1 — exp ( —2(d+ n))
Proof. We use Lemma A.9 with € = 1 and write:

t
i [||A\|op > t} < IF’[ max  u'Av > ]
ueN| ) ven,) 2

AT

1/4 1/4

Y a )

where we denote the 1/4—covering points of S~ by {u(® }‘_1/ il and 1/4—covering points of S*~! by {v!

We rewrite u” T Av() as:
u®dT AvU) = Z U,({j)u(i)TAk,
k=1

where v,(cj )

random variable with parameter . Therefore we write:
DT Ayt) > L —t*
Plu'Y ' AvY) > — gexp(—).
2 802

We know from (Wainwright, 2019, Lemma 5.7) that:

Misoh M <o

Then from (50), we have:

AR .
Plialy =< 3 > plutmav > ]
=1 j=1

< 9" exp (_—ﬁ)
- 802

Setting t = 60+/d + n implies,

-9(d +
P [|A]lp > 60vdF 7] < 9" exp (%)

<exp(—2(n+d).

24

(50)

61V

is the k—th element of v("). Therefore, from Definition 5.2 and Lemma A.3, u(® T Av() is a sub-Gaussian

(52)

(53)

(54)

(55)
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D. Detailed Proof of Theorem 4.4 and Corollary 4.5

Proof. We define events &1 1, €21, €12, and €3 » as "Receiving error from Agent 1, when H éxx ||Op > 11627, ”Receiving
error from Agent 2, WhenHéYY Hop > 1102, "Receiving error from Agent 1, whenHXHoP > 60+/d; + n., and "Receiving

error from Agent 2, when||Y||Op > 60+/dy + n.”, respectively. We also defineevent Eas € =E11V Ea1 VE1 2V Egp.
We write:

E[|C-c|,]=E|lE-c], | pE+E|C-c|,|e]| Pl 6
We find an upper bound for every term of (56).

E||C-cl, || = E[cl, €]

< 2.

(57)

From Lemma C.1, we have:

P [[Cxxll,, = 1102] < min {1, exp (6ds —m) },

P [Héyy”op > 1102} < min {1,exp (6d2 — m)} .

Also Lemma C.3 yields:

P [||xuop > 60v/di + n} < exp (=2(dy +n))
P {||Y\|Op > 60\/dy + n} < exp (=2(dy +n))

Therefore we can upper-bound P [€]:

P €]

IN

P[cgl’ﬂ + P[Ez)l] + P[glg] + P[Eg)z]
P[|Cxxll,, = 1102] + P [[Cyv]l,, > 1107]

+ P [[X],, = 60v/di + 1]
+ P||¥],, > 60/d> +n] (58)

< exp (6d1 — m) + exp (6d2 — m)
+exp (—2(dy +n)) +exp (- 2(dz +n))
< 2exp (6d — m) + 2exp(—2n).

Note that if m > 9d, then 2 exp (6d — m) < i. Also if n > 2, then 2 exp(—2n) < i. If both of these constraints are met,
we have:
-m 1
< 2. d - — < —
P[E] <2.(9) exp(100)+2exp( 2n)_2

(59)
PlEe] >
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Now we find an upper bound for E [H(A? — C||Op | € }

Ef|€-cl,|&] < - {HC;[;]CH”}
<2E[|€; - |,
—2E [Héi ~C 4+ C - CHOP]
<28 (|6 - &, | + 2|6 ol ©
= 2E [ Auin(€)[11y @0y +2E [I€* = Cl,,]
<2E [’/\min(a*) - )‘min(c)u{)\mm(a*)<0}}
+2E[|E" - c],,]
<apfjer-af,].
where (a) is a consequence of Wey!’s inequality (Johnson & Horn, 1985, Section 4.3). Then:
Cxx XY'| [Cxx Cxv
Cly Cyy
o
(61)

E |:||6* - CHop:| -
1XY' — Cxy

Cyy — Cyy
op
Op}

~E Py
2 [~ Cxxl | + B[y — vvll,] + B [12x9T - 0x

IN

We use matrix quantization scheme defined in Appendix A.5 to quantize matrices éxx, éyy, X, and Y. Therefore, we

can use the relation between communication load and the resolution of this quantization, which is stated in Appendix A.5.

