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Abstract

Quantum computing is an emerging technol-
ogy that has been rapidly advancing in the past
decades. In this paper, we conduct a system-
atic study of quantum lower bounds on finding e-
approximate stationary points of nonconvex func-
tions, and we consider the following two impor-
tant settings: 1) having access to p-th order deriva-

tives; or 2) having access to stochastic gradients.
1+p

The classical query lower bounds are €2 (67 P
regarding the first setting and Q(¢~*) regarding
the second setting (or (¢ ~3) if the stochastic gra-
dient function is mean-squared smooth). In this
paper, we extend all these classical lower bounds
to the quantum setting. They match the classi-
cal algorithmic results respectively, demonstrat-
ing that there is no quantum speedup for finding
e-stationary points of nonconvex functions with
p-th order derivative inputs or stochastic gradient
inputs, whether with or without the mean-squared
smoothness assumption. Technically, we prove
our quantum lower bounds by showing that the
sequential nature of classical hard instances in all
these settings also applies to quantum queries, pre-
venting any quantum speedup other than revealing
information of the stationary points sequentially.

1. Introduction

Quantum computing is an emerging technology with wide
applications. Among those, quantum algorithms for opti-
mization are of general interest. On the one hand, optimiza-
tion algorithms have wide applications in machine learning,
statistics, operations research, and many other areas. On the
other hand, it is crucial in quantum computing to figure out
the extent of quantum speedups in specific problems, and
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previous literature had established quantum speedups for
solving linear systems (Harrow et al., [2009; (Childs et al.}
2017), semidefinite programs (Brandao & Svore, 2017
Brandao et al., 2019} van Apeldoorn et al., [2020b; |van
Apeldoorn & Gilyén, 2019} Kerenidis & Prakashl 2020),
general convex optimization (Chakrabarti et al., 2020; |van
Apeldoorn et al.| [2020al), etc.

More recently, nonconvex optimization has been a primary
research direction in machine learning, since the landscapes
of many models, including neural networks, are typically
nonconvex. Finding the global optimum of a nonconvex
function, even approximately, is NP-hard in general (Murty
& Kabadil [1987; Nemirovski & Yudin, [1983). To give ef-
ficient optimization algorithms for nonconvex functions, a
first step is to find stationary points (Agarwal et al., 2017}
Birgin et al., [2017; (Carmon et al., 2018; 2017} Nesterov,
2003 Nesterov & Polyak, [2006). However, quantum al-
gorithms for nonconvex optimization are less understood.
Based on gradient descents, |Zhang et al.[(2021) proposed a
quantum algorithm that can find an e-approximate second-
order stationary point of a d-dimensional nonconvex func-
tion and improve the logarithmic dimension dependence
from log6 d in the classical result (Jin et al., [2018) to log2 d,
but the € dependence remains the same. The dependence
in log d is further improved to linear in|Childs et al.[(2022).
Moreover, |Liu et al.| (2022) showed that quantum tunnel-
ing can provide quantum speedups in the task of finding an
unknown local minimum starting from a known one.

Meanwhile, various results have been developed concerning
the classical lower bounds for finding e-approximate first-
order stationary points (i.e., points with gradient smaller
than €) of nonconvex functions under different assumptions.
In particular, (Carmon et al.| (2020a) discussed the setting
where the objective function f has Lipschitz p-th order
derivative and proved that any randomized classical algo-

rithm has to make at least Q(efHTp) derivative queries to
guarantee an (1) success probability in the worst case.
Using a similar approach, (Carmon et al.| (2021) proved a
deterministic classical lower bound for first-order method
of order Q(e~'2/7) for functions with Lipschitz first and
second derivatives.

As for stochastic settings, |Arjevani et al.| (2020; 2022) thor-
oughly investigated classical lower bounds under different
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assumptions with or without the mean-squared smoothness
property, and with access to different orders of stochastic
derivatives. In particular, the query lower bound for stochas-
tic first-order methods is 2(e~*) (Arjevani et al., 2022).
If the stochastic gradient additionally satisfies the mean-
squared smoothness property, the query lower bound would
be of order Q(e~3) (Arjevani et al., 2022), which is also
the query lower bound in the case where we have access to
second- and higher-order stochastic derivatives (Arjevani
et al.}2020). Nevertheless, for objective functions with Lip-
schitz p-th oder derivative, the query lower bound remains
Q(e3) for stochastic p-th order methods if we have the
mean-squared smoothness property (Arjevani et al., [2020).

However, despite recent progress on quantum lower bounds
for convex optimization (Garg et al., 2020; 2021}, quantum
lower bounds for nonconvex optimization are widely open.

Contributions We conduct a systematic study of quan-
tum lower bounds for finding an e-stationary point of a
nonconvex objective function f, i.e., finding an x € R?
such that

V)| < e

For optimization problems with deterministic queries, high-
order methods are of general interest (Bubeck et al.,|2019b;
Gasnikov et al.,[2019), which compared to first-order meth-
ods can achieve better convergence rate by exploiting higher-
order smoothness (Birgin et al.l 2017} |Cartis et al.| 2010;
Nesterov & Polyakl] 2006). Beyond that, another widely
considered setting is having access to stochastic gradi-
ents, which is widely applied in modern machine learning
tasks (Bottou & Bousquet, 2007} [Bottou et al., 2018) as it
only requires access to an unbiased gradient estimator. Vari-
ous classical algorithms have been developed under this set-
ting from variants of stochastic gradient descent (SGD) (Jin
et al.,|2021;|Fang et al., 2018};Zhang & Li,[2021} Zhou et al.,
2018) to more advanced methods (Kingma & Bal 2015; |Liu
et al.l 2018;Duchi et al.| | 2011). Hence, we study the quan-
tum query lower bounds for finding and e-stationary point
under the following two important settings:

1. having access to derivatives of a p-th order Lipschitz
function;

2. having access to stochastic gradients of a Lipschitz func-
tion without the mean-squared smoothness assumption;
or

3. having access to stochastic gradients of a Lipschitz func-
tion that additionally satisfy the mean-squared smooth-
ness assumption.

For the first setting , we consider a C'* function f: RY 5 R
with L,,-Lipschitz p-th derivative, i.e., | V? f(x)| < L,. We

define the p-th order response to a query at point x to be

VP f(x) = {f(x), VF(x),..., VPF(x)}, (D)

which we assume can be accessed via the quantum evalua-

. . 0 “ee
tion oracle defined as a unitary map on R? — R® ++d”
such that for any x € R,

0P ) ly) = ) [y o VO-P i) . @

Here, the Dirac notation |-) denotes the register storing
quantum states. Specifically, for any m € N, x1,...,x,, €
R4, and ¢ € C™ such that >_;" | |¢;|> = 1,

o;“(fjci xi) ©10) ) = e @ VO f(x:))
i=1 i=1

If we measure this quantum state, we get V(P f (x;)
with probability |c;|?. Compared to the classical evalua-
tion oracle (i.e., m = 1), the quantum evaluation oracle
can query different locations in superposition, which is the
essence of speedups from quantum algorithms. In addi-
tion, if we can implement the classical evaluation oracle by
arithmetic circuits, the quantum evaluation oracle can be im-
plemented by quantum arithmetic circuits of about the same
size (see Footnote 2 of |Chakrabarti et al.|2023)). Hence, it
has been the standard assumption in previous quantum com-
puting literature for convex optimization (van Apeldoorn
et al.,[2020a}; |Chakrabarti et al., 2020) and nonconvex opti-
mization (Liu et al.,2022; |Zhang et al.| [2021)), with different
magnitudes of quantum speedups obtained.

Despite that the quantum evaluation oracle is powerful by
taking queries in superposition, however, we show that
it cannot provide quantum speedup for finding stationary
points of nonconvex functions. In particular, we prove the
following quantum query lower bound.

Theorem 1.1 (Informal version of[Theorem 2.4). For any
€ > 0 and p € N, there exists a family F of functions
f: R? — R with Ly-Lipschitz p-th derivative such that any
quantum algorithm that finds an e-stationary point of any
f € F must make

0 (L;/pe—(ﬁl)/p)
queries to the quantum p-th order oracle.

For the second setting where we have access to stochastic
gradients, we also consider a C'*° function f: R% — R that
is L-Lipschitz, i.e., |V f(x)|| < L. Assume the stochas-
tic gradient g(x, &) of f indexed by some random seed &
satisfies

{Edg(x, &) = V/(x),
Eelg(x, &) — V()| < o2,
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for some constant o, which can be accessed via the follow-
ing quantum oracle

Og [x)[6) [v) = [x) [€) |&(x, &) + ). 3)
Then, we can prove the following result.

Theorem 1.2 (Informal version of [Theorem 3.6). For any

€,0 > 0, there exists a family F of L-gradient Lipschitz
functions f: R* — R such that any quantum algorithm that
finds an e-stationary point of any f € F must make

N (min{L2A27o4})

e
queries to the quantum stochastic gradient oracle.

Moreover, various literature on nonconvex stochastic opti-
mization (Fang et al., 2018 |Lei et al., [2017; [Zhou et al.,
2018) has considered the following additional mean-squared
smoothness assumption on the stochastic gradient g(x, £).

Assumption 1.3. The stochastic gradient g satisfies that for
some constant L, we have that for all x,y € R¢

Ecllg(x,€) — gy, I < L* - x - y|.

Under the stochastic optimization setting where
is satisfied, we prove the following result.

Theorem 1.4 (Informal version of [Theorem 3.8). For any
€,0 > 0, there exists a family F of L-gradient Lipschitz
functions f: R¢ — R such that for any quantum algorithm
that finds an e-stationary point of any f € F must make
Q(Lo /€3) queries to the quantum stochastic gradient oracle
satisfying the mean-squared smoothness assumption.

Observe that our quantum lower bounds match the classical
algorithmic results (Birgin et al.,|2017; [Fang et al., 2018 Jin
et al.| 2021)) concerning corresponding settings. Therefore,
we essentially prove that there is no quantum speedup for
finding stationary points of nonconvex functions with p-
th order derivative inputs or stochastic gradient inputs,

whether with or without[Assumption 1.3]

Techniques Inspired by both the classical lower bound
results for finding stationary points (Arjevani et al.,|2022;
Carmon et al.,|2020a)) as well as the techniques introduced
in |Garg et al.| (2020; 2021) on quantum lower bounds for
convex optimization, our work utilizes the underlying sim-
ilarities and connects these two settings. In particular, the
proof of our quantum lower bounds has the following key
technical components:

1. Adopt a hard function that is a robust zero-chain and
has a “non-informative region” around 0, which con-
tains a sequential underlying structure that can only be
discovered via adaptive queries.

2. Represent quantum algorithms by sequences of unitaries.

3. Demonstrate that the sequential nature of the robust zero-
chain can nullify the advantage of quantum algorithms
to make queries in superpositions.

First, classical hard instances for finding stationary points of
nonconvex functions under different settings share the same
intuition originated from the following example proposed
in Chapter 2.1.2 of Nesterov| (2003)),

T-1

f(x) = %(1’1 1)+ % dowi—wi)’ @)

=1

For every component ¢ € [T], V, f(x) = 0 if and only if
Tij—1 = x; = x;4+1. Then, if we query a point x with the
first ¢ entries being nonzero, the derivatives V(?) f(x)
can only reveal the (¢ + 1)-th direction. Such f is called a
zero-chain which is formally defined as follows.

Definition 1.5 (Carmon et al. [2020a, Definition 3). For
p € N, a function f: RT — Ris called a p-th order zero-
chain if for every x € R,

supp{x} C {1,...,i—1}
= J swp{Vf(x)} S{1,....i},

q€[p]
where the support of a tensor M € R®"T is defined as
supp{M} := {i € [d]| M; # 0}.

We say f is a zero-chain if it is a p-th-order zero-chain for
every p € N.

Intuitively, if the objective function with an unknown set
of coordinates is a zero-chain, and if we query its deriva-
tives at point x with only its first ¢ entries being nonzero,
such query can only reveal information of the (i 4+ 1)-th
coordinate, exhibiting a sequential nature. Hence, for any
classical algorithm that never explores directions with zero
derivatives components that seem not to affect the function,
which is referred to as “zero-respecting algorithm” (Carmon
et al., 2020a), it takes at least 1" queries to learn all the T'
coordinates. Moreover, we can observe that finding a sta-
tionary point of the function f defined in Eq. requires
complete knowledge of all the 7" directions, indicating that
it takes at least 1" queries for a zero-respecting algorithm to
find the stationary point of f.

Carmon et al.| (2020a) extended this lower bound to random-
ized classical algorithms by constructing a hard instance
following the intuition of the quadratic hard instance (@) and
additionally creating a ‘“non-informative” region near 0
where small components have no impact on the function
value, which can “trap” random perturbations since
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with overwhelming probability they can only create small
magnitudes among unknown coordinates and thus has no
influence on the function value as well as the algorithm.

Second, |Garg et al.| (2020; 2021) developed quantum
lower bounds for convex optimization with non-smooth
and smooth objective functions respectively, and demon-
strate that there is no quantum speedup in both settings.
The hard instance in |Garg et al.|(2020) is a variant of the
shielded Nemirovski function introduced in |Bubeck et al.
(2019a) which takes a maximization over several compo-
nent functions, each related to one of the coordinates and
the component function related to the 7'-th coordinate is the
least significant. Then with high probability, each query can
reveal only one unknown coordinate with the smallest index.
This property also applies to the smoothed hard instance in
Garg et al.| (2021). To obtain quantum lower bounds, |Garg
et al.| (2020; 2021) represented quantum algorithms in
the form of sequences of unitaries

- V30£Vo0+ V105V

applied to the initial state |0), where O are the evaluation
oracle of f and Vs are unitaries that are independent from
f. The key step in their proof is demonstrating that, for any
quantum algorithm A,.n making & < T queries, if we re-
place all the & queries to Oy by new evaluation oracles that
only partly agree with f but contains no information regard-
ing the T'-th coordinate, the output state of the algorithm will
barely change. Since finding an e-stationary point requires
knowing all the coordinates, the new sequence of unitaries
is hence not be able to find an e-stationary point with high
probability, so does the original quantum algorithm Agyan.

Third, we observe that although the hard instance in|Garg
et al. (2020; 2021)) is a variant of the shielded Nemirovski
function and has a different construction compared to
the zero-chain hard instance introduced in |Carmon et al.
(2020a)), it also satisfies the properties of robust zero-chains.
We note that this connection has been utilized in previous
works (Carmon et al., 2020b; 'Woodworth & Srebro, 2017)
but has yet been pointed out explicitly. Similarly, quantum
queries to the derivatives of the hard instance of |(Carmon
et al. (2020a) also have only rather limited power, similar to
the case in |Garg et al.| (20205 |2021). Conceptually, this is
due to the fact that the hard instance in/Carmon et al.|(2020a)
possesses a sequential nature that the i-th coordinate di-
rection only emerges when we reach a position that has
a large overlap with the (¢ — 1)-th direction, which nul-
lifies the unique advantage of quantum algorithms to
make queries in superpositions.

As for the stochastic setting, similar to the classical stochas-
tic lower bound result (Arjevani et al.,[2022)), we still use the
classical hard instance defined in/Carmon et al.| (2020a)) but
with different scaling parameters. Nevertheless, the stochas-
tic gradient function of the hard instance in|Arjevani et al.

(2022) could lead to a quantum speedup on this particular
hard instance via Grover’s search algorithm (Grover, [1996).
To address this issue, inspired by the quantum lower bound
on multivariate mean estimation (Cornelissen et al., 2022),
we construct a new stochastic gradient function with details
given in such that it is also hard for quantum
algorithms to obtain an accurate estimation of the exact
gradient. Then, a quantum lower bound can be obtained
matching the existing classical algorithmic upper bound
result following the same procedure as [Section 2

Furthermore, if we assume that the stochastic gradient func-
tion satisfies the mean-squared smoothness condition de-
scribed in we can apply a similar version
of the function smoothing technique introduced in |Arje-
vani et al.[(2022) to our stochastic gradient function
to obtain a “smoothed” stochastic gradient function, whose
detailed formula is given in upon which we can
obtain a quantum query lower bound matching the exist-
ing classical algorithmic upper bound result given that the

stochastic gradient function satisfies

Recently, a simultaneous work by|Gong et al.|(2022)) proved
that finding an e-stationary point of a nonconvex func-
tion with a noisy zeroth- and first-order inputs requires
Q(e=12/7) queries. Technically, they used the hard instance
introduced in|/Carmon et al.|(2021) that also has a sequential
underlying structure such that coordinates can only be re-
vealed sequentially due to the non-informative region near O
created by noise. In contrast, in our setting we do not need
external noise to create the non-informative region, which
has fundamentally different intuitions.

Open Questions Our paper leaves several natural open
questions for future investigation:

e Can we extend our stochastic quantum lower bounds for
finding stationary points to higher-order methods?

e Can we extend our quantum lower bounds to the setting of
finding approximate second-order stationary points (i.e.,
approximate local minima) with no additional overhead,
or overhead being at most poly-logarithmic in € and d?

o In this work, we show that classically hard optimization
instances where information can only be revealed sequen-
tially are also hard for quantum algorithms. Can we
develop quantum lower bounds for other computational
problems with sequential nature via similar techniques?

2. Quantum Lower Bound with Lipschitz p-th
Order Derivatives

2.1. Function Classes and Classical Lower Bound

We consider the following set of objective functions.
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Definition 2.1 (Carmon et al.|[2020a, Definition 1). Let
p > 1, A > 0and L, > 0. Then the set F,(A,L,)
denotes the union, over d € N, of the collection of C*°
functions f: RY — R with L,,-Lipschitz p-th derivative and
£(0) — inf, f(x) < A.

For any f € F,(A, L,), the response of a p-th order oracle
to a query at point X is

VO0p) f(x) = {f(x), VF(X),..., VPf(x)}

as defined in Eq. (I). Then for any dimension d € N, a
classical algorithm A is defined as a map from objective
functions f € F,(A, L,) to a sequence of iterates in RY, if
for any ¢ € N it produces iterates of the form

< — A®) (v(o,...,p)f(x(l)), e

where A() is a measurable mapping to R%. We refer to A
as a classical p-th-order deterministic algorithm.

Similarly, a classical p-th-order randomized algorithm Ar(fn)d
as a distribution on p-th order deterministic algorithms.

Quantitatively, AP

rand Would produce iterates of the form

x(® = A® (57 V(O""’p)f(x(l))7 o v(Ow-yp)f(X(i*l)))

for any ¢ € N, where ¢ is a random uniform variable on
[0, 1], for some measurable mappings A(*) into R<.

The strategy of constructing a classical hard instance is to

construct a high-dimensional zero-chain (Definition 1.3)

such that the position of its stationary point is related to
all the coordinates. In particular, Carmon et al. (2020a)
considered the following hard instance fr(x): R? — R,

fr(x) = =U(1)®(x1)

T
+ Z[\If(—a:i_l)@(—xi) — U (z_)B(z)], (5)
where
_)o x <1/2,
Ve) = {exp (1 gte) =>1/2

O(z) := \/E/ e /24qt,

for some 7" > 0. Note that f7 is a zero-chain whose deriva-
tive V fr(x) has a large norm unless |x;| > 1 forall i € [T]]
(see for details). Thus, it takes at least Q(7)
queries for a classical algorithm to find a stationary point
of fr if it never explores directions with zero derivatives,
which is referred to as a zero-respecting algorithm in|Car{
mon et al.| (2020a), where the authors also showed that
the query complexity lower bound for zero-respecting algo-
rithms also holds for all deterministic classical algorithms,

and T can at most be of order O (ALge*(Hp)/T’) to satisfy
L,-Lipschitzness and other conditions, establishing query
lower bound for all deterministic classical algorithms.

This deterministic lower bound is further extended to obtain
a distributional complexity lower bounds of all randomized
classical algorithms by a simple random orthogonal transfor-
mation (or intuitively, a high-dimensional random rotation)
on the hard instance fr defined in Eq. (5):

fru(x) = afr(UTx/B) (6)
where « and 3 are scaling constants, U € RY*T with
columns u™, ..., u™ is an orthogonal matrix with 7' < d,

and we assume throughout that U is chosen uniformly at
random from the space of orthogonal matrices O(d,T) =
{U e R>T |\ UTU = Ir}.

It is shown in |Carmon et al.| (2020a) that any random al-
gorithm can “discover” at most one coordinate u‘®) per
query with high probability. Quantitatively, for a ran-
dom orthogonal matrix U, any sequence of bounded iter-
ates {x(Y)},c based on derivatives of fT;U must satisfy
|(x(), ul))| < 0.5 with high probability for all £ and j > ¢.
Then by [Lemma A.2)in[Appendix A} with high probability
|V fr.o(x®)|| is large for any ¢ < T', and thus establishes
the lower bound on randomized algorithms with access to
bounded iterates. Moreover, |Carmon et al. (2020a) showed
that the boundedness of the iterates can be removed by com-
posing fT;U with a soft projection to reach a lower bound
for general unbounded iterates, and the query lower bound
Q(ALpe=(1+P)/P) can be obtained for all randomized clas-
sical algorithms with access to p-th-order derivatives.