+ Quantization of Cxx € R%U*d1: p = 1102, therefore:

602 ¥

d?log, </> =B, = 71 = €| =330%.2°4 (62)
€1

(63)

+ Quantization of Cyy € R%%d2: p = 1152, therefore
2
= Bé =

d% log, < 6,2

* Quantization of X € R“*": r = 65+/d; + n, therefore:
nd; log, (18‘7 Vﬁd}+"> — B/ = % = ¢ = 180\/dy - n - 27

1
* Quantization of Y € R%*": r = 6g+/ds + n, therefore:
180d2—|—n> :Bé'—@:éz':l&f dg—&—n-Q%

(64)

(65)

1

ndy log, ( ;
2
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From Proposition C.2, we have:

Cxx CXX < 32 max 2d1 s 1
m

(66)
E{HGYY_CYYH ] §3202 max{ ,1}
op V V m
We also have:
1 ditdy
E||=XYT - Cxy| | <3202maxlV =
n op di+da
" (67)

= 32024/ érnax {\/E, 1} .
n n
From (66) and (62) we write:

E [Haxx - CXXHOP} =EK [Haxx — Cxx + Cxx — CXXHOJ

E [Haxx - GXXHOP} +E [Héxx - CXXHOP}

2 2
<€) + 3207 (ilmax{w(h,l} (68)
m m
—By 2 2
= 3302 .24 +32021/dlmax{1/dl,1}.
m m

IN

From (66) and (63) we write:

E [HGYY - CYYHOP} =EK [HGYY —Cyy +Cvyy — CYYHOP}

E “|6YY - (NJYYHOP} +E||Cyy — CYYHOP]

/2 /2
€y 43207 2dy max{ ﬁ, 1} (69)
m m
=5 /2 /2
=3302 .23 43202 deaX{ dQ,l}.
m m
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J

From (67), (64), and (65) we write:

y

1,aT
E[HXY _ Cxy
n

Lot 1. 1. 1 1
{ fva CIXYT 4 XY - EXYT 4+ XY - Cxy
n n n n

A 1 -
<E “X(Y—Y)T } +E [H(X—X)YT }
n op n op
E Hlva ~ Cxy
! n op |
1 _me 1 N
< — —
< B Xl B (1Y = YlLy] + SB[V E (1% X
+E fovT Cxy (70)
op |
6ovdi +n "y GUW o d d
< € + €1 + 320%4/ — max —,1
n n n
2 _ _
- 00t EU D (o 1 055 ) a1}
n n
10802/ (dy + n)(dz + n) (2%min{%$%}) + 3% \/Emax \/El
- n n n7
If we set:
) mln{d 7d2}
n = min — , ) (71)
log, (72?52B2})
We have:
Fmin{fh 22y _ (=L . B By
2 1 exp( nmln{ 0 dz}ln(2))
1 min{ By, B2}
mln{exp( 5 ( i )) Xp( min { } n(2 ))}
-1 min{Bl, BQ} (72)
< -
_exp( 2 ln( dida ))
- dyds
~\/ min{By, Bx}’
d d
Gtn_,, %
n
min {Bl,BQ} dl d2 1
—1+d log, (————220 2,2} =
* 1max{°g2< dyds )max B, By'm
min { By, By } d? didy, d
<1 logy (———20 L —
< —|—max{ og2( ids )max{Bl, B, IS
(73)
min { By, By }\ d} min { By, Bo}\ didy d
”max{logQ( drds )E’1°g2< d1ds ) By 'm

dids

min {Bl,BQ}
dids )’

in3B1,B
<1+ max {10g2 (mm{1’2}),1}

< 2log, (
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Similarly:
di+n min { By, B>}
DN, (M) 74
< 2log, il (74)
Thus:
n n n
75
<9l (Inin{Bl,Bg}) (73)
=eR T g )
d d10g2 (min{dB(;,Bz}) d
— = max — 5 le A —
n mln{ﬁ,diz} m
dl d2 min{31 BQ} d
< d~max{—,—}lo (7’>+ —
\/ By B "\ dyd, m (76)

d2 d1d2 d2 d1d2 min{31 BQ} d
el Ao Ll G e R
- \/ fmax By By By B 082 dids + m

d2 d2 d1d2 min{31 Bg} d
(R o, (BB 1
\/max Bl BQ min{Bl,Bg} 062 d1d2 >+ m

Note that By > 15d; max{dy, d2} logy(max{dy,d2}), Ba > 15dy max{dy, ds} log,(max{dy, ds}). The function g(B) =
logz% is an increasing function in the interval [e, +00), Therefore we write:

B4 B4
logy(B1) — logy(Br1)

Bi=15d; max{ds,d2} log, (max{dy,d2}
15d; max{dy, dz2} log,(max{d, ds}
log,(15) + log,(d1) + log, (max{d;,ds}) + log, (1og2 (max{dy, d2}))
< 15d; max{dy, d2} logy(max{dy, d2} (77)
log,(15) 4 3logy(max{dy,ds})
> 2dy max{d;,ds}
> dyi(dy +dz)
= dqd.

This yields g—ll > dlog,(B1). Similarly we conclude that g—; > dlog,(Bz). Therefore we have:
B B
min {dll’ d;} > d - logy (min{Bl, Bg})

min{B,, B
> d - log, (#)
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By Bz}

min{ e

Therefore YWY,

1 ( ) > d, also we have m > 9d > d, thus we conclude that n > d. Now we have:
082 dydg

10802 \/(d1 + n)(d> + n) (2; min{%%}) + 3202\/Emax \/E 1
op| n ! n’
min { By, B> } d1dy
< 216021
< 21607 log, ( dyds ) min{ By, By} (79)

d2 d2 dldg min{B1 B2}
320%/2 L 2 1 ’
+ 7 \/ maX{Bl’ 327 mil’l{Bl,Bg}} 082 ( d1d2 )

[d
+ 3207 [ —.
m

1.aT
mev ~ Cxy
n

From assumption m > 9d we have:

E[|C" - Cll,,] < E [IExx - Cxx|l,,] + E[|Cvy - Cyv]|,,| + E m;xw ~ Cxy

-5 2d 2d
< 3302 .224 +32021/1max{\/1,1}
m m
=By 2d 2d
+ 3302224 —|—3202\/2max{\/2,1}
m m

min {Bl,BQ} d]_dg d
2160 1 3202,/ <
+ 7 082 ( d1d2 ) min{Bl,Bg} + 7 m

Ny

(80)
d? d3 did min{ By, Ba}
9 2 ) Y1 o 142 1 1, D2
+320 \/ maX{Bl’ BQ’ min{Bl,BQ}} 082 ( dldg )

-1 . By By
< 9602\/1 4330207 M)
m

min {Bl7 BQ} d1d2
2160 log, ( )/
+ bo 082 d1d2 min{Bl, BQ}

d2 d2 d1d2 Il’liIl{Bl BQ}
7\ 2w (g Byt By ()
A \/ max Bl7 Bg, min{Bl,Bg} 082 dldg

Finally:

E[|C-c|,]=E|IC-c], ] PEl+E|C-c], &) Pl
<o*Ple]+4E (| -], ]
< 20” exp (6d — m) + 207 exp(—2n)

o | d o oz min{ 3} 22}
+ 3840 E+132J -2 1% (81)

) min {Bh B2} didy
+ 8640 10%2( dyds ) min{ B, By}

d2 d2 d1d2 min{31 BQ}
120 2w {5 ey o ()
+ 8o \/ fmax Bl7 Bg’ IniIl{Bl7 BQ} 082 dldg
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Note that m > 9d, therefore exp(6d — m) 1/ . We also have:

2m1n{%75—22 }
d

exp(—2n) = max ¢ exp ( mm{BI,BQ} ,exp(—2m)

log, ( dydz

ds min{ B, B2}
< _— —.
—\/maX{B B e (T )ty

(82)

Thus we have:

s 2 | d 2 %lmin{ﬁv%
E||C—cC]|,,| <3880/ — +1320° -2
op m

9 miH{Bl,BQ} d1d2
+ 86407 logy () [ Lt (83)

d2 d2 d1 d2 min{Bl Bg}
18402 ——— 1 ).
+ g \/max { B1 BQ mln{Bl, BQ} } Og2 ( d1 d2 )

From the assumption B; > 15d; max{dy, ds} log,(max{dy,ds}), and By > 15ds max{d;, ds2} log,(max{d;, ds=}), we
conclude:

IIliIl{Bl7 BQ} Z 15 min{dl, d2} max{dl, dg} 10g2 (max{dl, dg}) = 15d1d2 1Og2 (max{dl, dz}), (84)

Therefore log, (%jz’&}) > 1. Thus we can simplify the upper bound more:

& 2 | d o oz min{}, 02}
E[|€-cl|,,] < 3880% /= + 1320 -2 A

min{B B } di d3 drd w
2 og, (1B B2y sy =
+ 10480~ log, ( 4y )\/max{Bl, By’ min{B1, By} }

. 2 .
Assuming £ < "7, if we set:

B do*
meg—Q,
14 dy,d 2
Bl:T,U 1ma>;{ 1, 2}10g§ (J—max{dhdz}), (86)
c €
44 dy,d 2
B2:T/O' QmaX{ 1, 2} logg (i max{dth}),
g2 €
then we have:
d €
2
d_ e 87
o4 7 87
2 BT o o3 min {r T ta) 1063 (22 max{dn da) 7 ) togd (22 max{as dz)) )

gt 2
< 2 .97 logz(E max{dl,dg})

< 0'2(—<€ T;TH4 (59
~ ‘o2max{dy,d>}
<e.
d% d% dldg 52
maxq§ ——, —, < . 89
{31 By Bmm} /o4 logs (% max{d;, d>}) (89)
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B 2 d% did ot o? g2
a%lo ( mm) max{—l,—z, 172 } =o%lo (—110 2(=— max{d;,d )
82\ dd, Bi" By Buin 8272 2l € . dz)) 7ot logy(% max{di, d2})

2
e 2log, (UT‘/TT) + 2log, (1og2("?2 max{dy,d>}))
logg(%2 max{dy,d2})

B~ ﬂ
m \]\

< .

=V
(90)

Therefore, we can write:
~ € €
E[|C-Cl|,,| <388-—= +132: + 4192~

IC —Cll,, | <3887 +132¢ + 4192 o1
The proof of Theorem 4.4 and Corollary 4.5 is completed. O

32



	Introduction
	Notations
	Problem Formulation
	Main Results
	The Lower Bound
	The Achievable Scheme

	Preliminaries
	Sub–Gaussian Random Variables
	Packing and Covering Numbers
	Strong Data Processing Inequality

	Proof of the Lower Bound
	Proof of Theorem 4.1
	Comparison

	Statement of Achievable Scheme and Proof of Theorem 4.4
	Conclusion
	Some Preliminary Lemmas, Corollaries, and Propositions
	A Lemma from Linear Algebra
	Some Properties of Sub–Gaussian Random Variables
	An Important Relation Between the Packing and the Covering Numbers of a Set
	Finding Upper Bound on Operator Norm of Matrices, Using Covering Nets
	Packing and Covering in Matrix Spaces

	Materials for Completing the Proof of Theorem 4.1
	The Detailed Proof of Lemma 6.2
	Proof of Lemma 6.3

	Materials for Completing the Proof of Theorem 4.4
	Two Lemmas and One Proposition That Are Useful in Proving Theorem 4.4

	Detailed Proof of Theorem 4.4 and Corollary 4.5