2.2. Quantum Query Model and Complexity Measures

We adopt the quantum query model introduced in|Garg et al.
(2020). For a function f: R? — R with L,-Lipschitz p-
th derivative, we assume access to the following quantum

oracle O;p ) defined in Eq.:

for V(©P) f(x) defined in Eq. . Then for any p-th order
quantum query algorithm Aqyan, it can be described by the
following sequence of unitaries

"'V%();P)va()§P)‘ﬁ()§P)L6 (7)

applied to an initial state, which can be set to |0) without

loss of generality. Moreover, we define A((fg,m to be the

sequence (|7) truncated before the (¢ + 1)-th query to O}p ),
flﬁ) — L@()}P)...();P)va()§P)L67

quan
for any ¢ € N. Next, we extend the classical complexity

measure introduced in|Carmon et al.[(2020a)) to the quantum
regime. Quantitatively,
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Definition 2.2 (Quantum complexity measures). For a
function f: R? — R and a sequence of quantum states

{ 1)} sex let p; be the probability distribution over

x € R obtained by measuring the state W)(t) in the com-
putational basis {|x) | x € R?}. Then we can define

Te({ |'ll}>(t) }tEN’f) =

int {r e N| Pr (979 <€) 2 5}

To measure the performance of a quantum algorithm Aqyan
on function f, we define

T€(Aquan7 f) = TE({A(qtlian |O> }7 f)

as the complexity of Aguan on f. With this setup, we define
the complexity of algorithm class Aquan Of all quantum
algorithms in the form (7)) on a function class F to be

Te(Aquan, F) := inf  sup T.(4, f). (8)
A€Aquan feF

2.3. Quantum Lower Bound with Bounded Input
Domain

We first prove a query complexity lower bound for any quan-

tum algorithm A, .n defined in[Section 2.2|on a function

class with bounded input domain using the hard instance
fr,v defined in Eq. . For the convenience of notations,

we use OF.; to denote the quantum evaluation oracle en-

coding the p-th-order derivatives of function fT;U, or equiv-
alently

OLY, %) ly) = [x) |y © VO froy (x))

Consider the truncated sequence Aé@an of any possible
quantum algorithm A ua, with £ < T, we define a se-

quence of unitaries starting with Ay = Aéﬁgn as follows:

Ao = ViOF Vi O, - OL, ViOE), Vi
Ay = VkOT;UVk_lOT;U 0L, V10, Vi

Ay = Vkég)ljvk—lég)[] e 651)()5 Vlégl;)l)h Vo ©)

Ak = VkO Vk 1Ok 1,U,_1 "~ 5&?()]2‘/158)[)]1‘/;)»

where OE v, stands for the evaluation oracle of function

ft;U,, and its p-th-order derivatives defined as

fov (%) = afu(U]'x/B)

Our goal to show that the algorithm Ay does not solve our
problem. To achieve that, we follow a similar approach

(10)

shown in|Garg et al.| (2020) and develop a hybrid argument
in which we first show that the outputs of the algorithm A;
and A; 1 are close, so does the outputs of Ay and A. Then,
we argue that the algorithm Ay cannot find an e-stationary
point with high probability since oracles in the algorithm
are independent from ur. Hence, A cannot do better than
random guessing a vector ur, which by in

[Appendix B fails with overwhelming probability.
Lemma 2.3 (A; and A;_; have similar outputs). For a hard

instance fr.;(x): R — R defined on B(0,28v/'T) with
d > 2007 1ogT, let A; for t € [k — 1] be the unitaries
defined in (9). Then

Ev (| A¢ [0) — A1 ]0) [|*) < 1/36T*.

Proof. Since the series of unitaries in Eq. (9) was con-
structed by gradually changing the quantum evaluation or-
acle, the difference between consecutive terms can be ex-
pressed as

| A¢ |0)
= (©f

We will prove the claim for any fixed choice of vectors
{u®, ... u®Y}, which will imply the claim for any dis-
tribution over those vectors. After fixing these vectors, we
can see that the quantum state

—At 110} ]

TUT)Vt 1Ot 11U "6§€()]1V0|0> H

Viei O - O, Vo [0)

is fixed and we refer to it as |¢)). Thus our problem reduces

to showing for all quantum states [¢)),

1
— 3674
For any 1), it can be expressed as [¢)) = > ax |x> |dx),
1,

where x is the query made to the oracle, and ) |ax|? =
which leads to

Bt (| S ax O~ Ot ) o how) |

<Z|@x| Euo,. ey ([| (O, — 0% ) =) ||*)-

Equ,...umy (104, = O, ) ) 1) <

Since |ax|? defines a probability distribution over x, we
can again upper bound the right hand side for any x €
B(0,23+/T) instead. Since 6?& and 55,5';)% behave iden-
tically for some inputs x, the only nonzero terms are those
where the oracles respond differently, which can only hap-
pen if

VO () £ VO o).
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When the response is different, we can upper bound
| (Ot(fg,t - ngz)U) |x) ||? by 4 using the triangle inequality.
Thus for any x € B(0,+/T), we have

Euor,..amy ([ (08, = O%1,) %) |1%)

(0,..,p) £, (0,...,p) F
=4 {u(”,.f‘)‘l,uu(T)} (v fT;U(X) 7£ v ft;Ut (X))

< b
= 367"

where the last inequality follows from O

Based on|Lemma 2.3 we can obtain the following result

with its proof deferred to By combining
and the soft projection technique in/Carmon et al.

(2020a) that can remove the boundedness of the iterates, we
obtain the following quantum lower bound.

Theorem 2.4 (Formal version of [Theorem 1.1). There exist

numerical constants 0 < cg, c1 < oo such that the following
lower bound holds. Letp > 1, p € N, and let A, L,,, and €
be positive. Then,

LAN\Y?P
s 2o (2) 5
P

where £, < e3plog prep the complexity measure T, is de-
fined in Eq. (@) and the function class F,,(A, L) is defined
in[Definition 2.1) The lower bound holds even if we restrict

Fp(A, Ly) to functions whose domain has dimension

1 1
0 QOOCOIALp/pe1;p'log(coALp/p€1;p> .
E/P el/l)
P P

3. Quantum Lower Bounds with Access to
Stochastic Gradients

Based on|Carmon et al.|(2020a), Arjevani et al.| (2020; [2022)
further investigated the classical query lower bound finding
e-stationary points given access to stochastic first-order or
additionally higher-order derivatives.

3.1. Classical Hard Instance and Lower Bound

Adopt the notation in |Arjevani et al.| (2022), in this sub-
section we discuss lower bounds for quantum algorithms
finding stationary points of functions in the set 7 (A, L)
such that for any F': R? — R with F' € F we have

F(0) —inf F(x) <A,
and

IVF(x) = VF(y)ll < Lix - yll, ¥x,y € R?.

Arjevani et al.|(2022) proved the classical lower bound by
extending the zero-chain property introduced in |(Carmon
et al.| (2020a) to the stochastic setting.

Definition 3.1 (Probability-p zero chain). A stochastic gra-
dient function g(x, ) is a probability-p zero-chain if

Pr (3x : progy(g(x.£)) = progs (x) + 1) < p
Pr (Elx : prog,(g(x,&)) > progi(x) + 1) =0

are both satisfied, where

prog.(x) := max{i > 0| |z;| > (}, (11)

with ¢y = 0 for notation consistency

Intuitively, for a probability-p zero-chain with dimension
T, any zero-respecting stochastic algorithm takes 2(1/p)
queries to discover one new coordinate in expectation.
Hence, the expected number of queries to discover all the
coordinates is Q(7T'/p).

Arjevani et al.|(2022) also used the same underlying func-
tion fr(x) defined in Eq. (5) with the following stochastic
gradient function

[g7(x,8)]i :=
Vi fr(x) (1 +1{i > prog%(x)}(g - 1)) . (12)

where ¢ ~ Bernoulli(p) with p = O(€?) in|Arjevani et al.
(2022). Then, fr together with gr forms a probabilistic-;
zero chain. With a similar approach in a lower
bound of order 2(1/€*) for all stochastic first-order algo-
rithms can thus be obtained.

In this work we show that, although the classical hard in-
stance in |Arjevani et al.| (2022) can be solved via O(1/€?)
quantum stochastic gradient queriesP_-] there exist harder in-
stances such that any quantum algorithm also needs to make
at least 2(1/¢*) to guarantee a high success probability in
the worst case. If the stochastic gradients additionally satisfy
the mean-squared smoothness condition in[Assumption 1.3]
we can show that any quantum algorithm needs to make
at least Q(1/€3) to find an e-approximate stationary point
with high probability in the worst case. These two quan-
tum lower bounds concerning stochastic gradients satisfying

Assumption 1.3|or not match the corresponding classical

algorithmic upper bounds and are thus tight.

3.2. Stochastic Quantum Query Model and Quantum
Speedup on the Classical Hard Instance

We can extend our quantum query model introduced in
Section 2.2|to the stochastic settings. For a d-dimensional,

"Throughout this paper, the O and  notations omit poly-
logarithmic terms, i.e., O(g) = O(gpoly(logg)) and Q(g) =
Q(gpoly(logg)).
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L-smooth objective function f, we assume access to the
quantum stochastic gradient oracle O}p ) defined as follows:

Definition 3.2 (Quantum stochastic gradient oracle). For
any L-lipschitz function f: R? — R, its quantum stochastic
first-order oracle Og consists of a distribution P; and an
unbiased mapping Og satisfying

Og[x) [€) [v) = %) [6) g (x,€) +v) ,

where the stochastic gradient g(x, £) satisfies both

Eep [8(x,§)] = Vf(x)

Ee~rp,[llg(x. &) — V(x)|°] <0 (13)

for some constant o.

To measure the performance of a quantum algorithm Aquan
on function f with queries to its stochastic gradient oracle

Og, based on we define
T.(Aquan f) = T.({Al). 10) }, £)

as the complexity of Aquan on f. With this setup, we define
the complexity of algorithm class Aguan of all quantum
algorithms in the form (7) on a function class F to be

T2 Aquan, F,0) = inf  supsupTi(A4, f), (14)
€Aquan fEF g

where the last supremum is over all possible stochastic gra-
dient functions g of f satisfying the bounded-variance re-

quirement in

Based on this complexity measure, we show that quantum
algorithm can find an e-approximate stationary point of the
classical hard instance based on f7 with fewer queries than
the classical lower bound of order €2(1/¢*) by approximat-
ing the exact gradient via Grover’s algorithm. In particular,
we prove the following result.

Lemma 3.3. Consider the classical hard instance in Ari
[jevani et al| (2022)) obtained by projecting fr defined in
Eq. @) into a d-dimensional space while adopting the
stochastic gradient function gr(x, &) defined in Eq. ,
there exists a quantum algorithm using O(l /€3) queries to
the stochastic quantum gradient oracle Og defined in

that can find find a point x satisfying fr(x) =0
with probability at least 1/2.

The proof of[Lemma 3.3|is deferred to

3.3. Quantum Lower Bound

In this subsection, we introduce a new hard instance where
any quantum algorithm also have to make ) (6’4) queries
to the quantum stochastic oracle defined in to
find an e-stationary point with high probability.

Before presenting the construction of the stochastic gradient
function, we first review some existing results on quantum
multivariate mean estimation.

Problem 3.4. Consider a matrix M € R**?T for some
T < d/4, denote m) as the i-th column of M. Suppose
T columns of M forms a set of orthonormal vectors, while
the other 7" columns are all zero. The goal is to get a good
estimation of the direction of the vector

127
—_ - )
8= 57 Zm 3,
j=1
Formally, we define

Wil = { 18) | )

2 177}5 gERd}v
gl

and define IIz(7) to be the projection operator onto Wg (7).
For some small 7, the goal is to produce a quantum state
|¢) with large value of ||IIg(n) - [¢) ||, given the following
quantum oracle

Ot %) 17 1v) = ) ) [m? +v) . (15)
Lemma 3.5 (Cornelissen et al.|[2022, Theorem 3.7). For
anyn < T /2 and any quantum algorithm that uses at most

n queries to the quantum oracle Oy defined in with
output state 1)), we have

En[|[Tg(n) - [4) %] < exp(—¢T),

for some small constant (, and

L 32 [E;[Im0) —g]?]
= Sllg] T

3
> =,
4
and the expectation is over all possible matrices M.

Drawing inspiration from the hard instance for quantum
multivariate mean estimation introduced by (Cornelissen
et al.| (2022), we design our stochastic gradient function
accordingly. In a manner similar to the approach employed
by |Arjevani et al.| (2022)), we incorporate stochasticity to
amplify the difficulty of achieving significant progress in
individual coordinates through stochastic gradient informa-
tion. Specifically, for the d-dimensional function fT;U,
where d > 47T, we ensure that for any point x with gradi-
ent g(x), there exists a matrix My € R4*2T. This matrix
possesses 1" columns consisting of zeros (0), while the re-
maining 7' columns form a set of orthonormal vectors that
satisfy

_ 1 ,
Vprogg(x)-&-lfT;U(x) = ﬁZZ’Y\/T mgg)v (17)
J
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where mﬁﬁ ) stands for the j-th column of M, and

7= vamgg(x)+1f~T;U(X)H <23

is the norm of the (progg 4 (x) + 1)-th gradient component
at certain points whose exact value is specified later.

Moreover, to guarantee that all the stochastic gradients
at x can only reveal the (progg,,(x) + 1)-th coordinate
Uprog, ,(x)+1 €ven with infinite number of queries and
will not “accidentally” make further progress, we addition-
ally require that for any x,y € R? with progg 4 (x) #
progg4(y), all the columns of My are orthogonal to all
the columns of M. This can be achieved by creating T’
orthogonal subspaces

M1,...,Vr},

where each subspace is of dimension 27" and has no overlap
with {uy, ..., ur}, such that the columns of My are within

span {uprog g (x)+1>» Vprog g (x)+1 }7
1 T

as long as the dimension d is larger than 272 +T = O(T?).

Then, we can define the following stochastic gradient func-
tion for V fr.u (x):

g(x,§) = &%) — Bprog, (0 +1(X) + 29T -mY) (18)

where j is uniformly distributed in the set [27°]. Then based
on we know that it is hard for quantum al-
gorithms to get a accurate estimation of the direction of
8prog 4 (x)+1 (x) given only access to stochastic gradients

at point x defined in Eq. using less than T'/2 queries.

Further, we can show that if one only knows about the
first £ components {u?, ..., u®}, even if we permit the
quantum algorithm to query the stochastic gradient oracle at
different positions of x, it is still hard to learn u D a5 well
as other components with larger indices. Quantitatively, for
any 1 <t < T we define

Wi = {x €B(0, BVT) | 3, s.t.

[(x,ul?)| > g and ¢t < i < T}u (19)
and
Wi = B(0, SVT) ~ Wi

Intuitively, Wy, | is the subspace of B(0, 3 VT ) such that
any vector in W, | has a relatively large overlap with at
least one of u**1 ... u(™. Moreover, we use II;,; and
I, to denote the quantum projection operators onto W;. |
and W, respectively. As shown in[Lemma D.1} if starting
in the subspace W, any quantum algorithm using at most
T'/2 queries at arbitrary locations cannot output a quantum
state that has a large overlap with W;. | in expectation. Then,
we can obtain the following result.

Theorem 3.6 (Formal version of [Theorem 1.2). For any A,

L, 0, and € that are all positive, we have

min{L?AZ? o4}
),

tstoc (Aquana ]:1 (A> L)7 U) Z Q(

€
where the complexity measure T () is defined in Eq. (14),
and the function class F1(A, L) is defined in
The lower bound still holds even if we restrict F1(A, L) to
functions whose domain has dimension

O(min{L*A?% o'} /e*).

Remark 3.7. Compared to the classical result (Arjevani et al.,
2022), the lowest possible dimension of the hard instance is
improved from ©(¢~%) to ©(e~*), which is due to a sharper
analysis and may be of independent interest.

The proof of [Theorem 3.6|is deferred to

3.4. Quantum Lower Bound with the Mean-Squared
Smoothness Assumption

We also prove a quantum query lower bound for finding
an e-stationary point with access to the quantum stochastic

gradient oracle defined in and additionally

satisfies the mean-squared smoothness assumption defined

in for some constant L.
Theorem 3.8 (Formal version of [Theorem 1.4). For any A,

L, 0, and € that are all positive, we have
TItoc (Aquan,}_l(A,E), O’) > Q(AEO’/ES).

if we further assume the stochastic gradient function g(x)

satisfies [Assumption [.3| with mean-squared smoothness

parameter L, where the complexity measure TStoc(4) is
defined in Eq. , the function class F1(A, L) is defined
in |Definition 2.1) The lower bound still holds even if we

restrict F1 (A, L) to functions whose domain has dimension
O(ALo/é®).

Remark 3.9. Compared to the classical result (Arjevani et al.|
2022)), the lowest possible dimension of the hard instance is
improved from ©(e~*) to ©(e~3), which is due to a sharper
analysis and may be of independent interest.

The proof of [Theorem 3.§]is deferred to[Appendix D.4.3
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A. Auxiliary Lemmas

We list the auxiliary lemmas used in our proofs here.
Lemma A.1 (Carmon et al[2020a, Lemma 1). The functions fr, U and ® satisfy the following.

1. Forallz < % andallk € N, ¥®) (z) = 0.
2. Forallx > land |y| < 1, U(z)®'(y) > 1.
3. vx e RY,

p)fT(x17~-~7xt707"' 70)

4. Both V and ® are infinitely differentiable, and for all k € N we have

5k 3k 3k
sup |99 ()] < exp (- log(4k) ), sup |V ()] < exp (- log ).

5. The functions and derivatives ®, ¥, ® and ®' are non-negative and bounded, with

0<WU<e 0V < bdle, 0<®<V2me, 0<P <o
Lemma A.2 (Carmon et al.[2020a, Lemma 2). If |z;| < 1 for any i < T, then there exists j < i such that |z;| < 1 and

_ o -
v > ’— ‘ > 1.
IV (9l 2 [
Lemma A.3 (Carmon et al.[2020a, Lemma 3). The function fT ‘RIS R defined in Eq. satisfies the following.

1. fr(0) — infy fr(x) < 127T.
2. Forall x € R? we have |V fr(x)||oo < 23 and ||V fr(x)|| < 23V/T.

3. Forall p > 1, the p-th order derivatives of fr are £y,-Lipschitz continuous, where

5
£, <exp (§p logp + cp)
for some numerical constant ¢ < 00.

Lemma A.4 (Garg et al.[2020, Proposition 14). Let x € B(0, 1). Then for a d-dimensional random unit vector u and all
c>0,

Pr(|(x, u)| > ¢) < 2e~%/2.
Lemma A.5 (Grover| 1996, Grover’s algorithm). For any function w(§): 2 — R satisfying
Pr{w(©) £ 0} =1-p

for some p < 1, with probability at least 1/2 we can find a & satisfying w(§) # 0 using O(1/,/p) queries to the following
quantum oracle

Us [€) ly) = 16) |y + w(£)) -
Lemma A.6 (Arjevani et al.|2022, Observation 1). The function I defined in Eq. @ and ©; defined in Eq. satisﬁesﬂ

1. T'(t) =0forallt € (—o0,1/(45)].

2. T(t) = 1forallt € [1/(28),0).

3. T € 0= with0 <T'(t) <6/Band |T"(t)| < 128/32 forall t € R.
4. ©, is (36/8)-Lipschitz.

’The last entry can be found in the proof of Lemma 4 of |Arjevani et al.{(2022).
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B. Probabilistic Facts about fT;U

In this subsection, we discuss some probabilistic facts of the hard instance fT;U defined in Eq. @ that are useful for the
proof of quantum lower bounds.

Lemma B.1. Ler 1 <t < T be integers and {u?), ..., u*=D} be a set of orthonormal vectors. Let {u® ... u(™} be
chosen uniformly at random so that the set {u?), ... aM} is orthonormal. Then
- ~ 1
(01"'>p) . (07”.,17) A <
v € B(0, 26V T), wr L Y fro(x)#V Jun (X)) = g

where U, € R**! is defined as the orthogonal matrix with columns uV) | ..., u® and ft;Ut (x) is defined in , given that
the dimension d of fr.u satisfies d > 2001 logT.

If d further satisfies d > 4007 log T, we have

- ~ 1
v 0,.p) £ 0,....p) £, < )
vx € BO2BVT), P (v Jrw(x) £V fs0. () = {470
If d satisfies d > 4007 T log 7 for some T satisfying 7 > T, we have
. . 1
v/ (0,...,p) (0,...,p)
vx € B(0,26vT), u(f),?fu(T) (V fru(x) #V Frv, (X)) = 144.72T4°

Proof. Without loss of generality, in this proof we set « = § = 1. Use x_ to denote the projection of x to the span
{u®, ... u™}, Intuitively, as long as each component of x | has a small absolute value, the components {u®, ... u(™}
will have no impact on the function value and any order of derivative. Quantitatively, by we can derive that

Pr (VO frr () # VO frr, () < 1= Pr ([fu® ), [ )] < 5).

Since {u®, ..., u™} are chosen uniformly at random in the (d — ¢ + 1)-dimensional orthogonal complement of span

{u® .. ut=D1 by we can further derive that

T

1-Pr <|<u(t),x>|,...7\(u(T),XH < g) <1-JJ[1-Pr((u,x) > 8/2)]

i=t

< Zpr [[(u®,x)| > /2]

_ 9T (@-T)-(WT)"%/2.

We can then reach our desired conclusions considering different values of d. O
Lemma B.2 (Cannot guess stationary point). Let k < T' be a positive integer and {u(l), ce u(’“)} be a set of orthonormal

vectors. Let {u*+t1) . uT)} be chosen uniformly at random from span(u® ... u*))L such that all columns of the
matrix U = [u(l), . ,u(T)] forms a set of orthonormal vectors. Then,

~ 1
. < < —/ 1
vx € B(0,26VT), {u(k+1)P,).r..,u(T)} IV frwGoll < afB] < 14474’

for the function fT;U(X) : RY — R defined in Eq. (@) given that the dimension d satisfies d > 200T logT'. If d further
satisfies d > 400T log T, we have

i N 1
vx € B(0,28VT), w0 D e (VP frp(x) # VO P frp, (%)) < 144T6°

14
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Proof. For any x € B(0, 2 \/T , by[Lemma A.4{we can claim that the quantit
y ) Yy q y

Pr [[(u®),x)| > §] < 2exp(—d(2VT) 2/2)

u(?)

is less than ﬁ if d > 2007 log T and is further less than ﬁ if d > 4007 log T'. Further by given the
condition that [(u(”),x)| < 8, we have

IViro Gl = 5|5 Fr@Tx/8)] > 5

B

T4 or 17 4T6 separately under the conditions d > 2007 log T or

loer

Hence, we can conclude that with probability at most
d > 4007 log T', the following inequality is true:

144

IV fru(x)|| < a/B. (20)

O

C. Proof of Quantum Lower Bound with Lipschitz p-th Order Derivatives
C.1. Lower Bound with Bounded Input Domain

In this subsection, we prove a query complexity lower bound for any quantum algorithm Aqyan defined in on a
function class with bounded input domain using the hard instance fr.;; defined in Eq. (@) Quantitatively, we define the
function class F, (A, L,, R) with bounded input domain as follows.

Definition C.1. Letp > 1, A > 0 and L, > 0. Then the set fp(A, L,, R) denotes the union, over d € N, of the collection
of C* functions f: B(0,R) — R with L,-Lipschitz p-th derivative and f(0) — infx f(x) < A

For the convenience of notations, we use 6§U to denote the quantum evaluation oracle encoding the p-th-order derivatives
of function fT; U, or equivalently

0Ly %) ly) = [x) |y © VO froy (x)) @1

Consider the truncated sequence Ag’fl)an of any possible quantum algorithm Aguan With & < T, we define a sequence of
unitaries starting with Ay = A((l]fl),m as follows:

Ag = ViOE ) Viea OF), - O, ViOE, Vi
A= Vké(P) Vi 16(”> - O, VI0O0), Vy
Ay = VO, Vi, O, - O, viOF), Vy (22)

Ay = ViO), Vi Oy - O, viO), Vi,

where 615” [}t stands for the evaluation oracle of function f.;7, and its p-th-order derivatives as defined in Eq. . Our goal
to show that the algorithm A, does not solve our problem. To achieve that, we follow a similar approach shown in|Garg et al.
(2020) and develop a hybrid argument in which we first show that the outputs of the algorithm A; and A, are close, so
does the outputs of Ay and Ay. Then, we argue that the algorithm Ay, cannot find an e-stationary point with high probability
since oracles in the algorithm are independent from uy. Hence, Ay cannot do better than random guessing a vector urp,
which by [Lemma B.2|in [Appendix B|fails with overwhelming probability.

Proposition C.2. There exist numerical constants 0 < cg,c; < oo such that the following lower bound holds. Let p > 1,
p €N, and let A, Ly, and € be positive. Then,

T (Aquans Fp(A, Ly, R)) > coA(Lp/0y) /Pe 5",
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= _p=t . . . .
where (,, < esplosptap R — \/COA(i—p) ¢~ 2, the complexity measure is defined in Eq. (@), and the function class

FP(A, L,,R) is defined in The lower bound holds even if we restrict ]}p(A, L,,R) to functions whose
domain has dimension

200coALY" 1t
—— €

/p

C()AL;; 1+p
G o ).
P

g;)/ P

The following lemma is helpful for proving

Lemma C.3. Consider the d-dimensional function fr.;7(x): B(0,26VT) — R defined in (@) with the rotation matrix
U being chosen arbitrarily and the dimension d > 2001 log T. Consider the truncated sequence A((llli)an of any possible
quantum algorithm Aquan containing k < T queries to the oracle O}p ) defined in Eq. , let py be the probability

distribution over x € B(0,23V/T) obtained by measuring the state AEf,}an |0), which is related to the rotation matrix U.
Then,

Pr [||VfT;U(X0ut)H < O‘/ﬁ] <

U,%Xou~pu

W =

Proof. We first demonstrate that A defined in Eq. @) cannot find an «/ 5-approximate stationary point with high probability.
In particular, let py, be the probability distribution over x € B(0,24+/T') obtained by measuring the output state Ay, |0).
Then,

Pr  [|IVfru (ol < o/f] < Pr IV fro(x)| < o/B].

Uk Xou €pu,, T D) a™y

for any fixed x. Hence by

S| =

Pr [V fru(xou)ll < a/f] <

Uk, Xow€EPU,,

Moreover, by and Cauchy-Schwarz inequality, we have

k—1

1
j— 2 . —_ 2
Eu[[| A% 10) — 4o [0) 7] < & EU[;AM|0> A10) 2] < 3

Then by Markov’s inequality,

1 1
_ 2y 7| <«
r[14e 10) — 4010} P 2 o] < o

since both norms are at most 1. Thus, the total variance distance between the probability distribution py obtained by

measuring Ag |0) and the probability distribution pék) obtained by measuring Ay, |0) is at most

1 1 1 1
—_—t— = — < —.
6T 61 3T — 6
Hence, we can conclude that
Pr [IVrotadl Sa/B] < Pr [IViru(all < a/f] + = = 5.
U Xou~pu ’ - T Uk Xou~puy, ’ - 6 3

Equipped with we are now ready to prove [Proposition C.J]
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Proof of [Proposition C.2} We set up the scaling parameters «, (3 in hard instance fr.;7: R? — R defined in Eq. @) for
some 71" as

o Lp/jp+1 5— <@)1/p,

l, L,

where ¢, < e2-5P1°8PF¢1 aq in the third entry of Then by [Lemma A.3| we know that the p-th order derivatives

of fT;U are L,-Lipschitz continuous. Moreover, note that

1/p 12
Ly e

Fro(0) = int Fras() = a(fr(0) = inf () < 25

Then by choosing

COAL}D/Z) _ltp

= —F—€ P

611;/ P ’

for some positive constant ¢y, we can have fT;U eF (A, L, R) for arbitrary dimension d and rotation matrix U. Moreover,
(t) . . .. .

by|Lemma C.3| for any truncated sequence Agan of any possible quantum algorithm Ay, an containing ¢ < 1 queries to the

oracle ng’ ) on input domain B(0, R), we have

Pr [”VJET;U(Xout)H < O‘/ﬁ] = UxPr~ [”VJET;U(Xout)H < 6] <

1
97
U, xou~pU sXout~PU 3

where pys is the probability distribution over x € B(0,23v/T) = B(0, R) obtained by measuring the state Agfgan |0}, given
that the dimension d satisfies
200coALLP 1ty : (cOAL}/p ,ﬂ)
log [ ———¢ .

d>200TlogT = =222 =5 :

Finally, due to we can conclude that
L 1/p _14p
)

ﬁ(Aquanaﬁp(Aa vaR» >T = COA(TP
P

C.2. Lower Bound with Unbounded Input Domain

In this subsection, we extend the lower bound in[Proposition C.2|for bounded input domain to the setting of unbounded input
domain and then present the proof of [l heorem 2.4l In particular, we consider the hard instance f7,y introduced by (Carmon
et al. (2020a),

A ] "
Fravo) = Frara0) + 55 - B

where

X

X(x) i= ——x,
VIR

with R = 230V/T and a, 3, T defined in Eq. (EI) The quadratic term ||x||?/10 guarantees that with overwhelming
probability one cannot obtain an e-stationary point by randomly choosing an x with large norm. In all, the constants in fT;U
are chosen carefully such that stationary points of fT;U are in one-to-one correspondence to stationary points of the hard
instance fT;U concerning the setting with bounded input domain. Quantitatively,
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Lemma C.4 (Carmon et al[2020al Section 5.2). Let A, Ly, and € be positive constants. There exist numerical constants
0 < cp, 1 < o0 such that, under the following choice of parameters

COAL;}D/I) e L3Pt

== <7 o
5_(%:)1/’), R— COA(?;);”E—”{J,

where £, < e2-5P logpter g in the third entry 0 such that for any function pairs (fT;U7 fT;U) € ]:'p(A, L, R)x
Fp(A, L,) with dimension d > 200T log T and the same rotation matrix U, where the function classes are defined in

IDeﬁnition 2.I| and IDeﬁnition C.]I separately, there exists a bijection between the e-stationary points of fr.u and the

e-stationary points of fr.u that is independent from U.

Equipped with[Lemma C.4] we are now ready to prove

Proof o Note that one quantum query to the p-th order derivatives of fT;U can be implemented by one
quantum query to the p-th order derivatives of fr.;; with the same rotation U. Combined with , we can note that
the problem of finding e-stationary points of f7,;; with unknown U can be reduced to the problem of finding e-stationary

points of fT;U with no additional overhead in terms of query complexity. Then by |Proposition C.2} we can conclude that

)

~ L,\1/p P

Te (Aquans Fo( D, L)) 2 Te (Aquans Fo (A, Ly R)) = coA(F2) e
P

and the dimension dependence is the same as O

D. Proof of Quantum Lower Bounds with Access to Stochastic Gradients
D.1. Overview of the Proof Techniques

Similar to the classical stochastic lower bound result (Arjevani et al., 2022)), we still utilize the classical hard instance defined
in|Carmon et al.|(2020a)) but with different scaling parameters. Nevertheless, the stochastic gradient function of the hard
instance in Arjevani et al.[(2022) exhibits a relatively simple form. In particular, after learning the first (¢ — 1) coordinate
directions, the next query would be to reveal the ¢-th coordinate direction via the component V f (x), upon which direction
Arjevani et al.| (2022) applied all the stochasticity to obtain the following stochastic gradient function

8x ) = Vif - (14 1 =15 1)) 23)

for some probability parameter p = O(€?). Intuitively, it takes 1/p classical queries in expectation to reveal the gradient
component V, f and obtain an accurate estimation of V f. For a quantum algorithm however, it takes only O(1/,/p) queries
by Grover’s search algorithm (Grover, [1996), which leads to a quadratic quantum speedup, as shown in[Appendix D.2}

To address this issue, inspired by the quantum lower bound on multivariate mean estimation (Cornelissen et al.| |2022)), we
construct a new stochastic gradient function where each stochastic gradient g(x, &) all has a very small overlap with V; f
and one has to take at least (1/p) quantum queries to obtain enough knowledge of the stochastic gradients to estimate
V.f and V f accurately. Full details regarding the construction of g(x, £) are presented in Then, a quantum
lower bound can be obtained matching the existing classical algorithmic upper bound result following the same procedure as

Furthermore, if we assume that the stochastic gradient function satisfies the mean-squared smoothness condition described
in[Assumption 1.3] the stochastic gradient function defined in Eq. is no longer applicable as it is not continuous on
certain inputs. To address this issue, we apply a similar version of the function smoothing technique introduced in |Arjevani
et al.[(2022) to our stochastic gradient function @]) to obtain a “smoothed” stochastic gradient function, as shown in
upon which we can obtain a quantum query lower bound matching the existing classical algorithmic upper
bound result given that the stochastic gradient function satisfies
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D.2. Quantum Speedup on the Classical Hard Instance

In this subsection, we present the proof of which show that for minimizing the objective function in the hard
instance for proving the classical lower bound in|Arjevani et al.|(2022), there exists a quantum algorithm based on Grover’s
search algorithm that can find its stationary point using only O(l /€3) queries to the stochastic quantum gradient oracle,
even in the absence of the mean-squared smoothness assumption. Consequently, proving the 2(1/¢*) quantum lower bound
in necessitates the development of fundamentally new ideas. Further details regarding these ideas will be

presented in the next subsection,

Proof of[Lemma 3.3 Note that at any x € R such that prog, ,,(x) = T', one can directly reveal the exact gradient using
one query to the stochastic quantum gradient oracle Og. As for points x with prog; ,,(x) =t < T', by we
know that, using

log(1/5) - O(1//p) = O(e~ ' log(1/))

queries to the oracle Og, we can obtain an accurate estimation of V. f and hence V f, with success probability at least 1 — 6.
Then, we can perform gradient descent with step size being 1/L to reach a stationary point within O(e~?) iterations, with
overall success probability at least 1 — O(5/e?). Hence, we can complete the proof by setting § = O(e?), and the overall
query complexity equals

O(e log(1/6)) - O(1/e2) = O(e?).

D.3. Proof of Quantum Lower Bound

We prove [T'heorem 3.6|in this subsection. To achieve this, we first prove that any quantum algorithm must make at least
Q(T) queries to the quantum stochastic gradient oracle to obtain an accurate estimation of the actual gradient :Lemma D.1),
and based on which we establish the quantum lower bound with a bounded input domain in [Appendix D.3.1} This can be
further extended to the setting of unbounded input domains, consisting the proof of [Theorem 3.6|in [Appendix D.3.2]

Lemma D.1. Foranyn < T/2 and t < T, suppose in the form of we are given the quantum stochastic
gradient oracle Og.i; of g(X, j) defined in Eq. (@) Then for any quantum algorithm Aqyan in the form of Eq. (ﬂ) consider

the sequence of unitaries Aé@dn truncated after the n stochastic gradient oracle query

Al :::éjgﬂ]‘/ﬁéjg;U""(BgﬂJLééigﬂ]Lﬁ;

quan

and any input state |$), we have

n n
51(n) =B, _um g [Ty - AZLL 16) 7] < T (24)

where the expectation is over all possible sets {u® ... uM} and all possible set of matrices { My} at all positions
x € B(0, BV/T) satisfying Eq. given that the dimension d of the objective function fr.u satisfies d > 2T% + T.

Proof. We use induction to prove this claim. Firstly for n = 1, we have
81(1) = Equor, . um angy [1eis - O Vo 9) ]
=Eguo,..um a0 [Tt - Ogvr [9) ]
< Equor,..um atg [Tt - O [01) ] + Eqwo,am,any [ 162) 1],

where |¢) := Il |¢) and |¢.) := TI;;1 |¢). Since for all components in the (possibly superposition) state II7, [¢)) all
the stochastic gradients have no overlap with {u’*2,... u”}, by|[Lemma 3.5 we have

Efuo,...um 1, [HHM '6g;U ‘¢H> Hz] < exp(—(T),
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where ( is a small enough constant. Moreover, by |[Lemma B.1|we have

2 1
E o, am g [0 [I'] < 557
Hence,
1 1
61 (1) <exp(—(¢T) + 3676 < 1876

Suppose the inequality holds for all n < n for some 1 < % Then for n = n + 1, we denote
67) == Og;uVai-10g,0 - Ogiu ViOgiu Vo |9) -
Then,

<Epuo, . um gy [T - Og: Vi b)) ||2} +Efut,um angy ] [05:1) Hz}
< ]E{uU),..A,u(T),Mx} [HHt;L : 6g;UVﬁ |¢ﬁ;“> ||2} + (h(ﬁ).

Consider the following sequence

OgvVaOgu -+ - Ogiu Vo |¢') = Ogi Vi |67y ) »
note that it contains 7 + 1 < % queries to the stochastic gradient oracle, and at each query except the last one, the input
state has no overlap with the desired space W;, | . Then by[Lemma 3.5 we have

1 < 1
3676 — 187"

Hence, the inequality (24) also holds for n = 7 + 1. O

I

Efa,...a 203 [T - O Vi [y} ||7] < exp(—CT) +

D.3.1. LOWER BOUND WITH BOUNDED INPUT DOMAIN

Through this construction of quantum stochastic gradient oracle, we can prove the query complexity lower bound for any
quantum algorithm Ag,.n defined in using the hard instance fr.;; defined in Eq. @ For the convenience of

notations, we use Og,; to denote the stochastic gradient oracle defined in Eq. li of function fT;U. Similar to[Section 2.3}

we consider the truncated sequence Agﬁ? 2 of any possible quantum algorithm Aguan with K < T, and define a sequence
of unitaries starting with Ay = Aéﬁ;g/ 2) as follows:
A = VK+163;UVK;T/2 o '6g;UVK;1 T 6g;UV2;T/2 . '6g;UV2;16g;UV1;T/2 o 6g2UV121 (25)

Ay = VK+16g;UVK;T/2 < OguVia - 5g;UV2;T/2 o 6g;UV2;16g;U1 Visrya -+ 6g;U1 Vi
Az = Vi 10gVicsry2 -+ OgirVica -+ Ogva Va2 - Ogar, Vai Ogatr, Visry2 -+ - Oga, Vi

A = Vi110g0, Viiry2 + Ogive Vic -+ Ot Varry2 -+ Ogatra Vo Ogivr, Visryz -+ Oga, Viat,

where Fng;Ut stands for the stochastic gradient oracle of function f;.r7,. Note that for the sequence of unitaries Ay, it can be
decomposed into the product of V1 and K sequences of unitaries, each of the form

A (n) = 6g;UVk;n5g;U T 5g;UVk;26g;UVk;1

forn = T/2 and k € [K] for some unitaries V1, ..., V. In the following lemma we demonstrate that, for such sequence
o7, (n), if we replace Og,; by another oracle that only reveals part information of f, the sequence will barely change on
random inputs.
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LemmaD.2. Foranyt € [T — 1] and any n < %, consider the following two sequences of unitaries

A (n) = 6g;UVn6g;U Tt 6g;UV26g;UV17

and
4 (n) = Ogy, VuOguu, -+ Ogtr, VaOgyu, A,

we have

d(n) = E{um,,,,,um,Mx}[H(ﬂ?t(n) o (n))|y)[I?] < 36T5’ (26)
Sor any fixed pure state |1).
Proof. We use induction to prove this claim. Firstly for n = 1, we have

Euo,...a® wte} [ () — o (n)) ) ||2]

=Eo,.um myy H|(6g;U Og11,) H ] < 36T6’ 27)

where the last inequality follows from Suppose the inequality holds for all n < 7 for some 1 < % Then
forn =n + 1, we have

8(f+1) = By um agy [1((n) — 27 (n) [9) ||°]

<Epo .. um an 1Ogv — Ogir,) [We) 2] + 8(7),

where
W}t> = Vﬁég;Ut te 6g;Ut Vl |1/1>

is a function of U; obtained by 7 queries to Og.r7,. By [Lemma D.1| we have

n < 1
= 1876 ~ 3675’

Efu®,..u ay e [0 7] <

mdlcatmg that |1¢) only has a very little overlap with the subspace Wy, | defined in (19), outside of which the columns
{ul T} of U has no impact on the function value and derivatives of fT v. Thus,

8+ 1) < Epuor um any [1Ogi — Ogivr) [2) 1] + 6(72)

n+1
<Epao, a1 [90) 1]+ 6(7) < 3675

indicating that Eq. (26) also holds for n = 7 + 1. O

Lemma D.3 (A, and A,_; have similar outputs). For a hard instance fp.;(x): R* — R defined on B(0,26+/T) with
d>2T?% + T, let Ay fort € K| be the sequence unitaries defined in Eq. . Then

1
- TTY

Efuo,...um g (14210) — A1 [0) [|?) <

Proof. From the definition of the unitaries in Eq. (23)), we have
[4¢10) = Ai—1 |0} || = [[(/(T'/2) — (T/2)) [} ||,
for some fixed quantum state |¢)) dependent on the vectors {u"), ..., u*~1}, where

A (T/2) = O, UVT/2Og U Og;UVzég;UVh
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and
@%(T/2) = 6g;Ut VT/25g;Ut o '6g;Ut V26g;w Vi.
By[Cemma D2} we have

., 1 1

~

which leads to

1
Efuor . um arg ([4¢[0) — A1 |0) [|?) < TR
O
Proposition D.4. Consider the d-dimensional function fT;U(x) : B(0,28VT) — R defined in (@) with the rotation matrix

U being chosen arbitrarily and the dimension d > 2T?% 4+ T. Consider the truncated sequence Agﬁﬁ/ 2) of any possible

quantum algorithm Aqyan containing KT /2 queries to the quantum stochastic gradient oracle 6g;U of g(x, ) defined
in Eq. with K < T, let py be the probability distribution over x € B(0, 25\/?) obtained by measuring the state

Ag{f;f/ 2) |0), which is related to the rotation matrix U. Then,

wl

Pr \% f ;U (Xou S [0 S
U{ My} Xou~pU [” 1o (Xow) || /ﬁ}

where the probability is subject to all possible orthogonal rotation matrices U, and all possible matrices { My} in the
quantum stochastic gradient function g(x, j) for any x.

Proof. We first demonstrate that the sequence of unitaries A defined in Eq. cannot find an «/3-approximate
stationary point with high probability. In particular, let py;,. be the probability distribution over x € B(0, 23 \/T) obtained
by measuring the output state Ax |0). Then,

Pr IV frso (ko) | < /8] < Pr IV fr ()| < /8]

Uk { Mx },Xou€PU T {utkD L a(M}

for any fixed x. Then by we have

| =

IV fr (xeu) || < @/B] <

Uk ,Mx Xou€PU i

Moreover, by and Cauchy-Schwarz inequality, we have
K-1

1
2 2
o (45100 = 4010 ] < KBy | 3 14 10) = 410) ] < 7

Then by Markov’s inequality,
Pr ||‘1K—1‘0> ‘10|0> || > — | < —
U 6T 6T,

since both norms are at most 1. Thus, the total variance distance between the probability distribution py; obtained by
measuring A |0) and the probability distribution py,. obtained by measuring A |0) is at most

1 1 1 1
— =<
6T 6T 3T ~ 6

Hence, we can conclude that

Pro [IViru (o) < a/f]
U7{Mx}7xou|""p§j>
< Pr [vaT'U(Xout)H < Ol/,B] + 1 = 1
B UK,{Mx}»xom’\/pUK ’ - 6 3
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Proposition D.5. Suppose A, L, o, and € are positive. Then,

min{A2L2 %}
TS,

zStOC(Aquana]}l(AvLaR)aa) = Q(

€

where R = ¢ - min{v' LA, o} for some constant c, the complexity measure T>*°°(-) is defined in Eq. , and the function
class F1(A, L, R) is defined in The lower bound holds even if we restrict F1(A, L, R) to functions whose

domain has dimension
min{L?A? o4}
o(Ln{LA% 1)y
€
Proof. We set up the scaling parameters « and [ in the hard instance fT;U : R — R defined in Eq. (@) as

Lp? 20e
=T e
where £ is the gradient Lipschitz constant of f7 whose value is given in[Lemma A.3] We also set the parameter

HALigsz;ﬂ;} :e(min{LA,UQ})

Then by , we know that fT;U is L-smooth, and

T:min{

frw(0) —inf fry (x) = a(fr(0) — inf fr(x)) <
indicating that fT;U eF (A, Ly, R) for arbitrary dimension d and rotation matrix U. Moreover, at every x, we have

Ellg(x.5) = Viru(x)[]°] < 4a°y°T/B* < 67,

indicating that the variance of the stochastic gradient function g defined in Eq. is bounded by o2. Further, we notice
that the radius

R:Qﬂ\/f:omin{\/ﬂ,a}

for some constant c.
By |Proposition D.4} for any truncated sequence Aéﬁﬂ/ 2 of any possible quantum algorithm Aga, containing K7'/2 <

T? /2 queries to the oracle O}p ) on input domain B(0, R), we have

)

W =

Pr [HVJFT;U(Xout)” < O‘/ﬂ] = U Pr [vaNT;U(Xout)” < 6] <

U, xXou~pu sXout~PU

where py; is the probability distribution over x € B(0,23v/T) = B(0, R) obtained by measuring the state Agfff;/ ?) |0),

given that the dimension d satisfies
: L2A2 4
d>9T? 4 T — @(M).
Then according to we can conclude that

7;stoc (-Aquana ]:-1 (Av La R)a U) Z

23



Quantum Lower Bounds for Finding Stationary Points of Nonconvex Functions

D.3.2. LOWER BOUND WITH UNBOUNDED INPUT DOMAIN

In this subsection, we extend the quantum lower bound proved in 5|to the function class F1 (A, L) with
unbounded input domain via similar scahng techniques adopted in|Arjevani et al. (2022) and Eppenalx C.2] In particular,
we consider the scaled hard instance fT v introduced in|Carmon et al.[(2020a) and also used in|Arjevani et al.|(2022),

: a |x|”

fT;U(X) = fru(x(x ))JFTO 32

where
X

X(X) = ———m,
VIR

with parameters

Lj3? 20e 20e . Al 2B N
o= A= Bep Temin{prm e R0V

whose values are also adopted in the proof of [Proposition D.5| The constants in fT v are chosen carefully such that stationary
points of fT y are in one-to-one correspondence to stationary points of the hard instance fT v concerning the setting with

bounded input domain. Quantitatively,

Lemma D.6 (Arjevani et al.[2022). Let A, L,, and € be positive constants. There exist numerical constants 0 < cg,c1 < 00
such that, under the following choice of parameters

. Al 023> Lj3? 20e .
T—mln{m,m}, a=—, ﬂ—f, R—C\/Tqmn{vLA,a},

where { is the gradient Lipschitz parameter of fr whose value is given in such that for any function pairs
(fNT;Ua fT;U) e F (A, L,R) x F1(A, L) with dimension d > 400T log T and the same rotation matrix U, where the
function classes are defined in|Definition 2. [|and|Definition C.lI|separately, there exists a bijection between the e-stationary
points of fT;U and the e-stationary points of fT;U that is independent from U.

Equipped with we are now ready to prove

Proof of [Theoren 3.6 Note that one quantum query to the stochastic gradient of fr.¢; can be implemented by one quantum
query to the stochastic gradient of fT v with the same rotation U, if we directly scale the stochastic gradient function of
fT U to fT v, which will not increase the variance of the stochastic gradient function. Combined w1th L we
can note that the problem of finding e-stationary points of fT;U with unknown U can be reduced to the problem of ﬁndlng

e-stationary points of fT;U with no additional overhead in terms of query complexity. Then by [Proposition D.5| we can
conclude that

max{L2AZ% o4}
),

T2 (Aquan: F1(A, L),0) > T2 (Aquan F1 (A, L R), ) = 0

€

and the dimension dependence is the same as O

D.4. Proof of Quantum Lower Bound with the Mean-Squared Smoothness Assumption

In this subsection, we prove a quantum query lower bound for finding an e-stationary point with access to the quantum
stochastic gradient oracle defined in and additionally satisfies the mean-squared smoothness assumption
defined in|Assumption 1.3|for some constant L.

D.4.1. CONSTRUCTION OF THE STOCHASTIC GRADIENT FUNCTION SATISFYING|ASSUMPTION 1.3|

Note that the stochastic gradient function (I8) in does not satisfy since the function
prog,(-): R? — R defined in (11) contains a maximization over all the d components, which makes the stochastic

gradient discontinuous.
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This issue can be addressed using a smoothing technique similar to which introduced in|Arjevani et al.[(2022). In particular,
Arjevani et al.| (2022) defines the following smoothed version of the indicator function I{7 > progs (x)} for any ¢ (with
4

rotation U):

T 1/2
0i(x) = r(l — (YT (an/8)) ) = T(1 =[0Gl (28)
k=1

where I'(|x>;|) is a shorthand for a vector with entries

L(lzil), D(jzigal), - D(lzr]),

and the function I': R — R is defined as

t/B t 1 t 1
A(r)dr 0, 5105235,
L) = . where A(t)=1 (- , ) f<i<t (29)
Jijs Alr)dr wo(5-1)(3-5)/7 1T F T2

Note that T" is a smooth non-decreasing Lipschitz function with T'(¢) = 0 forall t < 3/4 and I'(¢) = 1 for all t > 3/2.
Then, the function ©;(x) defined in Eq. satisfies

]I{z' > progg(x)} < 0;(x) < ]I{i > progg(x)}.

Following the same intuition of the gradient function defined in Eq. (I8) without the mean-squared smoothness assumption,
here we also arrange the stochasticity to harden the attempts on increasing the coordinate progress via stochastic gradient
information. In particular, similar to Eq. , for the d-dimensional function fT;U with d > 4.7 for some integer .7 whose
value is specified later, we note that for any point x with gradient g(x) there exists a matrix M, € R%**27 with .7 columns
being 0 and the other .7 columns forming a set of orthonormal vectors such that

. 1 4
vprogg (x)+1fT;U(X) = ﬁ Z 27\/§ . mgg)a (30)
J

where mﬁj ) stands for the j-th column of M, and

7= vamgg(x)+1f~T;U(X)H <23

is the norm of the (prog 5/2 +1)-th gradient component at certain points whose exact value is specified later.

Moreover, to guarantee that all the stochastic gradients at x can only reveal the (progg,,(x) + 1)-th coordinate direction
Upro x)+1 even with infinite number of queries and will not “accidentally” make further progress, we additionally
progg /4( )+

require that for any x,y € R? with progg /4(x) # progg, 4(y), all the columns of M, are orthogonal to all the columns of
M,,. This can be achieved by creating T" orthogonal subspaces

Vi,...,Vr},

where each subspace is of dimension 27" and has no overlap with {uy, ..., ur}, such that for any x the columns of M, are
within the subspace

span {uprogé (x)+1> Vprogﬁ (x)+1 }7
4 4
as long as the dimension d is larger than 29T + T = O(7T).
Now, we can define the following stochastic gradient function for V fT;U (x):
g(X,j) = g(X) + ®prog5/2(x)+1(x) : (2'7 VT m(j) - gprogB/Q(x)+l(X))7 (3])

where j is uniformly distributed in the set [2.77]. Then, we can prove that this stochastic gradient function satisfies

Assumption 1.
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Lemma D.7. The stochastic gradient function g defined in is unbiased for V fT;U(x) and satisfies

49 a?

PTe?|x —yl|?
B o

E 52 ,

&(x,7) - Viru )| < E||&(x, /) — &(y, )| <

forall x,y € RY, where 7 = 328.

Proof. For any x and j, we define
3(%,5) = &(%,§) = V1:(X) = Oprog, 15 0041(%) * (8progy o041 (X) — 2yV'-7 - mD).
Then we have
E[[§(x, ) — Viro (> = EI3(x, 2)|2 < 4702Oprog, 4011 (0182 < 4702/42.
For any x,y € R?,
&(x,5) — &(y,4) = 6(x,5) = 6(y,4) + Virw(x) = Viru(y).
Since E[§(x,7) — d(y, 7)] = 0, we can derive that
E[lg(x,5) - 8y, )" = E[d(x,5) = 6. )| + 11V Friw (%) = Virw ()]
Note that
3(x,7) = 6(y.5) = 0 (%) - (81 (%) =29V T -m{) =0, (y) - (g, (¥) = 29y V.T - my)),
where we denote ix = progg,(x) + 1 and iy = progg,»(y) + 1. Then,

E||0(x,5) — 8(y.J)||” <27 (Vi frw(x)2(04,(x) — Oi, (¥))?
+2.7 (Vi fruo(x) = Vi fru(y )) o7 (v)
+27(Vs, fru ()04, (v) — 04, (x))?
+27 (Vi fru(y) — Vi, fru(x) 702 (x).

As ©; is 36-Lipschitz for any i € [T] according to[Lemma A.6| we have

E||6(x, ) — 0(y, || <7 - (20% - (23-6)%|x — y||%/52 + 2|V frw (x) = Vru(¥)]?)
+ IV frw(x) = Viro(y)l
< TPa*|x - yl|?/8?

where the last inequality uses the fact that the gradient of V fT;U is 152/ 3-Lipschitz continuous, which is demonstrated in

[Cemma A3l O

Similar to the case of [Section 3.3 we can show that if one only knows about the first £ components {u(l), ey u(t)}, even if
we permit the quantum algorithm to query the stochastic gradient oracle at different positions of x, it is still hard to learn
u**1 as well as other components with larger indices. Quantitatively, following the same notation in|Section 3.3} for any
1 <t < T we denote

Wit ::{XGIB%( L BVT) | i, st. |(x,u@)| > éandt<z<:r}

S

and
Wy, =B(0,8VT) — Wi,

where W, | is the subspace of B(0, 3 VT ) such that any vector in W, | has a relatively large overlap with at least one of
u . u™) Moreover, we still use I1;;, and II;; to denote the quantum projection operators onto Wy, and Wy,
respectively. The following lemma demonstrates that, if starting in the subspace W, any quantum algorithm using at most
7 /2 queries at arbitrary locations cannot output a quantum state that has a large overlap with W, | in expectation.
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Lemma D.8. Foranyn < J/2andt < T, suppase in the form of |Definition 3.2| M we are given the quantum stochastic
gradient oracle Og v of g(x, j) defined in Eq. (31)). Then for any quantum algorithm Aqyan in the form of Eq. (@) consider

the sequence of unitaries A((Jlu)an truncated after the n stochastic gradient oracle query

AR, = 5g;UVn5g;U T 6g;UV25g;UV17

quan

and any input state |¢), we have

" n
6L(n) = E{u(‘),...,u(T>,Mx} [HHt;l Aguan ‘¢> H } = 1832/1—’4’ (32)
where the expectation is over all possible sets {u(t)7 .. 7u(T)} and all possible sets of matrices { My} at all positions

x € B(0, 6\/?) satisfy Eq. @) given that the dimension d of the objective function fr.u satisfies d > 2.7 T log & and
T >T.

Proof. We use induction to prove this claim. First, for n = 1, we have
5L(1) =By, um vy ML - OgrVo l6) 7]
=Euo.. gy [IHesL - Ogu 1) 117
..... w2y [Tt - Ogr [01) 1] + Egucor,wem an [ 1620 [T

where |</>H> =1l |¢) and [¢ 1) := II;;1 |¢). Since for all components in the (possibly superposition) state Il |+) all
the stochastic gradients have no overlap with {u’*2 ... u”}, byMwe have

w ary [Tt Ogwr [0y ||] < exp(—¢.7),

where ( is a small enough constant. Moreover, by [Lemma B.1|we have

.....

1
Eru®,..u® }[H 1) H ] < 367274

Hence,

1 1
< .
367274 — 18.72T4

5.(1) <exp(—CT) +

Suppose the inequality holds for all n < 7 for some 7 < % Then for n = n + 1, we denote

67) = OgirVi—10g.tr - - - Ogit ViOgir Vi | 9) -
Then,
..... ey [T 1 - Oge Vi [65) 1]
<Eguo,...um ang [Tt - OgvVa [650) ] + Bguor .ouem a [ 16710 %]
SEno, . um g (| - Og,UV b)) ||2} +d.(7).

Consider the following sequence
6g;U‘/ﬁag;U' gUVO‘¢> gUVtrL|¢n ||>

note that it contains 72 + 1 < < 5~ queries to the stochastic gradient oracle, and at each query except the last one, the input
state has no overlap with the de51red space Wy, | . Observe that within this restricted input subspace where these queries
happen, we always have

I{i > progs x)}=0;x)=I{i > progs (%)}
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Hence, the oracle behaves as if there is no scaling to the indicator function I{i > progs (x)}, and we can apply|Lemma 3.5
4
to obtain the following result:

_ ) 1
]E{u(t)’,,,,u(T),Mx} [HHt;L : Og;UVﬁ |¢ﬁ,\|> || ] < eXP(—Cy) + W
1
< exp(—(T) + 367271
1
— 187274’
Hence, the inequality (32) also holds for n = 7 + 1. O

D.4.2. LOWER BOUND WITH BOUNDED INPUT DOMAIN

Through this construction of quantum stochastic gradient oracle with mean-squared smoothness, we can prove the query
complexity lower bound for any quantum algorithm Aquan defined in [Section 2.2| using the hard instance fr,y deﬁned

in Eq. @) For the convenience of notations, we use Og .y to denote the stochastic gradient oracle defined in Eq. (31) of

function fT v. Similar to|Section 2. 3| and lAppendlx D.3. ll, we consider the truncated sequence Aquan 712 of any possible
quantum algorithm Aquan With K < T, and define a sequence of unitaries starting with Ay = Agfa;? /2 as follows:
Ay = VK+16g;UVK;9/2 i '6g;UVK;1 e 6g;UV2;9/2 x '5g;UVQ;15g;UV1;9/2 e 6g;U‘/1;1 (33)

Ay = VK+16g;UVK;9/2 i '6g;UVK;1 e 6g;UV2;9/2 i '6g;U‘/2;16g;U1 Vi,gya--- 6g;U1 Via
Ay = VK+16g;UVK;9/2 x '6g;UVK;1 e 6g;U2 Vo, /2 6g;U2‘/2;16g;U1 Vi,gye--- 6g;U1 Via

Ar = Vi 110g0, Vi 72+ Ogiui Vit - Ogitn Va7 /2 -+ Ogiv, V2 Ogi, Vi j2 -+ - Ogivy Vi,

where 5g§Ut stands for the stochastic gradient oracle of the function ft;Ut. Note that for the sequence of unitaries Ay, it can
be decomposed into the product of Vi1 and K unitaries, each of the form

A (n) = 6g;UVkm6g;U T 6g;UVk;26g;UVk;1

forn=.7/2and k € lK ] for some unitaries V1, ..., V;,. In the following lemma, we demonstrate that for such a sequence
o7, (n), if we replace Og.y by another oracle that only reveals part information of f, the sequence will barely change on
random inputs.

LemmaD.9. Foranyt € [T — 1] and any n < % consider the following two sequences of unitaries
A (n) = 5g;UVn5g;U T 6g;UV26g:,UV17
and
"QZ‘(R) = 6g;UtV"63;Ut T 5g;Ut V263§Ut Vi,

we have

5(n) =B, um gy [1((n) — o/ (n) [¢) |I°] < 36§T4 (34)
Sor any pure state |1).
Proof. We use induction to prove this claim. First, for n = 1, we have

. 2
Efu®,um ang || (@(n) — o/ (n)) |¢) || ]

= E{u(t),...,u@),Mx} [||(6S§U ngt H ] = 36927"4’
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where the last inequality follows from Suppose the inequality holds for all n < n for some n < % Then
forn =n + 1, we have

5(i+1) = Epuorum angy [l (n) — o (n) [v) |?] (35)
<Euo,..um v [|Ogir — Ogwr,) [r) 7] + 6(7), (36)

where
W) = VaOgyu, - - Ogvr, Vi ) (37)

is a function of U; obtained by 7 queries to Og.r7,. By [Lemma D.1| we have

9 n 1
Eruo,.u® a1 [90) [I7] < 87271 = 36571

indicating that |¢;) only has a very little overlap with the subspace W,. | defined in (19), outside of which the columns

(38)

{u® ... u™} of U has no impact on the function value and derivatives of fr.u. Thus,
8(ii+1) < By, um gy [1Ogir — Ogivr) 1) |I] + 6(7)
< B, a1 [90) 2]+ 607) < o220,
indicating that Eq. (34) also holds for n = n + 1. O

Lemma D.10 (A; and A;_; have similar outputs). For a hard instance fT;U(x) : R? — R defined on B(0, 23 \/T) with
d>29Tlog 7, let A fort € [K| be the sequence unitaries defined in Eq. @) Then

1
2
Efuor,. um g (14:10) — A1 [0) [|?) < T

Proof. From the definition of the unitaries in Eq. (33), we have
14 10) — A1 |0) || = [[((7 /2) = (7 /2)) [¥) |
for some fixed quantum state |¢)) dependent on the vectors {u"), ... u*=1}, where
(7 [2) = OgVz 20gv - Ot VaOgi Vi,
and
(7 /2) = Og,Viz 12080, - - Ogvr, VaOgour, Vi
By[Cemma D.9] we have

Efu),.am o (1((T/2) = A(T/2) 10) IP) € gz - 5 = oo

1 g 1

which leads to

1
2
Efu® . um arg (14 0) — Ai1|0) [|?) < T

O
Proposition D.11. Consider the d-dimensional function fr.;;(x): B(0,26vT) — R defined in (El) with the rotation matrix
U being chosen arbitrarily and the dimension d > 27T log 7 and T > T. Consider the truncated sequence Agffaf/ 2
of any possible quantum algorithm Aqyan containing K .7 |2 queries to the quantum stochastic gradient oracle Og.i7 of

g(x, j) defined in Eq. with K < T, and let py be the probability distribution over x € B(0,26+/T) obtained by

measuring the state Aé’ffn/ 2) |0), which is related to the rotation matrix U. Then,

~ 1
PI' V : Xou S o S P
. IV frso ()| < @/B] < 3

where the probability is subject to all possible orthogonal rotation matrices U, and all possible matrices { My} in the
quantum stochastic gradient function g(x, j) for any x.
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Proof. We first demonstrate that the sequence of unitaries Ax defined in Eq. cannot find an «/(-approximate
stationary point with high probability. In particular, let pr;,. be the probability distribution over x € B(0, 25+/T) obtained
by measuring the output state A |0). Then,

IV frso (ko) | < /8] < Pr IV fr ()| < /5]

Pr
UK;{]\/[x}yxomepUK {u(k+1),...,u(T)}

for any fixed x. Then by we have

S| =

[||vf~T;U(X0ul)|| S a//B] S

T
UK7MX7xoulEpUK

Moreover, by and Cauchy-Schwarz inequality, we have

K-1

1
_ 2l <« K. — 2l < .
Eu [l Ak 10) = 40 [0) |2] < K EU[ginAﬁHw A110) 2] < =

Then by Markov’s inequality,

1 1
p [A 0y — A 2>7}<7,
1 | [ Ax-110) = A0 [0) | 2| S 6T

since both norms are at most 1. Thus, the total variance distance between the probability distribution py; obtained by
measuring Ag |0) and the probability distribution py,. obtained by measuring A |0) is at most

11 1 1
— =<
67 6T 3T — 6

Hence, we can conclude that

- ~ 1 1
Pr Vfr.uXow)| < « < Pr Vfr.u(Xow)| < a + - =-.
ol Wil se/s) < P (9l < afd] 4 = g

Proposition D.12. Suppose A, L, o, and € are positive. Then,

AGI;:J ) ’

tStOC(Aqualuﬁl(AaiaR)va) = Q(

if we further assume the stochastic gradient function g(x) satisfies with mean-squared smoothness parameter
L, where R = Gi%ﬁé, the complexity measure T°°(-) is defined in Eq. , and the function class F1(A, L, R) is
defined in The lower bound holds even if we restrict Fy (A, L, R) to functions whose domain has dimension

é(AEa)

€3

Proof. We set up the scaling parameters « and S in the hard instance fT;U : R? — R defined in Eq. @ as

7
i

20
B - T?
where  is the gradient Lipschitz constant of f7 whose value is given in[Lemma A.3| and the parameter L < L is specified
later. We also set the parameters
LA o?p? o2

T = —_ T = = .
4802’ 4v202  4ry2e2
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Then by , we know that fT;U is L-smooth and thus L-smooth since L < L, and

12132
i

fru(0) — igffT;U(x) = a(fr(0) - iglcffT(X)) < T <A,

indicating that fT;U eF (A, Ly, R) for arbitrary dimension d and rotation matrix U. Moreover, for every x,y € R, by

[Cemma D.7] we have
E[lg(x.j) = Viru(x)|] < 40’27 /6% < &%,
indicating that the variance of the stochastic gradient function g defined in Eq. is bounded by o2, and

e P x—y|r L2
Blax) - g ) < =2 - STy

Hence, to guarantee that[Assumption 1.3|is satisfied, we set

Furthermore, we notice that the radius R satisfies

~ 4le [ LA [tA | ioA
= 2 = — - = _— = = .
R=28 L 4802 3L 6¢L~e

To guarantee that 7 > T, € has to satisfy

o? A 20veL
4v2e¢2 T 4802 jg

indicating

2 2%4lo 6020

(2
A
=12 AL T 4BAL

By |Proposition D.4{ for any truncated sequence Ag{fa‘z/ 2 of any possible quantum algorithm Aguan containing K.7 /2 <
T.7 /2 queries to the oracle O;p ) on input domain B(0, R), we have

)

W =

Pr [|Virw el < a/f] = | Pr [[Virw )| < ¢ <

U, %Xou~pU sXout~PU

where py is the probability distribution over x € B(0,23v/T) = B(0, R) obtained by measuring the state Aé{fg/ 2) |0},

given that the dimension d satisfies

d>27Tlog T = é(N;U).
€
Then according to we can conclude that
~ = IT ~/ALc
stoc —
T (Aquans Fo (A, LR, 0)) = = = Q( = )

31



Quantum Lower Bounds for Finding Stationary Points of Nonconvex Functions

D.4.3. LOWER BOUND WITH UNBOUNDED INPUT DOMAIN

In this subsection, we extend the quantum lower bound proved in [Proposition D.12|to the function class F(A, L) with
unbounded input domain via similar scaling techniques adopted in|Arjevani et al.|(2022),|Appendix C.2} and|Appendix D.3.2}
In particular, we consider the scaled hard instance fr,;y introduced in Carmon et al.[(2020a) and also used in|Arjevani et al.
(2022),

; a x|

Frao () = Froo () + 15 -

where

X

X(%) = ——,
V1 IIx]?/R?

with the following parameters

Lp? 20e LA 2576[/ - =
14 L 48(¢’ lo R =2305VT,

whose values are also adopted in the proof of [Proposition D.12| The constants in fT;U are chosen carefully such that
stationary points of fr.;; are in one-to-one correspondence to stationary points of the hard instance fr.;; concerning the
setting with bounded input domain. Quantitatively,

Lemma D.13 (Arjevani et al.[2022} Section 4). Let A, L, and € be positive constants. Then, under the following choice of
parameters
Lj3? L
I3 _%7 T— LA, L:%:yeL,

where { is the gradient Lipschitz parameter of fr whose value is given in such that for any function pairs
(fru, friw) € Fi(A, L, R) x F1(A, L) with dimension d > 400T log T and the same rotation matrix U, there exists a

bijection between the e-stationary points of fT;U and the e-stationary points of fT;U that is independent from U.
Equipped with|[Cemma D.T3] we are now ready to prove[Theorem 3.8]

Proof of [Theorem 3.8) Note that one quantum query to the stochastic gradient of f7.;; can be implemented by one quantum
query to the stochastic gradient of fT v with the same rotation U, if we directly scale the stochastic gradient function of fT U
to fT v, which will not increase the variance of the stochastic gradient function, and the mean-squared smoothness condition
1n1s still preserved with the same mean-squared smoothness parameter L. Combined w1thm we
can note that the problem of finding e-stationary points of fT v with unknown U can be reduced to the problem of finding

e-stationary points of fT; v with no additional overhead in terms of query complexity. Then by |[Proposition D.12} we can

conclude that

AEZU) 7

T (Agquan, F1(A, L), o) > T2 (Aquan, F1(A, L, R), 0) = Q(

if we further assume the stochastic gradient function satisfies The dimension dependence is the same as
D D O
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